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         Part 1
The Basics
        
            Chapter 1

            Inside the AP Calculus AB Exam

        
        Advanced Placement exams have been around for half a century. While the format and content have changed over the years, the basic goal of the AP program remains the same: to give high school students a chance to earn college credit or advanced placement. To do this, a student needs to do two things:

        
            	Find a college that accepts AP scores

            	Do well enough on the exam

        

        The first part is easy, because the majority of colleges accept AP scores in some form or another. The second part requires a little more effort. If you have worked diligently all year in your coursework, you’ve laid the groundwork. The next step is familiarizing yourself with the test.

        There are actually two AP Calculus tests offered to students, a Calculus AB exam and a Calculus BC exam. The BC exam covers some more advanced topics; it’s not necessarily a harder test, but its scope is broader. Most students opt to take the AB exam because they find it somewhat easier, but the BC exam is worth more credit at many universities.

        Your decision to take the AP Calculus AB exam involves many factors, but in essence it boils down to a question of choosing between three hours of time spent on the AP Calculus exam and a significant amount of time spent in a college classroom. Depending on the college, a score of 3, 4, or 5 on the AP Calculus exam can allow you to leap over the introductory courses and jump right into more advanced classes. These advanced classes are usually smaller, more specifically focused, more intellectually stimulating, and simply more interesting than a basic course. If you are concerned solely about fulfilling your mathematics requirement so you can get on with your study of pre-Columbian art, Elizabethan music, or some other area apart from calculus, the AP exam can help you there, too. If you do well on the AP Calculus exam, you may never have to take a math class again, depending on the requirements of the college you choose.

        Preparing to Take the Exam

        If you’re holding this book, chances are you are already gearing up for the AP Calculus exam. Your teacher has spent the year cramming your head full of the math know-how you will need to have at your disposal. But there is more to the AP Calculus exam than math know-how. You have to be able to work around the challenges and pitfalls of the test—and there are many—if you want your score to reflect your abilities. Studying math and preparing for the AP Calculus exam are not the same thing. Rereading your textbook is helpful, but it’s not enough.

        That’s where this book comes in. We’ll show you how to marshal your knowledge of calculus and put it to brilliant use on Test Day. We’ll explain the ins and outs of the test structure and question format so you won’t experience any unnerving surprises. We’ll even give you test strategies designed specifically for the AP Calculus exam.

        Preparing for the AP Calculus exam means doing some extra work. You need to review your text and master the material in this book. Is the extra push worth it? If you have any doubts, think of all the interesting things you could be doing in college instead of taking an introductory course that covers only material that you already know.

        

    

        
        Overview of the Test Structure

        

        The AP Calculus AB exam consists of two sections, each with two parts, as outlined in the table below. Each section of the exam is worth 50% of your overall score.

        
            
                
                    
                        	Section
                        	Part 
                        	Question Count
                        	Allotted Time
                    

                
                
                    
                        	Section I:

                            Multiple Choice

                            (50% of overall score)
                        	Part A: No Calculator
                        	30
                        	60 minutes
                    

                    
                        	Part B: Calculator
                        	15
                        	45 minutes
                    

                    
                        	TOTAL
                        	45
                        	105 minutes
                    

                    
                        	Section II:

                            Free Response

                            (50% of overall score)
                        	Part A: Calculator
                        	2
                        	30 minutes
                    

                    
                        	Part B: No Calculator
                        	4
                        	60 minutes
                    

                    
                        	TOTAL
                        	6
                        	90 minutes
                    

                
            

        

        If you do the math, your pacing during the test should look roughly like this:

        
            	Multiple choice with no calculator: 2 minutes per question

            	Multiple choice with calculator: 3 minutes per question

            	All free response: 15 minutes per question

        

        
            AP Expert Note

            You almost certainly will use most—probably all—of the 90 minutes allotted for Section II. Although these free-response problems are long and are made up of multiple parts, they don’t usually cover an obscure topic. Instead, they take a fairly basic calculus concept and ask you a bunch of questions about it. It’s a lot of calculus work, but it’s fundamental calculus work.

            

            
            

        
    
        
        How the Exam Is Scored

        Scores are based on the number of questions answered correctly. No points are deducted for wrong answers. No points are awarded for unanswered questions. Therefore, you should answer every question, even if you have to guess.

        For the Free Response section, all problems are given equal weight, but the individual parts of a particular problem are not necessarily given equal weight. You should not spend too much time on any one problem.

        When your three-plus hours of testing are up, your exam is sent away for grading. The multiple-choice part is handled by a machine, while qualified readers—current and former calculus teachers and professors—grade your responses to Section II. After a bit of a wait, your composite score will arrive. Your results will be placed into one of the following categories, reported on a five-point scale (relative to receiving college credit or advanced placement):

        
            	
                5 = Extremely well qualified 

            	
                4 = Well qualified

            	
                3 = Qualified

            	
                2 = Possibly qualified

            	
                1 = No recommendation

        

        Many colleges and universities will give you college credit for a score of 3 or higher, but some require a 4 or a 5. If you have an idea about which colleges you want to go to, check out their websites or call the admissions office to find their particular rules regarding AP scores.

    
    

        Registration and Fees

        You can register for the exam by contacting your guidance counselor or AP Coordinator. If your school doesn’t administer the exam, contact AP Services for a listing of schools in your area that do. There is a fee for taking AP exams, the current value of which can be found at the official exam website listed below. For students with acute financial need, the College Board offers a fee reduction equal to about one-third of the cost of the exam. In addition, most states offer exam subsidies to cover all or part of the remaining cost for eligible students. To learn about other sources of financial aid, contact your AP Coordinator.

    
    
    Additional Resources

    For more information on all things AP, contact the Advanced Placement Program:

    
        	Phone: (888) 225-5427 or (212) 632-1780

        

        	Email: apstudents@info.collegeboard.org
        

        	Website: https://apstudent.collegeboard.org/home

    


        
        
            Chapter 2

            Strategies for Success

        
        How to Use this Book

        Kaplan’s AP Calculus AB Prep Plus contains precisely the information you will need to ace the test. There’s nothing extra in here to waste your time—no pointless review of material that’s not on the test, no rah-rah speeches. Just the most potent test-preparation tools available:

        Test strategies geared specifically to the AP Calculus AB exam

        Many books give the same tired talk about the process of elimination that’s been used for every standardized test given in the past 20 years. We’re going to talk about the process of elimination as it applies to the AP Calculus exam and only to the AP Calculus exam. There are several skills and general strategies that work for this particular test.

        A well-crafted review of all the relevant subjects based on specific test-like questions

        The best test-taking strategies can’t help you get a good score if you don’t know the difference between a limit and a derivative. At its core, the AP Calculus exam covers a wide range of calculus topics, and it’s necessary for you to know that material if you are to do well on the test. However, chances are good that you’re already familiar with these subjects, so an exhaustive review is not needed. In fact, it would be a waste of your time. No one wants that, so we’ve tailored our review section to focus on how the relevant topics typically appear on the exam and what you need to know to answer the questions correctly. You’ll also see High Yield icons for certain topics. These icons identify topics that ALWAYS appear on the test.

        Chapter level pre- and post-quizzes to gauge your progress

        Each chapter begins and ends with a mini-quiz—one to test what you already know about the given topic (“Test What You Already Know”) and one to test what you learned by working through the practice sets in the chapter (“Test What You Learned”). You can use the results of these quizzes to guide your studying and chart your progress in mastering the Learning Objectives. Additional quizzes can also be found in your online resources, which come free with the purchase of this book.

        Three Full-Length Practice Tests

        

        Few things are better than experience when it comes to standardized testing. Taking a practice AP exam gives you an idea of what it’s like to answer calculus questions for three hours. Granted, that’s not a fun experience, but it is a helpful one. Practice exams give you the opportunity to test and refine your skills, as well as a chance to find out what topics you should spend some additional time studying. And the best part is that it doesn’t count! Mistakes you make on our practice exams are mistakes you won’t make on the real test. To score your tests and see what number out of 5 you would achieve for a similar performance on Test Day, check out the answers and explanations along with score calculators in your online resources.

        How this Book is arranged

        This book provides some calculator basics (Chapter 3) followed by a large body of calculus material divided into the three Big Ideas established by the test maker (Limits, Derivatives, and Integrals). If you skim through the topics, you’ll notice that several are divided into The Basics and More Advanced. Reviewing the Basics chapters is certainly a good idea, but if you’re pretty confident (and you have limited time to study), feel free to jump right into the More Advanced chapters. The final two chapters are devoted specifically to questions that can’t be solved without a calculator (Chapter 15) and Free Response questions (Chapter 16). Be sure to leave adequate study time to review these two chapters as they provide a wealth of valuable information.

        
    
        
        Choosing the Best Study Plan for You

        There’s a lot of material to review before Test Day, so it’s essential to have a good game plan that optimally uses the study time you have available. Toward that end, we have developed three distinctive approaches—Comprehensive Review, Targeted Review, and Time Crunch Review—that you can select from and then further customize to suit your studying needs. How do you know which plan to choose? Read through the following descriptions and check off all of the boxes that apply to you.

        
            
                
                    
                        	Comprehensive Review
                        	Targeted Review
                        	Time Crunch Review
                    

                
                
                    
                        	
                            
                                	
                                    
                                        	I have two months or more before the test

                                        

                                        	I want to review all of the content that will be on the test

                                        

                                        	I didn’t take an official AP class this year or my AP class didn’t cover a lot of the material effectively

                                        

                                        	I have a lot of of free time that I can devote to studying

                                    

                                

                            

                        
                        	
                            
                                	I have less than two months before the test

                                

                                	I want to focus on specific topics that are areas of opportunity for me

                                

                                	I generally know what my strengths and weaknesses are

                                

                                	My AP class covered most of the material effectively, except for a few topics

                                

                                	I have some free time that I can devote to studying

                            

                        
                        	
                            
                                	I have less than one month before the test

                                

                                	I want to review the most important topics that will be tested

                                

                                	I’m not sure about my strengths and weaknesses

                                

                                	I have very little free time and/or I am preparing for other AP tests

                            

                        
                    

                
            

        

        Some boxes may be more important in helping you select which study plan is right for you. For instance, if you only have two weeks before Test Day, Comprehensive Review is probably not a viable option. Nevertheless, most students find they benefit from following the plan with the most checked boxes. After you’ve made your selection, you can tear out the perforated study plan page from the front of the book, separate the bookmark that contains your choice of plan, and use it to keep track both of your place in the book and your progress in the plan.
        

        If you select the Targeted Review plan, you’ll have some additional choices to make about which content you want to focus on in each chapter. Use the blank lines on the Targeted Review bookmark to fill in the names of topics and/or the numbers of Learning Objectives that you wish to target. If you’re unsure about what your optimal areas of opportunity are, then you should use the results of a practice test or the “Test What You Already Know” chapter quizzes to identify them. You don’t need to choose all your targeted topics now; you can decide on these as you progress. In addition, you can further customize any of the study plans by skipping over chapters or sections that you’ve already mastered or by adjusting the recommended time scale to better suit your schedule.

    
        
        General Test-Taking Strategies

        Pacing

        Because many tests are timed, proper pacing allows someone to attempt as many questions as possible in the time allotted. Poor pacing causes students to spend too much time on some questions while leaving others untouched because they run out of time before getting a chance to attempt every problem. 

        Two-Pass System

        Using the two-pass system is one way to help pace yourself better on a test. The key idea is that you don’t simply start with the first question and trudge onward from there. Instead, you start at the beginning, but take a first pass through the test answering all the questions that are easy for you. If you encounter a tough problem, you spend only a small amount of time on it and then move on in search of easier questions that might come after that problem. This way, you don’t get bogged down on a tough problem when you could be earning points answering later problems that you do know. On your second pass, go back through the section and attempt all the tougher problems that you passed over the first time. You should be able to spend a little more time on them, and this extra time might help you answer the problem. Even if you don’t reach an answer, you might be able to employ techniques, such as the process of elimination, to cross out some answer choices and then take a guess.

        To make this strategy work for you, you must be organized and careful. You cannot just flip haphazardly through the test, hoping to find problems you can solve. You must go through the test in an orderly way, analyzing problems quickly and deciding how you will handle them. You will also need to mark the questions that you choose to save for later and make sure that you really do come back and answer them. For each question you skip, be careful to skip that number on the answer grid as well until you go back and answer it.

        Process of Elimination

        On every multiple-choice test, the correct answer is given to you. The only difficulty lies in spotting the correct answer hidden among incorrect choices. Even so, the multiple-choice format means you don’t have to pluck the answer out of the air. Instead, if you can eliminate the answer choices you know are incorrect and only one choice remains, that must be the correct answer.

        Patterns and Trends

        The key word here is the standardized in “standardized testing.” Standardized tests don’t change greatly from year to year. Sure, the particular questions won’t be the same and different topics will be covered from one administration to the next, but there will also be a lot of overlap from year to year. That’s the nature of standardized testing: If the test changed dramatically each time it came out, it would be useless as a tool for comparison. Because of this, certain patterns can be uncovered about any standardized test. Learning about these trends and patterns can help students do better on tests they have not taken previously.

        The Right Approach

        Having the right mindset plays a large part in how well people do on a test. Those who are nervous about the exam and hesitant to make guesses often fare much worse than students with an aggressive, confident attitude. Students who start with the first question and struggle methodically forward through each problem don’t score as well as students who deal with the easy questions before tackling the harder ones. People who take a test cold have more problems than those who take the time to learn about the test beforehand. In the end, factors like these are what separate people who are good test takers from those who struggle even when they know the material.

        These points are valid for every standardized test, but they are quite broad. The next section of this chapter will discuss how these general ideas can be modified to apply specifically to the AP Calculus exam. These test-specific strategies—combined with the factual information covered in this book’s review—are the one-two punch that will help you succeed on this specific test.

    

        
        How to Approach the Multiple-Choice Questions

        The multiple-choice questions on the AP Calculus exam count for 50% of your total score. The multiple-choice section consists of two parts: Part A  contains 30 multiple-choice questions for which you are not allowed to use your graphing calculator, and Part B contains 15 multiple-choice questions for which you may (and in fact, will most likely need to) use your calculator.

        Although you might not like multiple-choice questions, there’s no denying the fact that it’s easier to guess on a multiple-choice question than it is to guess the correct answer to an open-ended question. Contrast this with Section II of the AP Calculus exam, which accounts for the other 50% of your score. In that section, if you don’t know how to work a problem, you have to write down what you do know and hope to earn at least part of the available points.

        Every multiple-choice question on the AP Calculus exam can be described as a “stand-alone” question. A stand-alone question covers a specific topic and is not part of a set; the question that follows it covers a different topic. Here’s a typical question:

        
            
                	
                    
                        The cost of producing x units of a certain item is c(x) = 2000 + 8.6x + 0.5x2. What is the instantaneous rate of change of c with respect to x when x = 300 ?

                    
                    
                        	297.2

                        	300.0

                        	308.6

                        	313.6

                    

                

            

        
        In this question, you get some information and then you’re expected to answer the question. Where this question occurs in the test makes no difference, because there’s no patterned order of difficulty in which questions are presented on the AP Calculus exam. Tough questions are scattered between easy and moderately difficult questions.

        The stand-alone questions look like a bunch of disconnected calculus questions one after the other and that’s just what they are. Because they aren’t connected to each other, there’s no reason you have to answer these questions in sequential order. The two-pass system, discussed next, should be used here. You can tweak the general idea of the two-pass system and apply it specifically to the AP Calculus exam.

        The Two-Pass System on the AP Calculus Exam

        If you wanted to, you could take all the AP Calculus questions and arrange them in a spectrum ranging from “fastest to answer” to “slowest to answer.” For example, questions involving a graph are often much faster to answer, as long as you can interpret the visual data correctly.

        Picking out questions with graphs is not an especially critical way to analyze the exam questions, but some students do no more than that. You should realize that the more advanced your pacing system is, the more time you might have at the end of Section I to answer the questions that you find difficult. To further refine your two-pass approach before Test Day, draw up two lists of exam topics. Label one list “Calculus Concepts I Enjoy and Know About” and label the other list “Calculus Concepts That Are Not My Strong Points.”

        When you get ready to begin the multiple-choice section, keep these two lists in mind. On your first pass through the section, answer all the questions that deal with concepts you like and know a lot about. If a question covers a subject that’s not one of your strong points, skip it and come back on your second pass. The overarching goal is to use the time available to answer the maximum number of questions correctly.

        This refinement of the basic two-pass system should give you a clear idea about how to approach the multiple-choice section of the AP Calculus exam. Now that you’ve got an idea of the correct approach, let’s talk a bit about the correct mindset for test-taking.

        Comprehensive, Not Sneaky

        Some tests are sneakier than others. A sneaky test has questions that are written in convoluted ways; they’re designed to trip you up mentally and manipulate your score by using a host of other little tricks. Students taking a sneaky test often have the proper facts, but get many questions wrong because of traps in the questions themselves.

        The AP Calculus exam is not a sneaky test. It aims to see how much calculus knowledge you have. To do this, it asks a wide range of questions from an even wider range of calculus topics. The exam tries to cover as many different calculus facts as it can, which is why the questions jump from topic to topic. The test makers work hard to design the test so that it is comprehensive, which means that students who only know one or two calculus topics will soon find themselves struggling.

        Understanding these facts about how the test is designed can help you to answer its questions. The AP Calculus exam is comprehensive, not sneaky; it makes questions hard by asking about hard subjects, not by using rhetorical tricks to create hard questions. 

        
            AP Expert Note

            Trust your instincts when guessing. If you think you know the right answer, chances are that you dimly remember the topic being discussed in your AP course. The test is about knowledge, not traps, so trusting your instincts will help more often than not.

        
        You don’t have enough time to think deeply about every tough question, so trusting your instincts can keep you from getting bogged down and wasting precious time on a problem. Some of your educated guesses are likely to be incorrect, but again, the point is not to get a perfect score. A perfect score would certainly be nice, but most people are going to lose at least some points on the AP exam (and may still get a 5). Your basic goal should be to get as good a score as you can; surviving hard questions by going with your gut feelings can help you to achieve this aim.

        On other questions, though, you might have no inkling of what the correct answer should be. In that case, turn to the following key idea.

        
        Think “Good Math!”

        The AP Calculus exam rewards good mathematicians. It covers fundamental topics and expects you to use logical thinking and good mathematical techniques to answer questions. What the test doesn’t want is sloppy math or sloppy thinking. It doesn’t want answers that are factually incorrect, too extreme to be true, or irrelevant to the topic.

        Still, bad math answers invariably appear, because it’s a multiple-choice test that includes three incorrect answer choices along with the one correct answer. So if you don’t know how to answer a question, look at the answer choices and think “Good Math.” This may lead you to find some poor answer choices that can be eliminated. Here’s an example:

        
            
                	
                    
                        Which of the following gives the derivative of the function f(x) = x2 at the point (2, 4) ?

                    
                    
                        	
                            
                        

                        	
                            
                        

                        	
                            
                        

                        	
                            
                        

                    

                

            

        
        
            AP Expert Note

            For each multiple-choice question, no points are deducted for wrong answers, but no points are awarded for unanswered questions. Therefore, you should answer every question, even if you have to guess.

        
        Students who recall the definition of a derivative based on limits will have no problem determining that (C) is the correct answer. However, if you don’t know how to answer this question, you can use “Comprehensive, not Sneaky” and “Good Math” to give yourself a chance at guessing the right answer. The limit definition involves h approaching 0 (because it’s getting very small), so you can eliminate B right away (because h is approaching ∞). Choice A can also be eliminated, because there is nowhere to plug in 0 for h (all the terms have xs in them, but no hs). Finally, think back to Algebra I: The first coordinate in an ordered pair is x, and this function is all about x 2, so you should see a 22 in the definition, not a 42. This means you can eliminate D, leaving (C) as the only remaining choice.

        
    
        
        How to Approach the Free-Response Questions

        
        Section II of the AP Calculus exam is worth 50% of your grade. The section consists of two parts, just like the multiple-choice section. Part A  contains two free-response questions for which you are allowed (and in fact, will most likely need) to use your graphing calculator. Part B contains four free-response questions for which you may not use your calculator.

        The Good News ...

        The good news is that the topics covered in these questions are usually fairly common calculus topics. You won’t see trick questions asking about an obscure subject. However, the fact that a topic is well known doesn’t mean the problem will be simple or easy. All free-response questions are divided into parts—that is, they are stuffed with smaller questions. You won’t usually get one broad question like, “Is a Riemann sum ever really happy?” Instead, you’ll get an initial setup followed by questions labeled (a), (b), (c), and so on. 

        
            AP Expert Note

            Sometimes these parts are related to each other, and sometimes they are independent. 

        
        Be Organized and Use only the space you need

        Expect to write at least one paragraph (or provide multistep equations) for each lettered part of a free-response question, and to clearly label the part you are answering (e.g., [a] or [part a]). Use proper notation and always include units where applicable. Don’t try to fill up every inch of the space provided. If you only use half the space, but have a complete solution, that’s fine. The test makers provide extra space for students who write big or for corrections. You don’t want to add extra information (that may contain a mistake) if you already have the correct answer written on the page. 

        How You Earn Points: Scoring Rubrics

        For the free-response questions, you receive points for responding properly to each subquestion prompt. The more points you score, the better off you are on that question. Going into the details about how points are scored would make your head spin, but in general, the AP Calculus readers have a rubric that works as a blueprint for a good answer. Every subsection of a question has one to four key ideas attached to it. If you write about one of those ideas, you earn yourself a point. Readers always use the same rubric for a question and all questions are evaluated using a rubric. Any reader who reads your exam should, in theory, award you the same number of points on a given question. Readers check and cross-check each other to ensure that each answer is evaluated in the same way. 

        There’s a limit to how many points you can earn on a single subquestion and there are other complex rules guiding the grading of the AP exams, but it boils down to this: Writing smart things about each question will earn you points on that question.

        
            AP Expert Note

            Review the sample Scoring Rubrics provided. Reading through the rubrics will give you an even better idea of how to earn maximum points on Test Day.

        
        Don’t rush or be unnecessarily terse. You have about 15 minutes for each free-response problem. Use that time to be as precise as you can be for each part of the question. If the answer to one part depends on the answer to the previous part, but you don’t think you got the first part right, you should still forge ahead using your answer. In most cases, the grader will award you points for the second part as long as your math is valid relative to that particular part of the question.

        Don’t Panic

        If you get a question on a subject you don’t know well, things might look grim for that problem. Still, take heart. Quite often, you’ll be able to earn at least some points on every question because there will be some subquestion or segment in each question that you know. Remember, the goal is not perfection. If you can ace four of the questions and slug your way to partial credit on the other two, you will put yourself in position to get a good score on the entire section. That’s the Big Picture, so don’t lose sight of it just because you don’t know the answer to every subquestion of every question.

        Calculator questions

        Finally, because you are allowed to use a calculator on Part A of Section II, you should expect to use it. There’s no point in permitting a calculator for part of the exam if you aren’t going to actually need it. This isn’t 100% certain, of course, because nothing on an unknown test ever is, but it is a good guess. As a general rule, you can expect to have to:

        
            	Find the zeros of a complicated function (for example, to determine where a particle is at rest)

            	Evaluate a messy derivative at a specified value (for example, to find an instantaneous rate of change)

            	Calculate a definite integral (for example, to find the volume of a solid of revolution)

        

        Be sure to work through the questions in Chapter 15to review how to complete each of the tasks described above using a graphing calculator.

        PRactice using these tips

        
        Be sure to use all the strategies discussed in this chapter when taking the practice exams. Trying out the strategies there will help you become comfortable with them, and you should be able to put them to good use on the real exam.

        Of course, all the strategies in the world can’t save you if you don’t know anything about calculus. Chapters 4–14 of this book will help you review the primary concepts and facts that you can expect to encounter on the AP Calculus AB exam.

    
    

        Countdown to the Test

        Three Days Before the Test

        Take a full-length practice test under timed conditions. Use the techniques and strategies you’ve learned in this book. Approach the test strategically, actively, and confidently.

        Two Days Before the Test

        Go over the results of your practice test. Don’t worry too much about your score, or about whether you got a specific question right or wrong. The practice test doesn’t count. But do examine your performance on specific questions with an eye to how you might get through each one faster and better on the test to come.

        WARNING: DO NOT take a full practice exam if you have fewer than 48 hours left before the test. Doing so will probably exhaust you and hurt your score on the actual test. Maybe it will help to think of the AP Calculus exam as a marathon. Racers don’t run a marathon the day before the real thing—they rest and conserve their energy!

        The DAY Before the Test

        DO NOT STUDY. Get together an “AP Calculus exam kit” containing the following items:

        
            	A graphing calculator with fresh batteries

            	A watch (as long as it doesn’t have internet access, have an alarm, or make noise)

            	A few pens and No. 2 pencils (pencils with slightly dull points fill the ovals better; mechanical pencils are NOT permitted)

            	Erasers

	    	Your 6-digit school code (home-schooled students will be provided with their state’s or country’s home-school code at the time of the exam)

            	Photo ID card

            
        

        Know exactly where you’re going, exactly how you’re getting there, and exactly how long it takes to get there. It’s probably a good idea to visit your test center sometime before the day of the test, so that you know what to expect—what the rooms are like, how the desks are set up, and so on.

        Relax the night before the test. Read a good book, take a long hot shower, watch a movie or something on TV. Get a good night’s sleep. Go to bed early and leave yourself extra time in the morning.

        The Morning of the Test

        
            	Eat breakfast. Make it something substantial, but not anything too heavy or greasy.

            	Don’t drink a lot of coffee if you’re not used to it. Bathroom breaks cut into your time, and too much caffeine is a bad idea.

            	Dress in layers so that you can adjust to the temperature of the test room.

            	Read something non-test related. Warm up your brain with a newspaper or a magazine.

            	Be sure to get there early. Allow yourself extra time for traffic, mass-transit delays, and/or detours.

        

        During the Test

        Stay confident. If you find your confidence slipping, remind yourself how well you’ve prepared. You know the structure of the test; you know the instructions; you’ve had practice with—and have learned strategies for—every question type.

        If something goes really wrong, don’t panic. If the test booklet is defective—two pages are stuck together or the ink has run—raise your hand and tell the proctor you need a new book. If you accidentally mis-grid your answer page or put the answers in the wrong section, raise your hand and tell the proctor. He or she might be able to arrange for you to re-grid your test after it’s over, when it won’t cost you any time.

        After the Test

        You might walk out of the exam thinking that you blew it. This is a normal reaction. Lots of people—even the highest scorers—feel that way. You tend to remember the questions that stumped you, not the ones that you knew.

        We’re positive that you will have performed well and scored your best on the exam because you followed the Kaplan strategies outlined in this section. Be confident in your preparation and celebrate the fact that the AP Calculus exam is soon to be a distant memory.

    
        
        
            Chapter 3

            Calculator Basics

        
        When You Can Use Your Graphing Calculator

        Calculators are good—that’s what professional organizations for math teachers have decided. This is lucky for you, because it means you can use a calculator on the AP exam. In fact, on some parts of the exam, you are expected to use a calculator, a graphing calculator, to be specific. Graphing calculators have become a standard, essential part of AP Calculus. You should be using yours on a regular basis to become comfortable with it.

        You'll need your calculator for Section I, Part B (which consists of 15 multiple-choice questions) and Section II, Part A (which consists of 2 free-response questions). Let’s do the math here. This means that for 34 out of the 51 questions on the test (more than 60 percent of the exam), you cannot use a calculator. It’s not a crutch or a cure-all, even if you have a calculator that takes derivatives, computes integrals, and does your laundry. The bottom line is that you need to know calculus and know it well to succeed on the AP exam.

        WHAT YOU CAN EXPECT TO DO WITH YOUR CALCULATOR

        As a general rule, you can expect to:

        
            	Adjust the viewing window to zoom in on a particular part of a function's graph

            	Find the zeros of a complicated function (for example, to determine where a particle is at rest)

            	 Evaluate a messy derivative at a specified value (for example, to find an instantaneous rate of change)

            	Calculate a definite integral (for example, to find the volume of a solid of revolution)

        

        Be sure to work through the questions in Chapter 15to review how to complete each of the tasks described above using a graphing calculator.

        You can bring up to two graphing calculators into the exam with you, along with whatever programs they contain. You can use whatever shortcuts you’ve programmed into your calculator. To maintain the integrity of the test, you can’t take any test information out in your calculator.

    
        
        Choosing the Right Calculator for You

        There is a huge variety of graphing calculators available on the market, and their capabilities have increased as technology has advanced. Some of the newer models are much more powerful than their older, first-generation siblings. It does not really matter which particular brand or type of calculator you have, though you should make certain the calculator meets your needs. What is truly important is that you know how to use your calculator.

        The AP Calculus committee works hard to develop questions that can be solved with any appropriate calculator, but it can’t develop tests that are fair to all students if the range of calculator capabilities is too large. To level the playing field, your calculator must meet a minimum performance level to ensure that you can solve all of the problems on the test. Some calculators with more advanced, complicated features are not allowed because the AP Calculus exam committee feels that they would give students who use them an unfair advantage. The trick, then, is to find a calculator that can do everything you need it to do, but not so much that it will be barred from the exam.

        The people who write the test assume that your calculator can:

        
            	Plot a graph in the appropriate viewing window.

            	Find the zeros of a function (a technique often used to solve equations).

            	Calculate the value of the derivative of a function at a point.

            	Calculate the value of a definite integral numerically.

        

        If you can perform these functions with your calculator, then you have enough computational power to solve any problem on the AP exam.

        A non-graphing scientific calculator simply isn’t enough on the exam—they don’t give you enough computing power. You can’t use tools that provide too much computing power either, which means no computers—like laptops—and no mini-computers—including pocket organizers, pen-input devices like tablets, or anything with a QWERTY keyboard, such as a TI-92 Plus. The AP Course Description has a list of approved calculators; read it and make sure yours is on the list. Then make sure that you really know your calculator. Your calculator is your friend, so treat it like one. Use it often. Take it with you. Learn its secrets. Let it help you find answers in class and on tests. 

        Does a Fancier Calculator Help You More?

        The authors of the AP exam try to write questions that present an equal challenge to students, regardless of what sort of calculators they may have. They try, but they don’t always succeed, and it is definitely to your advantage to have the most advanced calculator you can.

        For example, suppose you are asked to find the value of c that satisfies the Mean Value Theorem for f(x) = x ln x on the closed interval [2, 4] .

		Using a less advanced calculator, you need to compute the derivative of f by hand; i.e., you need to use the product rule to compute f′(x) = ln x + 1. Then you need to solve the equation
            
            . You need a calculator to solve this equation, and at this point there are lots of ways to proceed.

        More advanced calculators can handle symbolic manipulation, compute the derivative for you, and solve the entire problem in one line of code. For example, to solve this problem using a TI-89, on the home screen type y = x(lnx). Press ENTER, then type F2: Solve  (d(y(x), x, c) = (y(4) − y(2))/(4 − 2), c. Press ENTER and your answer appears. With an advanced calculator, you don’t need to do any computations yourself.

        
        Distinctions Among Different Types of Calculators

        Lower-level calculators cannot perform symbolic manipulations. That is, they cannot multiply or factor polynomials, differentiate or integrate symbolically, or take limits. They evaluate a polynomial at a point; they can evaluate the derivative of a function at the point, but they can’t tell you the derivative function. They can compute a numerical approximation of a definite integral, but they can’t tell you the exact value. For example, a lower-level graphing calculator will compute
            
            as 1.4641016 but it will not give the exact answer 
            . It also cannot compute antiderivatives such as
            
            .

        The TI-83 Plus is an example of a lower-level graphing calculator. A more powerful graphing calculator can perform symbolic manipulations. It can multiply and factor polynomials, differentiate and integrate symbolically, and take limits of functions. It shows the answer symbolically as an equation, when appropriate. It can show a precise answer with square roots and fractions. The TI-89 is an example of a more powerful model.

        
            AP Expert Note

            Be sure to use the calculator that you’ve been using through the school year. The TI-83/84 models have comparable keystrokes, but they are significantly different than the TI-89 calculators. So, it would not be wise to switch to an unfamiliar calculator right before the exam.

        
        There are lots of other calculators that fall into each of these categories. Yours, whatever it is, is just fine as long as you know how to use it. Many calculators use similar keystrokes. The important thing is to become familiar with your calculator. If you want to perform an operation and don’t know how to do it, refer to your owner’s manual. If you’ve lost yours (have you cleaned your room lately?), most calculator companies have a free copy of the instruction manual on their websites.

        
    
        
        Using Calculators with This Book


        In subsequent chapters, we’ll help you to get familiar with the ways you’ll need to use your calculator on the AP exam. For calculator-specific questions, we’ll give general guidelines for solving problems with any graphing calculator and detailed instructions for solving problems with a TI-83 Plus. The TI-83 is an example of a basic, no-frills, graphing calculator. 

        What we won’t do is tell you how to get started with your graphing calculator. You should refer to your owner’s manual for that basic information. For example, we’ll assume that you know how to enter a function into the calculator (e.g., using the Y= button on a TI-83) and that you know how to set the viewing window for a graph.

        Throughout the book, in the chapter Practice Sets, questions that require a calculator will have a calculator icon to the left of the question number. For example:

        
        
            
            
                	
                    
                        The growth of a population P is modeled by the differential equation
                            . If the population is 2 at t = 0, what is the population at t = 5 ?

                    
                    
                        	5.565

                        	20.401

                        	50.810

                        	70.679

                    

                

            

        
        
            AP Expert Note

            The correct answer to the question above is (D), by the way, and your calculator can do all the heavy lifting here, with just a bit of conceptual understanding on your part to get started.

        
        There’s also an entire chapter (Chapter 15) devoted to questions that require the use of a calculator. Finally, in the Practice Tests, the sections are divided into No Calculator and Calculator, just as they are on the real exam. All-in-all, you should get plenty of practice using your calculator.

        
    
    
 Big Idea 1
Limits
        

            Chapter 4

            Basic Limits

            
            Learning Objectives

            In this chapter, you will review how to:

            
                	4.1 Evaluate limits graphically, including one-sided limits

                	4.2 Evaluate limits algebraically

                	4.3 Evaluate limits of composite functions from graphs and tables

                	4.4 Determine when a limit does not exist

            

            

    
        
        
        
            
                Test What You Already Know

            
            
                	
                        
                        

                        
                            
                                [image: F of x starts with a closed dot at negative 1 comma 0. The graph increases nonlinearly, approaching positive infinity as x approaches 1. The graph decreases from positive infinity after x equals 1 to an open dot at 3 comma 1.  There is a closed dot at 3 comma 0. The graph increases linearly from the open dot to a closed dot at 4 comma 6, then decreases linearly to a closed dot at 5 comma 4. There is an open dot at 5 comma 3, followed by a horizontal line to a closed dot at 6 comma 3.]
                            
                        

                    

                   	
                    
                    
                        The graph of the function f is shown above. Which of the following statements is false?

                    
                    
                        	
                             

                        	
                             

                        	
                             

                        	
                             

                    

                

                	
                    
                        
                            
                        

                    
                    
                        	
                            
                        

                        	
                            
                        

                        	0

                        	
                            
                        

                    

                

                	
                        
                            [image: The graph of y starts with a closed dot at negative 2 comma negative 1. The graph increases linearly to 1 comma 2, then increases nonlinearly to a closed dot at 4 comma 5. The graph of g begins with a closed dot at negative 2 comma 5, then decreases linearly to an open dot at 2 comma 1. There is a closed dot at 2 comma 4. The graph increases linearly from the open dot to a closed dot at 4 comma 3.]
                        

                    

                	
                    
                    
                        The graphs of the functions f and g are shown above. What is the value of  ?

                    
                    
                        	2

                        	3

                        	4

                        	5

                    

                

                	
                    
                        
                            
                        

                    
                    
                        	–1

                        	0

                        	1

                        	nonexistent

                    

                

                	
                

            

        
        Answers to this quiz can be found at the end of this chapter.

        

        

    
        
        4.1 Evaluating Limits Graphically

        To answer a question like this:

        
            
                	
                    
                        
                            
                                [image: F of x starts with a closed dot at negative 3 comma negative 2. The graph increases linearly to an open dot at negative 1 comma 2. There is a closed dot at negative 1 comma negative 2, and the graph increases linearly to an open dot at 1 comma 2. There is a closed dot at 1 comma 3. The graph decreases linearly from the open dot to a closed dot at 2 comma negative 2, then increases linearly to a closed dot at 3 comma 0.]
                            
                        

                        Consider the graph of the function f shown above. Which of the following statements is true?

                    
                    
                        	
                            
                        

                        	
                            
                        

                        	
                            
                            does not exist.

                        	
                            
                        

                    

                

            

        
        
        You need to know this:

        Conceptually:

        
            	Limits describe what happens as x  approaches (gets close to) a number. A limit DOESN’T describe, and doesn’t care about, what happens when x actually equals that number.
            

        

        Notation:

        
            	If the value of a function f gets close to a number L as x gets close to c from both sides, then you write
                .
            

            	If f approaches a number L as x approaches c from the right (i.e., if you only consider the function at values of x that are greater than c), then you write
                .

            	Similarly, if f approaches a number L as x approaches c from the left (i.e., if you only consider the function at values of x that are less than c), then you write
                .

            

        

        You need to do this:

        
            	Evaluate each statement, one at a time.

            	For each limit, lightly draw a dashed vertical line at c. Then trace along the graph near c. Trace from only one side if the statement involves a one-sided limit; otherwise, trace from both sides.

            	What y-value does your finger approach? This value is the limit.

            	Erase your markings and evaluate the next statement on the list, crossing out false statements as you go.

            

        

        Answer and Explanation:

        B
        

        
            
                
                    
                        	[image: The graph of f of x with an arrow pointing at the closed dot at negative 3 comma negative 2, and a vertical dashed line at x equals negative 3.]

                            
                            ∴  A is false.
                            

                            
                            

                        
                        	[image: The graph of f of x with an arrow pointing to the open dot at negative 1 comma 2 and a vertical dashed line at x equals negative 1.]

                            
                            ∴ (B) is true.

                        
                    

                
                
                    
                        	[image: The graph of f of x with an arrow pointing to the closed dot at negative 1 comma negative 2 and a vertical dashed line at x equals negative 1.]

                            
                            ∴ C is false.

                        
                        	[image: The graph of f of x with two arrows, one from each direction, pointing to the open dot at 1 comma 2, and a dashed vertical line at x equals 1.]

                            
                            ∴ D is false.

                        
                    

                
            

        

        Choice (B) is the only true statement and is therefore correct.

        
            
                Practice Set

                
                
                
            
            
                
                	
                    Use the graph of f shown below to answer questions 1 and 2.

                    
                        [image: F of x begins by increasing from negative infinity up to an open dot at negative 4 comma negative 2. There is a closed dot at negative 4 comma 2, and the graph increases nonlinearly toward positive infinity as x approaches 3. The graph increases from negative infinity just after x equals 3 and crosses the x axis at x equals 5. The graph continues to increases nonlinearly.]
                    
                    
                

                	
                    
                    
                        
                        
                        

                    
                    
                        	–2

                        	
                             0

                        

                        	2

                        	nonexistent

                    

                    
                

                	
                    
                    
                        
                        
                        

                    
                    
                        	–∞

                        	–5

                        	5

                        	∞

                        

                    

                    
                

                	
                    Use the graph of g shown below to answer questions 3 and 4.

                    
                        [image: The graph of g of x begins on the y axis between y equals 1 and 2. The graph increases nonlinearly to an open dot at 2 comma 3, then increases nonlinearly to 3 comma 5 and decreases to an open dot at 4 comma 3. There is a closed dot at 4 comma 2, and the graph increases linearly to a closed dot at 6 comma 3.]
                    
                    
                

                	
                    
                    
                        Which of the following statements about g is false?

                    
                    
                        	
                            
                        

                        	
                             = 2

                        	
                             does not exist.

                        	
                             does not exist.
                        

                    

                    
                

                	
                    
                    
                        Suppose . The value of k could be which of the following?

                    
                    
                        	2 only

                        	6 only

                        	2 and 6 only

                        	2, 4, and 6

                    

                    
                

            

            
                	
                    
                

            

        
    
        
        
        
            Answers
                and Explanations

            
                
                    	D
                        
                            Trace along the function from each side of x = –4:

                            
                                
                                    [image: The graph of f of x with one arrow from the left pointing at the open dot at negative 4 comma negative 2 and an arrow from the right pointing to the closed dot at negative 4 comma 2.]
                                
                            

                              while . Because the one-sided limits are not the same,  does not exist, making (D) the correct answer.

                        
                    

                    	A
                        
                            By definition, limit means as x gets very close to. Pay careful attention to the notation—you are interested in the limit as x gets very close to 3 from the right-hand side, so trace along the function just to the right of 3. 

                            
                                
                                    [image: The graph of f of x with an arrow pointing straight down as the function increases from negative infinity immediately after x equals 3.]
                                
                            

                            The function decreases without bound (falls down along the asymptote), so the limit is –∞, (A).

                        
                    

                    	C
                        
                            Evaluate each statement, one at a time, until you find one that is false.

                            A:  and , so the limit as x approaches 2 does equal 3. Eliminate A.

                            B:  does equal 2, so eliminate B.

                            (C): From A, you already know that the limit as x approaches 2 equals 3, so the limit does exist and (C) is false.

                            D:  while , so
                                 does not exist. Eliminate D.

                        
                    

                    	D
                        
                            Pay careful attention to the notation in the question—you are only interested in the limit from the left. Trace along the function, just to the left of each number of interest (2, 4, and 6). 

                            
                                
                                    [image: The graph of g of x with an arrow from the left pointing to the open dot at 2 comma 3, another arrow from the left pointing to the open dot at 4 comma 3, and another arrow from the left pointing to the closed dot at 6 comma 3.]
                                
                            

                            For each of these values of x, the limit of the function from the left is indeed 3, so (D) is correct.

                        
                    

                

            
        
    
        
        4.2 Evaluating Limits Algebraically

        To answer a question like this:

        

        
            
                	
                    
                        
                            
                        

                    
                    
                        	
                            
                        

                        	
                            
                        

                        	0

                        	nonexistent

                    

                

            

        
        
        You need to know this:

        Conceptually:

        
            	When you are asked to compute
                , the first thing you should try is to plug the value c into the function. If you get an answer that’s a real number, you’re done.

            

            	If you don’t get a real-number answer, there are three main simplification strategies: factoring, combining terms in complex fractions, and multiplying by the conjugate (usually of a radical term in either the numerator or the denominator).

        

        Operations with limits:

        
            	The limit as x approaches any number (or even infinity) of a constant function is that constant, or .

            	The limit of a sum is the sum of the limits, or.

            	The same is true for other operations (subtraction, multiplication, division, and square rooting).

        

        
            AP Expert Note

            There is no need to memorize the rules for performing operations with limits. Standard operations behave exactly as you would expect them to.

        
        You need to do this:

        
            	Substitute 0 for each x in the expression. If the result is not a real number, you need to simplify the expression. 

            	Decide which of the three strategies you need to use.

            	Carefully perform the algebraic manipulation.

            	Re-evaluate the limit.

        

        Answer and Explanation:

        A
        

        Plugging 0 in for x yields , so try simplifying the expression by writing the numerator as a single term. Then you can multiply by the reciprocal of x (which is ):

        
            
        

        Now, re-evaluate the limit by plugging in 0 again:

        
            
        

        Choice (A) is correct.

        
            AP Expert Note

            You’ll learn in a later chapter that you could also use L’Hopital’s rule to answer this question, but that only works when the limit equals  or .

        
        
            
                Practice Set

                
                
                
            
            
                
                	
                    
                    
                        
                            
                        

                    
                    
                        	−1

                        	0

                        	1

                        	π
                        

                    

                    
                

                	
                    
                    
                        
                            
                        

                    
                    
                        	−2

                        	0

                        	1.25

                        	nonexistent

                    

                    
                

                	
                    
                    
                        If a ≠ 0, then  is

                    
                    
                        	
                            
                        

                        	
                            
                        

                        	
                            
                        

                        	
                            
                        

                    

                    
                    
                    

                

                	
                    
                    
                        
                        
                        

                    
                    
                        	0

                        	
                            
                        

                        	1

                        	nonexistent

                    

                    
                

                	
                    
                

            

        
    
        
        
        
            Answers
                and Explanations

            
                
                    	A
                        
                            Not all limit questions require algebraic manipulation, so your first step should always be to plug in the number of interest. Here, plugging in –1 for x gives:

                            
                                
                            

                             Choice (A) is correct.

                        
                    

                    	C
                        
                            Plugging –1 in for x yields , so simplify the expression by factoring the numerator and denominator, then reevaluate the limit. Factoring tip: Because x = –1 makes both polynomials equal 0, it must be true that (x + 1) is a factor of each.

                            
                                
                            

                            That’s (C).

                        
                    

                    	A
                        
                            Plugging a in for x yields , so simplify the expression by factoring the numerator and denominator, then reevaluate the limit. Factoring tip: When you see lots of squared terms, think difference of squares:

                            
                                
                            

                            Choice (A) is correct.

                        
                    

                    	B
                        
                            Plugging 1 in for x yields , so simplify the expression by multiplying the numerator and denominator by the conjugate of the numerator, which is :

                            
                                
                            

                            That’s (B).

                        
                    

                

            
        
    
        
        4.3 Limits of Composite Functions

        To answer a question like this:

        
            
                	
                    
                        
                            [image: The graph of f starts with a closed dot at negative 2 comma 4. The graph decreases linearly to a closed dot at 1 comma 1, then increases nonlinearly to an open dot at 3 comma 5. There is a closed dot at 3 comma 4. The graph decreases nonlinearly from the open dot to a closed dot at 5 comma 1. The graph of 6 starts with a closed dot at negative 2 comma negative 2, then increases nonlinearly to an open dot at 2 comma negative 1. There is a closed dot at 2 comma 3. The graph continues to increases nonlinearly past the open dot, approaching positive infinity as x approaches 4. The graph decreases from positive infinity just after x equals 4 to a closed dot at 6 comma negative 2.]
                        

                        

                        The graphs of the functions f and g are shown above. What is the value of  ?

                    
                    
                        	1

                        	3

                        	4

                        	nonexistent

                    

                

            

        
        
        You need to know this:

        Rule: 
        

        The rule above is valid provided all of the following are true:

        
            	
                
            

            	
                 exists

            	
                 , assuming f(b) is defined

            

        

        Translation:

        
            	In plain English, this means take the desired limit of g(x)—and then you’re done with the limit part—then plug the result into f(x). 

            	Graphically, this means find the y-value that the g function gets very close to (from both sides) when x = a, think of the result as b, and then find the y-value of the f function when x = b. 

            	If the limit of g(x) doesn’t exist, then the limit of the composite function doesn’t exist. Similarly, if f(b) is not defined, then the limit of the composite function doesn’t exist. 

            

        

        You need to do this:

        
            	To find the limit, trace the inner function of the composition on its graph (here, g) from both sides of the number that x is approaching (here, 2). Call the result b.

            	Move to the outer function’s graph (here, f) and find f(b). Remember, f(b) just means the y-value at x = b. That’s your answer.

            	If f(b) does not exist (i.e., is a hole or an asymptote), then the limit doesn’t exist.

        

        
            AP Expert Note

            Taking limits of compositions works much the same way as evaluating compositions—start with the inner function. If the question is written using the notation , rewrite it as  so you’ll know where to start.

        
        Answer and Explanation:

        B
        

        First, rewrite the composition as
            . Then apply the rule:

        
            
        

        This tells you to start by finding  using the graph of g. Then use the graph of f to find f of the result.

        
            
                [image: The graph of f with negative 1 on the x axis circled and an arrow pointing up to the line in the graph with a 3 above it. The graph of g has two arrows, one from each direction, pointing to the open dot at 2 comma negative 1.]
            
        

        As you can see from the graph labeled 1, , (not 3, which is the functional value of g at x = 2). Based on the graph labeled 2, f(–1) = 3, so (B) is correct.

        
            
                Practice Set

                
                
                
            
            
                	
                        
                            

                            
                                
                                
                                
                                    
                                        	x
                                        	–2
                                        	–1
                                        	0
                                        
                                        	1
                                        
                                        	2
                                        
                                        	3
                                    

                                    
                                        	f(x)
                                        	3
                                        
                                        	4
                                        
                                        	5
                                        
                                        	6
                                        
                                        	5
                                        
                                        	4
                                    

                                
                            

                        

                    

                	
                    
                    
                    
                        Several ordered pairs for the function f are given in the table above. If , then 
                        

                    
                    
                        	–2

                        	3

                        	4

                        	6

                    

                    
                

                	
                        
                            
                                [image: F of x starts with a closed dot at negative 2 comma 1. The graph increases to 0 comma 5, then decreases to 2 comma 0, then increases again to a closed dot at 4 comma 5. G of x starts with a closed dot at negative 1 comma 0, then increases linearly to an open dot at 3 comma 4. There is a closed dot at 3 comma 0. The graph decreases linearly from the open dot to a closed dot at 5 comma 0.]
                            
                        

                    

                	
                    
                    
                    
                        Given the graphs of f and g above, which of the following could be the value of a if lim f(g(x)) = 0 ?

                    
                    
                        	2 only

                        	1 and 4 only

                        	–1 and 5 only

                        	–1, 3, and 5

                    

                    
                

                	
                        
                            
                                [image: F of x begins with a closed dot at negative 2 comma 4. The graph decreases linearly to a closed dot at 1 comma 1. The graph continues horizontally to an open dot at 2 comma 1, then increases toward positive infinity as x approaches 3. The graph increases from positive infinity just after x equals 3 and increases to a closed dot at 5 comma 2. G of x starts with a closed dot at negative 2 comma 5 and decreases linearly to a closed dot at negative 1 comma 3. There is a closed dot at negative 1 comma 1, and the graph increases linearly to an open dot at 1 comma 3. There is a closed dot at 1 comma 4. The graph decreases nonlinearly from the open dot to 3 comma 0, then increases to a closed dot at 5 comma 3.]
                            
                        

                    

                	
                    
                    
                    
                        The graphs of two functions f and g are shown above. Which of the following does not exist?

                    
                    
                        
                            
                            
                            
                                
                                    	I.  
                                    
                                

                                
                                    	II.  
                                    
                                

                                
                                    	III.  
                                    
                                

                            
                        

                    

                    
                        	I only

                        	II only

                        	I and II only

                        	I, II, and III

                    

                    
                

                	
                    
                

            

        
    
        
        
        
            Answers
                and Explanations

            
                
                    	D
                        
                            Start with the inner function: You’re given that . To evaluate the composite function, use the table to find
                                , x, or f(1), which is 6. This means (D) is correct.

                        
                    

                    	B
                        
                            Rewrite  as  . This translates to f(some number) = 0. Look at the graph of f: The y-value is 0 when x = 2, so f(2) = 0. This means , so find the x-value(s) on the graph of g for which the graph is approaching 2 (from both sides). Those values are x = 1 and x = 4, making (B) the correct answer. The graphs below show this analysis visually.

                            
                                
                                    [image: The graph of f of x with the expression f of 2 equals 0 and an arrow pointing to the point 2 comma 0. The graph of g of x with the 1 and 4 on the x axis circled, and arrows from each direction pointing at 1 comma 2 and 4 comma 2 on the graph of g of x.]
                                
                            

                        
                    

                    	C
                        
                            In each case, think of  as f(g(x)), which tells you to start with g. Evaluate the given limit (of g), then find f of the result (if possible).

                            Statement I: Look at the graph of g:  does not exist because the limit from the left of –1 is 3, while the limit from the right of –1 is 1. Thus,  cannot be evaluated and consequently, does not exist.

                            Statement II: Look at the graph of g: . Now look at the graph of f: There is an asymptote at x = 3, so f(3) does not exist. Thus,   does not exist.

                            Statement III: Look at the graph of g: . Now look at the graph of f to find that f(0) = 2. Thus,  and consequently, exists.

                            The limits in statements I and II do not exist, so (C) is correct.

                        
                    

                

            
        
    
        
        4.4 Limits That Don’t Exist

        To answer a question like this:



	

        
            If 
            , then 
            
        

        

	

	0

	

	nonexistent








        
        You need to know this:

        
            	The  exists if and only if . In other words, the limit does not exist (DNE), or is nonexistent, if the two one-sided limits are not the same value.

            	Technically, a limit that equals positive or negative infinity doesn’t exist because it’s not a specific value. However, saying a limit is equal to ±∞ is commonly used to describe a function that increases (or decreases) without bound.

            

            	Some useful “calculations”:
                

                

                
                    
                        
                            	
                                
                            
                            	
                                
                                

                            
                            	
                                
                            
                        

                        
                            	
                                
                                

                            
                            	
                                
                                

                            
                            	
                                
                                

                            
                        

                    
                

            

        

        
        

        
            AP Expert Note

            Technically, you can’t plug positive or negative infinity into an expression. Rather, this notation is used to represent plugging a huge positive or negative number in for the variable.

        
        Anticipating limits that don’t exist:

        

        
            	Because the graphs of y = sin x and y = cos x oscillate back and forth between –1 and 1, the limit as x approaches positive or negative infinity for either of these doesn’t exist. However, when the trig function is in the numerator or denominator of a rational function, you need to analyze further.

            	Aside from trig functions, in most cases, a limit that doesn’t exist involves a rational expression or a piecewise function.

        

        You need to do this:

        
            	As always, start by plugging in the number. If the result is a real number, then you’re done.

            	If the result is , then you must find both one-sided limits and compare the results.

            	If the result is , consider using L’Hopital’s rule. If that doesn’t work, you must find both one-sided limits and compare the results.

            	To find the one-sided limits, reason them out logically or apply brute force—that is, plug in a tiny number just to the left and another just to the right and see what happens. For example, if the limit approaches 0, try –0.01 and 0.01; you don’t need to do complicated computations—you just need to determine if the values are the same.

        

        Answer and Explanation:

        D
        

        Plugging in 0 yields , which can’t be evaluated, so you must find the one-sided limits and compare the results. Don’t forget—e is just a number (2.718...), so it behaves as any other constant.

        As
            . Therefore, , which means .

        As
            . Therefore, , which means .

        Because the one-sided limits are not the same,
            does not exist, which is (D).

        
            
                Practice Set

                
                
                
            
            
                	
                        
                            
                        

                        
                    

                	
                    
                    
                    For the function f defined above, which of the following statements is true?
                    
                        	
                             does not exist.

                        	
                             does not exist.

                        	
                             = 0

                        	
                             = 0

                    

                    
                

                	
                        
                            
                        

                    

                	
                    
                    
                    
                    A function f is defined above. What is  ?
                    
                        	–1

                        	0

                        	1

                        	nonexistent

                    

                    
                

                	
                    
                    
                        If , then  =

                    
                    
                    

                    
                        	–∞

                        	–4

                        	4

                        	nonexistent

                    

                    
                

                	
                    
                    
                        If , then  =

                    
                    
                        	0

                        	1

                        	∞

                        	nonexistent

                    

                    
                

                	
                    
                

            

        
    
        
        
        
            Answers
                and Explanations

            
                
                    	B
                        
                            Evaluate each statement, one at a time, until you find one that’s true.

                            
                                . Eliminate A.

                            . You need to find the one-sided limits, so skip this choice for now.
                            

                                Eliminate C.

                                

                                Eliminate D.

                            

                            Because the results of C and D are not the same, (B) must be correct.

                        
                    

                    	D
                        
                            To evaluate the limit where a piecewise function “breaks” (here, at x = –1), evaluate the limit from the left of the break (x < –1) and the limit from the right of the break (x ≥ –1) and see what happens:

                            To the left of –1, the function is defined by −x, therefore:

                            
                                
                            

                            To the right of –1, the function is defined by x + 1, therefore:

                            
                                
                            

                            Because the limit from the left (1) is not equal to the limit from the right (0), the limit
                                
                                does not exist, which is (D).

                        
                    

                    	D
                        
                            Because the graphs of y = sin x and y = cos x oscillate back and forth between –1 and 1, the limit as x approaches positive or negative infinity for either of these typically doesn’t exist. This is true even when there is a change to the amplitude and/or period of the function, or when there is a phase shift. This particular trig function is shifted to the left π units and has an amplitude of 4, but it still oscillates back and forth, so
                                does not exist. Choice (D) is correct. 

                        
                    

                    	D
                        
                            Because plugging in 0 doesn’t yield an answer that is a real number (you can't evaluate
                                ), you must check the limit from the left of 0 and the limit from the right of 0. 

                            As
                                . Therefore, , which means .

                            As
                                . Therefore, , which means .

                            Because the one-sided limits are not the same,
                                does not exist, which is (D).

                        
                    

                

            
        
    
    

        Rapid Review

        
            If you take away only 7 things from this chapter:

            
                	Limits describe what happens as x  approaches (gets close to) a number. A limit DOESN’T describe, and doesn’t care about, what happens when x actually equals that number.
                

                	When you are asked to compute
                    , the first thing you should try is to plug the value c into the function. 

                

                	If you don’t get a real-number answer, there are three main simplification strategies: factoring, combining terms in complex fractions, and multiplying by the conjugate (usually of a radical term).

                

                	The limit as x approaches any number (or even infinity) of a constant function is that constant, or .

                

                	To find the limit of a composite function, use the rule . In plain English, this means take the desired limit of g(x)—and then you’re done with the limit part—then plug the result into f(x). 

                	The  exists if and only if . In other words, the limit does not exist if the one-sided limits are not the same value.

                

                	Because the graphs of y = sin x and y = cos x oscillate back and forth between –1 and 1, the limit as x approaches positive or negative infinity for either of these typically doesn’t exist. 

                

            

        
    
        
        
        
            
                Test What You Learned

                
                
                
            
            
                	
    
        
            [image: F of x is presented in three different graphs from left to right. In the first graph, f of x decreases and crosses the x axis at negative 4. It then increases an crosses the x axis again between negative 2 and negative 1. It continues to increase, crossing the y axis at 3, continues to increases then decreases. There is a closed dot at 2 comma 3, then the graph continues to decreases, crossing the x axis again just before x equals 4. Graph 2 is similar to graph 1; the only difference is an open dot at 2 comma 3 and a closed dot at 2 comma 1. Graph 3 is similar to graph 2, with the only difference being the graph decreases from the closed dot at 2 comma 1 instead of the open dot at 2 comma 3.]
        

    



                	
                    
                    
                    
                        Each graph shown above represents a function f. For which graph(s) does     ?

                    
                    
                        	I only

                        	I and II only

                        	II and III only

                        	I, II, and III

                    

                    
                

                	

    
        [image: The graph of f starts with a closed dot at negative 2 comma 2, then increases linearly to a closed dot at negative 1 comma 3. The graph then decreases linearly to a closed dot at 0 comma 0. The graph increases nonlinearly to 2 comma 3, then decreases nonlinearly to a closed dot on the x axis between x 3 and 4. The graph of g begins with a closed dot at negative 2 comma negative one half, then increases linearly to a closed dot at 1 comma 2. The graph then decreases linearly to an open dot at 3 comma 1, then increases nonlinearly to a closed dot at 4 comma 1.]
    



                	
                    
                   
                    
                        The graphs of two functions f and g are shown above. If , what is the value of k ?

                    
                    
                        	–1

                        	1

                        	3
                        

                        	1 or 3

                    

                    
                

                	
                    
                    
                        The limit as x → 0 of which of the following functions exists?

                    
                    
                        	
                            
                        

                        	
                            
                        

                        	
                            
                        

                        	
                            
                        

                    

                    
                

                	
                    
                    
                        
                            
                        

                    
                    
                        	–4

                        	
                            
                        

                        	
                            
                            

                        

                        	
                            
                        

                    

                    
                

                	
                    
                

            

        
    
        
        
        
            Answer
                Key

            Test What You Already Know

            
                	D    Learning Objective: 4.1

                	B    Learning Objective: 4.2

                	A    Learning Objective: 4.3

                	D    Learning Objective: 4.4

            

            Detailed solutions can be found at the back of this book.

        
    
        
        
        
            Answer
                Key

            Test What You Learned

            
                	B    Learning Objective: 4.1

                	D    Learning Objective: 4.3

                	C    Learning Objective: 4.4

                	D    Learning Objective: 4.2

            

            Detailed solutions can be found at the back of this book.

            

        
    
        Reflection

        Test What You Know score: _________

        Test What You Learned score: _________

        Use this section to evaluate your progress. After working through the pre-quiz, check off the
boxes in the “Pre” column to indicate which Learning Objectives you feel confident about. Then, after completing the chapter, including the post-quiz, do the same to the boxes in the “Post” column. Keep working on unchecked Objectives until you’re confident about them all!






	Pre
	Post
	



	◻	◻  	4.1 Evaluate limits graphically, including one-sided limits


	◻	◻  	4.2 Evaluate limits algebraically


	◻	◻  	4.3 Evaluate limits of composite functions from graphs and tables


	◻	◻  	4.4 Determine when a limit does not exist




   
        

        For More Practice

        Complete more practice online at kaptest.com. Haven't registered your book yet? Go to kaptest.com/booksonline to begin.

        

        

    
    

        

            Chapter 5

            More Advanced Limits

            
            
            Learning Objectives

            In this chapter, you will review how to:

            
                	5.1 Determine when a limit is infinite

                	5.2 Evaluate limits at infinity

                	5.3 Identify horizontal and vertical asymptotes of a function

                	5.4 Evaluate limits involving trig functions

                	5.5 Apply L’Hôpital’s Rule to evaluate limits of the form
                     and
                    
                

            

        
    
        
        
        
            
                Test What You Already Know

            
            
                	
                    
                        
                        
                        

                    
                    
                        	–∞

                        	0

                        	2

                        	∞

                        

                    

                

                	
                    
                        
                        
                        

                    
                    
                        	–2

                        	
                            
                        

                        	1

                        	nonexistent

                    

                

                	
                    
                        Which statement is true about the graph of  ?

                    
                    
                        	The line x = –1 is a vertical asymptote.

                        	The line y = 0 is a horizontal asymptote.

                        	The line y = 3 is a horizontal asymptote.

                        	The graph has no vertical or horizontal asymptotes.

                    

                

                	
                    
                        
                        
                        

                    
                    
                        	–4

                        	
                            
                        

                        	1

                        	∞

                    

                

                	
                    
                        
                        
                        

                    
                    
                        	
                            
                        

                        	0

                        	
                            
                        

                        	nonexistent

                    

                

                	
                

            

        
        Answers to this quiz can be found at the end of this chapter.

        

        

    
        
        5.1 Infinite Limits

        To answer a question like this:

        
            
                	
                    
                        
                            
                                

                                
                            

                        

                    
                    
                        	–∞

                        	0

                        	
                            
                        

                        	∞

                    

                

            

        
        
        You need to know this:

        
            	The  if f(x) gets arbitrarily large (increases without bound) for all x sufficiently close to x = a, from both sides, without actually letting x = a.

            	The  if f(x) gets arbitrarily small (decreases without bound)  for all x sufficiently close to x = a, from both sides, without actually letting x = a.
            

            	Graphically, when a function has a vertical asymptote, the limit on either—or both—sides of the asymptote goes to positive or negative infinity.

        

        
            AP Expert Note

            When we say that the limit of a function is positive or negative infinity, this does not mean that the limit exists. We use the notation
                
                to describe a particular way that the limit does not exist. The limit does not exist because the function’s values are approaching positive or negative infinity. In this case, you should write: The limit = ∞  or −∞; do not write the limit DNE.

        
        Anticipating limits that equal positive or negative infinity:

        

        
            	When you plug the value of a into a limit and get “” (as long as “something” ≠ 0), it means that infinity is coming into play. The limit will either be infinity, negative infinity, or will not exist (because the limit from the left of a and the limit from the right of a have opposite signs).

            

            	Logarithmic functions 

            

            	Tangent functions 

        

        General rules of thumb to follow:

        
            	For a simplified rational function, if the denominator equals 0 when x = a and the denominator is a quantity raised to an even power, such as x2, (x + 5)2, (3x – 1)4, etc., the limit probably equals infinity.

            	For a simplified rational function, if the denominator equals 0 when x = a and the denominator is a quantity raised to an odd power, such as x, (x + 5)3, (3x – 1)5, etc., the limit most likely does not exist (DNE).

            	For logarithmic functions and tangent functions, knowing what the graph looks like (and what happens on each side of the asymptotes) is the key.

        

        You need to do this:

        
            	As with all limit questions, start by plugging the value of a into the function. If the result is a plain number, you’re done.

            	If the result is 0 over 0, use L’Hôpital’s Rule. (This is covered in Section 5.5 of this chapter.)

            	If the result is a number over 0, simplify the function as much as possible (particularly the denominator of a rational function).

            	If the result is still a number over 0, check the limit from the left and from the right of a by plugging in a number just to the left of a and another just to the right of a. (You don’t need exact values, just an idea of where the y-values are headed.)

            

        

        Answer and Explanation:

        D
        

        Substituting 3 into the expression yields: 

        

        
            
        

        Factor the denominator and then check the limit from the left and the limit from the right by plugging in a number just to the left of 3 (such as 2.99) and another just to the right of 3 (such as 3.01). Remember—you don’t need to carry out all the calculations, you just need to determine whether the y-values are getting arbitrarily large or arbitrarily small.

        
            
        

        
            
        

        
            
        

        Because the limit from the left and the limit from the right both approach ∞, (D) is correct.

        
            
                Practice Set

                                 
                
                
            
            
                
                	
                    
                    
                        
                        
                        

                    
                    
                        	−∞

                        	0

                        	1

                        	∞

                    

                    
                

                	
                    
                    
                        
                        
                        

                    
                    
                        	−∞

                        	–1

                        	1

                        	∞

                    

                    
                

                	
                    
                    
                        
                            
                        

                    
                    
                        	–∞

                        	0

                        	
                            
                        

                        	∞

                    

                    
                

                	
                    
                    
                        
                            
                        

                    
                    
                        	
                            
                        

                        	
                            
                            

                        	∞

                        	nonexistent

                    

                    
                

                	
                    
                

            

        
    
        
        
        
            Answers
                and Explanations

            
                
                    	A
                        
                            Occasionally, you’ll be fortunate enough to get a limit question in the calculator section of the exam. When this happens, use your calculator to your advantage. Here, the function is y = tan x, which is a good candidate for an infinite limit, so graph the function (in a reasonable viewing window) and examine its behavior near the value of interest. For the tangent function, interesting things (asymptotes and zeros) occur at multiples of π and , so set your viewing window to 0 to 2π, with the Xscl (x scale) set to . Then take a look at what happens as x approaches  from the right-hand side.

                            
                                [image: The graph of y equals tangent x. Graph starts at 0 comma 0 and increases nonlinearly toward positive infinity as x approaches pi over 2. The graph increases from negative infinity immediately after pi over 2, crosses the x axis at pi, and continues to increases to positive infinity as x approaches 3 pi over 2. This repeats just after x equals 3 pi over 2, with an arrow pointing down toward negative infinity.]
                            

                            The function decreases without bound, so (A) is correct.

                        
                    

                    	D
                        
                            Plugging in 0 yields
                                , but there is nothing to simplify here, so you’ll need to reason this one out logically. As x approaches 0 from the right, the numerator approaches 1 (because cos (0) = 1) and the denominator approaches zero but through positive values. Thus, the fraction goes to 1 over an increasingly small but positive number, which is an increasingly large positive number. Thus, the limit grows to infinity, which is (D).

                        
                    

                    	D
                        
                            Substituting 0 into the expression yields
                                , so simplify the numerator and the denominator and re-evaluate:

                            
                                
                            

                            The limit still equals a number over 0, so check the limit from the left and the limit from the right by plugging in a number just to the left of 0 (such as –0.01) and another just to the right of 0 (such as 0.01). 

                            
                                
                            

                            
                                
                            

                            Because the limit from the left and the limit from the right both approach ∞, (D) is correct.

                            Note that you could also use the general rule of thumb: After being simplified, the denominator is raised to an even power, so the limit is equal to infinity.

                        
                    

                    	D
                        
                            Substituting –1 into the expression yields:

                            
                                
                            

                            The value of
                                 is just some number,  so simplify the fraction  and re-evaluate:

                            
                                
                            

                            The limit still equals a number over 0, so check the limit from the left and the limit from the right by plugging in a number just to the left of –1 (such as –1.01) and another just to the right of –1 (such as –0.99). 

                            
                                
                            

                            
                                
                            

                            Because the limit from the left is not the same as the limit from the right, the limit does not exist, or is nonexistent, which is (D).

                            Note that you could also use the general rule of thumb: After the expression is simplified, the denominator is raised to an odd power, so the limit does not exist.

                        
                    

                

            
        
    
        
        5.2 Limits at Infinity

        To answer a question like this:

        

        
            
                	
                    
                        
                            
                        

                    
                    
                        	–25

                        	–5

                        	1

                        	5

                    

                

            

        
        
        You need to know this:

        Conceptually:

        
            	As x approaches positive or negative infinity, the limit of a function depends on the dominant term (or terms).

            	The dominant term is the term that grows the fastest (in either a positive or negative direction, depending on the circumstances).

            	In general, as x → ∞, polynomials of higher degree grow faster than polynomials of lower degree, and exponential functions grow faster than polynomials. 

            	The limit (including when x is approaching ∞) of a constant function is that constant.

            

            	Periodic functions, such as sin x, do not have limits as x approaches infinity because their graphs oscillate. That is,
                 does not exist (DNE).

            

        

        Rules for limits of rational functions as x → ±∞:

        

        
            	If the degree of the numerator is less than the degree of the denominator, the limit equals 0.

            	If the degree of the numerator is equal to the degree of the denominator, the limit equals the ratio of the leading coefficients.

            	If the degree of the numerator is greater than the degree of the denominator, the limit goes to ±∞. 

        

        You need to do this:

        
            	This is a rational function, so identify the dominant term in the numerator and in the denominator.

            	Disregard the negligible terms (the terms that are dominated and thus don’t affect the overall limit).

            	Re-evaluate the limit. This step often requires logical thinking and some basic knowledge of limits, especially when terms include square roots.

            	Think about the nature of extremely large positive and negative numbers. Some general rules follow in the table below.
                
                    	
                    

                

                
                    
                        
                            
                                	Rules for ∞
                                    

                                
                                	Rules for –∞
                            

                            
                                	
                                    
                                
                                	
                                    
                                
                            

                            
                                	
                                    
                                    

                                
                                	
                                    
                                    

                                
                            

                            
                                	
                                    
                                    

                                
                                	
                                    
                                    
                                    

                                
                            

                            
                                	
                                    
                                    

                                
                                	
                                    
                                    

                                
                            

                        
                    

                

            

        

        Answer and Explanation:

        B
        

        Because x approaches –∞, you can disregard the negligible terms (the terms that are completely dominated by another term). 

        
            
        

        The variable part in the numerator and denominator is almost the same, but not quite, so don’t cancel. Think of it this way:

        
            
        

        As x approaches –∞, the circled part is equivalent to –1 because the quantities in the numerator and denominator have the same value, but opposite signs. Thus, the limit equals 5 × (–1) = –5, which is (B).
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                        	−∞
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                        	∞

                    

                    
                

                	
                    
                

            

        
    
        
        
        
            Answers
                and Explanations

            
                
                    	B
                        
                            Because the limit is approaching infinity, you can disregard all terms other than the dominant term in the numerator and in the denominator. That’s x3 in the numerator and 2x in the denominator. 

                            
                                
                            

                            Now reason logically: Exponential functions grow faster than regular power functions, so the denominator grows to infinity faster than the numerator, and the fraction approaches zero. Choice (B) is correct.

                        
                    

                    	A
                        
                            The numerator and denominator here each have only one term, so you need to reason this one out logically. Think about how the numerator behaves as x gets larger and larger, and how the denominator behaves under the same condition. Because the numerator oscillates (bounces) back and forth between ±1, and the denominator grows to infinity, the fraction gets closer to 0 as x gets larger, making (A) the correct answer.

                        
                    

                    	B
                        
                            Because x is approaching negative infinity, ex approaches zero, so 2x3 is the dominant term in the numerator while −3x3 dominates in the denominator. Disregard the other terms and re-evaluate the limit:

                            
                                
                            

                            The limit of a constant function is always that constant, so the correct answer is , or (B).

                        
                    

                    	A
                        
                            Intuitively, you can treat this limit just as you do limits of rational functions: Consider only the dominant term in each piece of the equation. As x gets very large (say a million), the 400 is so small in comparison that you can disregard it. The limit then becomes 
                                , which is 0. Choice (A) is correct.

                            Alternatively (but a lot more work), you could multiply the original expression by its conjugate, simplify, and then re-evaluate the limit. If you go this route, save yourself some time by recalling that the middle two terms always drop out when you multiply by a conjugate (which means you can ignore the OI in FOIL when you multiply).

                            
                                
                            

                            Even after all this algebraic manipulation, you still have to think logically: The numerator is fixed (400) while the denominator keeps getting larger and larger, so the fraction approaches 0, which is (A).

                        
                    

                

            
        
    
        
        5.3 Horizontal and Vertical Asymptotes

        To answer a question like this:

        
            
                	
                    
                        Consider the function:
                            . Which of the following statements is true?

                        
                            	f(x) has a vertical asymptote of x = 2.

                            	f(x) has a vertical asymptote of x = −2.

                            	f(x) has a horizontal asymptote of y = 1.

                        

                    
                    
                        	II only

                        	I and III only

                        	II and III only

                        	I, II and III

                    

                

            

        
        
        You need to know this:

        Horizontal asymptotes:

        
            	The horizontal line y = c is an asymptote if
                [image: http://s3.amazonaws.com/production.grockit.com/content_images/production/1305091889/_2ftmp_2f2d78365947c373f888b7498e32294e06.png] and/or [image: http://s3.amazonaws.com/production.grockit.com/content_images/production/1305091889/_2ftmp_2f2d78365947c373f888b7498e32294e06.png].

            	A function can, in principle, have different horizontal asymptotes as x approaches infinity and as x approaches negative infinity. However, in reality such functions are complicated constructions and almost never appear on the AP exam.
            

        

        Vertical asymptotes:

        

        
            	A function can have zero, one, or many vertical asymptotes.
            

            	The candidates for vertical asymptotes of a function are the values of x that make the denominator equal 0. Many people mistakenly assume that a function has a vertical asymptote at every point where the denominator is zero. This is not true. Just because a function with a denominator is undefined at a point where the denominator equals zero, it does not necessarily have a vertical asymptote there; it may only have a hole (which occurs when the numerator and denominator share a common factor that can be canceled). 

            	Some functions without a denominator can also have vertical asymptotes. The function f(x) = tan x is one example—although not the best example, because we can rewrite f(x) = tan x as a function with a denominator,
                . 

            

            	Logarithmic functions have vertical asymptotes. For example, f(x) = ln x has a vertical asymptote at x = 0, and f(x) = ln (x – 5) has a vertical asymptote at x = 5. 

        

        You need to do this:

        
            	In questions like these, treat options I, II and III as true/false statements. Draw a line through any statement(s) that you determine is false.

            	To check for vertical asymptotes, factor the numerator and denominator (if possible). After simplifying the expression (canceling common factors), plug in the value that x is approaching. If the result is 0 in the denominator, you’ve found a vertical asymptote.

            	To check for horizontal asymptotes, compute the limit as x approaches infinity or negative infinity.

        

        Answer and Explanation:

        C
        

        Statement I: If you substitute x = 2 into the function,
            ,
            which indicates a probable hole at x = 2, and not an asymptote. To confirm this, factor and simplify:

        
            
        

        Because the factor (x – 2) cancels, there is a hole, not a vertical asymptote, at x = 2, so statement I is false. This means you can eliminate B and D.

        Statement II: If you substitute x = −2 into the function,
            ,
            which indicates a vertical asymptote at x = −2. (You can also plug –2 into the simplified function since you already did the work when considering statement I.) This already tells you that (C) is correct. If you’re not sure, check statement III.

        Statement III: To check for horizontal asymptotes, consider the limit as x goes to infinity or negative infinity. To do this, identify the dominant term in the numerator and in the denominator and evaluate the limit using only those two terms.

        
            
        

        This indicates that y = 1 is a horizontal asymptote. Therefore, II and III are both true, confirming that (C) is the correct answer.

        
            
                Practice Set

                
                
                
            
            
                
                	
                    
                    
                        If y = a is a horizontal asymptote of the function y = f(x), which of the following statements must be true?

                    
                    
                        	
                            
                        

                        	
                            
                        

                        	f(a) = 0
                        

                        	None of the above

                    

                    
                

                	
                    
                    
                        Which of the following functions has a vertical asymptote at x = 4 ?

                    
                    
                        	
                            
                        

                        	
                            
                        

                        	
                            
                        

                        	
                            
                        

                    

                    
                

                	
                    
                    
                        Let f be the function defined by . Which of the following is a horizontal asymptote to the graph of f ?

                    
                    
                        	y = –6

                        	y = –3

                        	y = 0

                        	The graph has no horizontal asymptote.

                    

                    
                

                	
                    
                    
                        Which of the following functions has both a vertical and horizontal asymptote?

                    
                    
                        	
                            
                        

                        	
                            
                        

                        	
                            
                        

                        	
                            
                        

                    

                    
                

                	
                    
                

            

        
    
        
        
        
            Answers
                and Explanations

            
                
                    	D
                        
                            If y = a is a horizontal asymptote of the function y = f(x), then EITHER
                                  OR 
                                . Because either of these is sufficient for a horizontal asymptote at y = a, choice A might be true, but does not have to be true. Choice B is one of the conditions for a vertical asymptote because a limit that equals ∞ indicates a function that increases without bound, not one that has a horizontal asymptote. Choice C is discussing the behavior of the function specifically at x = a, and because horizontal asymptotes are concerned with the function’s behavior as it approaches either positive or negative infinity, it doesn’t matter what is happening at x = a, so again, this might be true but does not have to be. This means (D) must be correct.

                        
                    

                    	D
                        
                            You can eliminate A immediately; the only candidates for the vertical asymptotes of this function are the points where the denominator equals zero, which are x = ±2, not x = 4.

                            You can also eliminate answer C, because the only candidate for a vertical asymptote of this function is x = −1.

                            For the function in B, x = 4  is a candidate for a vertical asymptote because the function is not defined at this point (the denominator equals 0). To determine whether this point is in fact a vertical asymptote, simplify the function and then compute the limit:

                            
                                
                            

                            Because the limit is finite, the function does not have a vertical asymptote at x = 4. 

                            This leaves (D) as the correct answer. To confirm, simplify the function:

                            
                                
                            

                            Because the denominator equals 0 when x = 4, and the factor (x – 4) cannot be canceled, this function does have a vertical asymptote at x = 4.

                        
                    

                    	B
                        
                            To check for a horizontal asymptote, compute the limit as x approaches infinity or negative infinity by considering only the dominant terms in the numerator and denominator. Before you can do that, you need to expand both the numerator and the denominator, but not all the way. You don’t need to carry out the entire FOIL process, just multiply the highest powers of x together:

                            
                                
                            

                            The limit of a constant function is that constant, so y = –3 is a horizontal asymptote to the graph of f, which is (B).

                        
                    

                    	C
                        
                            The only candidates for a vertical asymptote are the values of x that make the denominator equal 0. Quickly examine each function, one at a time. 

                            Choice A: The denominator never equals zero because 
                                . Therefore, the function has no vertical asymptotes. Eliminate A.

                            Choice B: Again, the denominator never equals zero (because x2 is always positive and you’re adding 2 more), so the function has no vertical asymptotes. Eliminate B.

                            Choice (C): The denominator equals 0 when  (and no factors can be canceled), so the function does have a vertical asymptote (in fact, it has two). To check for a horizontal asymptote, compute the limit as x approaches infinity or negative infinity (by considering only the dominant terms in the numerator and denominator):

                            
                                
                            

                            The function has a horizontal asymptote at y = 0, making (C) the correct answer.

                            Choice D: The function has a vertical asymptote at x = 0, but does not have a horizontal asymptote.

                            
                            

                        
                    

                

            
        
    
        
        5.4 Limits Involving Trig Functions

        To answer a question like this:

        

        
            
                	
                    
                        
                            
                        

                    
                    
                        	0

                        	
                            
                        

                        	1

                        	
                            
                        

                    

                

            

        
        
        You need to know this:

        
            	
                : Just like any other limit, plug the value of a into the function for x.

            	
                : Some form of this special trig limit appears relatively often on the AP Calc exam, so be sure to memorize it before Test Day.

            	
                
            

            	The limit as x approaches positive or negative infinity of cosine or sine does not exist (DNE) because their graphs oscillate (bounce back and forth) between –1 and 1.

        

        You need to memorize the trig values for common benchmark angles:
        

        
            
                
                
                
                    
                        	angle (in radians)
                        
                        	0 

                        
                        	
                            
                            

                        
                        	
                            
                            

                        
                        	
                            
                            

                        
                        	
                            
                            

                        
                        	
                            
                            

                        
                        	
                            
                            

                        
                        	
                            
                            

                        
                    

                    
                        	sin x
                        	0
                        	
                            
                            

                        
                        	
                            
                            

                        
                        	
                            
                            

                        
                        	1
                        
                        	0
                        
                        	–1
                        	0
                        
                    

                    
                        	cos x
                        	1
                        
                        	
                            
                            

                        
                        	
                            
                            

                        
                        	
                            
                            

                        
                        	0
                        
                        	–1
                        	0
                        
                        	1
                        
                    

                
            

        

        You need to do this:

        
            	As with all limit questions of the form, start by plugging the value of a into the function. If the result is a plain number, you’re done.

            	If the result is not a plain number (e.g.,
                 or
                ), examine the function and see if anything can be factored, rewritten using a trig identity, or made to resemble one of the two special trig limits.

        

        Answer and Explanation:

        B
        

        Plugging in 0 for x yields
            , so some algebraic manipulation is in order. The function looks somewhat similar to the special trig limit that involves
            , so the goal is to get  using valid mathematical manipulations. Be careful here—you can factor the 4 from the denominator, but not the 3 from the numerator because the 3 is part of the argument of the trig function. The steps are shown below:

        
            
        

        
            AP Expert Note

            You’ll practice L’Hôpital’s Rule in the next section, which could be used to answer this question as well.
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                        A piecewise-defined function f is given above. Which of the following statements about f is true?

                        
                            	
                                
                            

                            	
                                
                            

                            	
                                
                            

                        

                    
                    
                        	I only

                        	II only

                        	I and II only

                        	I, II and III

                    

                    
                

                	
                    
                    
                        
                        
                        

                    
                    
                        	−1

                        	0

                        	1

                        	∞
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                        	nonexistent

                    

                    
                

                	
                    
                

            

        
    
        
        
        
            Answers
                and Explanations

            
                
                    	A
                        
                            Don’t automatically assume you need to use a special rule when computing the limit of a trig function. As with any limit, you should always start by plugging in the value that x is approaching. Here, the result is:

                            
                                
                            

                            Choice (A) is correct.

                        
                    

                    	D
                        
                            Evaluate each statement based on the definition of the function. The limit as x approaches 0 from the right (+) means values of x that are greater than 0, so use the bottom piece (which happens to be one of the special trig limits):

                            
                            
                            

                            Thus statement I is true.

                            The limit as x approaches 0 from the left (–) means from values of x that are less than 0, so use the top piece. For this piece, you can simply plug in 0:

                            
                            
                            

                            Thus statement II is true.

                            Because statements I and II are true, statement III is true by definition, which means (D) is the correct answer.

                        
                    

                    	C
                        
                            Even though x approaches infinity here, this limit is simply a twist on the special trig limit
                            
                            . Notice that if x → ∞, then
                            
                            ; therefore if you let
                            , then:
                            
                                
                                    
                                
                            

                            That’s (C).

                        
                    

                    	C
                        
                            Plugging 0 in yields , so use rules for trig identities, manipulating limits, and the special trig limit
                                
                                to obtain:

                            
                                
                            

                            Choice (C) is correct.

                        
                    

                

            
        
    
        
        5.5 L’Hôpital’s Rule 

        To answer a question like this:

        

        
            
                	
                    
                        
                            
                        

                    
                    
                        	–∞

                        	0

                        	1

                        	∞

                    

                

            

        
        
        You need to know this:

        Some basic algebra:

        
            	A quantity raised to a negative power can be rewritten as the reciprocal of the quantity raised to a positive power. For example, .

        

        L’Hôpital’s Rule:

        
            	If you have a limit of the type
                
                or
                 then you can use L’Hôpital’s Rule. (These limits are in indeterminate form.)

            	To apply L’Hôpital’s Rule, take the derivative of the top, take the derivative of the bottom, and then re-evaluate the limit. Note that this is NOT the same as using the quotient rule for derivatives. You take each derivative separately.

            	You can apply L’Hôpital’s Rule multiple times if needed, as long as each limit is in the form 
                or
                

        

        When L’Hôpital’s Rule can save you time:

        
            	Evaluating limits that involve quotients that can be simplified by factoring, multiplying by a conjugate, or using special trig identities; L’Hôpital’s Rule is almost always faster.

            	Evaluating limits that involve quotients that can’t be simplified.

            	Evaluating limits of functions that involve quantities raised to negative powers (because you can rewrite such a function as a quotient).

            	Looking for horizontal asymptotes (because the process involves plugging in ∞).

        

        You need to do this:

        
            	Rewrite any quantities that are raised to negative exponents.

            	As with every limit, first plug in the value that x is approaching. If the result is 
                or
                 apply L’Hôpital’s Rule: Take the derivative of the top, take the derivative of the bottom, and then re-evaluate the limit.

            	If the new limit still yields 
                or
                 apply L’Hôpital’s Rule again. Continue until you arrive at a numerical answer.

        

        Answer and Explanation:

        B
        

        Start by rewriting  as  and then plug ∞ in for x.

        
            
        

        The limit is in indeterminate form, so apply L’Hôpital’s Rule:

        
            
        

        The limit is still in indeterminate form, so apply L’Hôpital’s Rule again:

        
            
        

        The limit is no longer in indeterminate form, so think about how extremely large numbers work: a fixed value divided by a huge number approaches 0, so the limit is equal to 0, which is (B).
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    Answers
								and Explanations
Practice Set
	B
                        As with all limit questions, start by plugging the value that x is approaching into the function. Here, the result is:

                        
                            
                        

                        The denominator is a difference of squares, which is a hint that you can probably factor and cancel, but now that you know L’Hôpital’s Rule and you've determined that the limit is of the form , you can answer this question much more quickly. 

                        
                            
                        

                        Choice (B) is correct.

                        
                    
	C
                        As with any limit, start by plugging in the value that x is approaching:

                        
                            
                        

                        The limit is in indeterminate form, so use L’Hôpital’s Rule, then re-evaluate the limit. Also, recall that the derivative of ex is simply ex:

                        
                            
                        

                        Choice (C) is correct.

                    
	A
                        To calculate the limit, first rewrite the function as a quotient:

                        
                            
                        

                        Next, check to see whether the limit is in indeterminate form:

                        
                            
                        

                        This means you can use L’Hôpital’s Rule. Don't forget to use the chain rule when you take the derivative of e2x:

                        
                            
                        

                        That's (A).

                    
	D
                        You might be tempted here to try to make a trig substitution or multiply by the conjugate of the denominator, but if L’Hôpital’s Rule applies, it will definitely save you some valuable time. So, as always, start by plugging in 0 for x:

                        
                            
                        

                        The limit is in indeterminate form, so apply L’Hôpital’s Rule. Be careful when taking the derivative of the numerator—you’ll need to use the power rule and the chain rule.

                        
                            
                        

                       That’s (D).

                        
                    


        
        Rapid Review

        
            If you take away only 7 things from this chapter:

            
                	Graphically, when a function has a vertical asymptote, the limit on either—or both—sides of the asymptote goes to positive or negative infinity.

                	When finding the limit of a simplified rational function,
                    : if plugging in the value of a yields a number over 0, check the limit from the left and from the right of a. If the values are not the same, the limit does not exist.

                	As x approaches positive or negative infinity, the limit of a function depends on the dominant term (or terms). The dominant term is the term that grows the fastest.

                

                	The candidates for vertical asymptotes of a rational function are the values of x that make the denominator equal 0. To check for vertical asymptotes, factor the numerator and denominator (if possible). After simplifying the expression (canceling common factors), find the values of x that make the denominator equal zero. These are your vertical asymptotes. Remember, y = ln x is not rational, but it has a vertical asymptote at x = 0.

                

                	To check for horizontal asymptotes, compute the limit as x approaches infinity and negative infinity.

                

                	Some form of the special trig limit
                    
                    
                    
                    appears relatively often on the AP Calc exam.

                

                	If you have a limit of the type
                    
                    or
                     then you can use L’Hôpital’s Rule. To apply L’Hôpital’s Rule, take the derivative of the top, take the derivative of the bottom, and then re-evaluate the limit. 

                

            

        
    
    


        
            
                Test What You Learned




            
            
                
                	
                    
                    
                        
                        
                        

                    
                    
                        	2

                        	3

                        	4

                        	∞

                    

                    
                

                	
                    
                    
                        
                        
                        

                    
                    
                        	–2

                        	0

                        	
                            
                        

                        	1

                    

                    
                

                	
                    
                    
                        
                        
                        

                    
                    
                        	–∞

                        	0

                        	
                            
                        

                        	∞

                        

                    

                    
                

                	
                    
                    
                        Which statement is true about the graph of  ?

                    
                    
                        	The line y  = 0 is a horizontal asymptote.

                        	The line x = 1 is a vertical asymptote.

                        	The line   is a vertical asymptote.

                        	The graph has no horizontal or vertical asymptotes.

                    

                    
                

                	
                    
                    
                        
                            =
                        

                    
                    
                        	
                            
                        

                        	
                            
                        

                        	0

                        	
                            
                        

                    

                    
                

                	
                    
                

            

        
    
        
        
        
            Answer
                Key

            Test What You Already Know

            
                	D    Learning Objective: 5.1

                	A    Learning Objective: 5.2

                	B    Learning Objective: 5.3

                	A    Learning Objective: 5.4

                	B    Learning Objective: 5.5

            

        
        Detailed solutions can be found in the Answers and Explanations section at the back of this book.

        

        

    
        
        
        
            Answer
                Key

            Test What You Learned

            
                	A    Learning Objective: 5.2

                	D    Learning Objective: 5.4

                	A    Learning Objective: 5.1

                	C    Learning Objective: 5.3

                	B    Learning Objective: 5.5

            

        
        Detailed solutions can be found in the Answers and Explanations section at the back of this book.

        

        

    
    

        Reflection

        Test What You Already Know score: _________

        Test What You Learned score: _________

        Use this section to evaluate your progress. After working through the pre-quiz, check off the boxes in the "Pre" column to indicate which Learning Objectives you feel confident about. Then, after completing the chapter, including the post-quiz, do the same to the boxes in the "Post" column. Keep working on unchecked Objectives until you're confident about them all!

         
 	    
        



	Pre
	Post
	



	◻	◻  	5.1 Determine when a limit is infinite


	◻	◻  	5.2 Evaluate limits at infinity




	◻	◻  	5.3 Identify horizontal and vertical asymptotes of a function




	◻	◻  	5.4 Evaluate limits involving trig functions




	◻	◻  	5.5 Apply L’Hôpital’s Rule to evaluate limits of the form
 and









        For More Practice

        Complete more practice online at kaptest.com. Haven't registered your book yet? Go to kaptest.com/booksonline to begin.

    
    

        

            Chapter 6

            Continuity

            
            Learning Objectives

            In this chapter, you will review how to:

            
                	6.1 Analyze functions to determine continuity

                	6.2 Identify types of discontinuities

                	6.3 Determine when piecewise functions are continuous

                	6.4 Apply the Intermediate Value, Extreme Value, and/or Mean Value Theorems

            

        
    
        
        
        
            
                Test What You Already Know

            
            
                	
                    
                        
                            
                                [image: F of x starts with a closed dot at negative 3 comma negative 1, then increases toward positive infinity as x approaches negative 2. The graph increases from negative infinity immediately after x equals negative 2 to a closed dot at 0 comma negative 1. The graph increases linearly to a closed dot at 2 comma 2. The graph then decreases nonlinearly to an open dot at 3 comma 0, then increases nonlinearly to an open dot at 4 comma 2. There is a closed dot at 4 comma 3, and the graph increases linearly to a closed dot at 6 comma 4.]
                            
                        

                    
                

                	
                    
                        The graph of the function f is shown above. For how many values of x in the open interval (–3, 6) is f discontinuous? 

                    
                    
                        	two

                        	three

                        	four

                        	five

                    

                

                	
                    
                        For the function f defined by
                            , which of the following statements is true?  

                    
                    
                        	The function has a removable discontinuity at x = 4 only.

                        	The function has a removable discontinuity at x = –9 only.

                        	The function has a removable discontinuity at x = 9 only.

                        	The function has removable discontinuities at x = 4 and x = –9.

                    

                

                	
                    
                        
                            
                        

                    
                

                	
                    
                        Let f be defined as shown above. For what value of b is f continuous at x = 3 ?

                    
                    
                        	–7

                        	
                            
                            

                        

                        	3

                        	There is no such value of b .

                    

                

                	
                    
                        Let f be a function that is continuous on the closed interval [0, 5] with f(0) = –2 and f(5) = 13. Which of the following is guaranteed by the Intermediate Value Theorem?

                    
                    
                        	f attains a minimum on the open interval (0, 5).

                        	f'(x) > 0 for all x in the open interval (0, 5).

                        	f(x) = 3 has at least one solution in the open interval (0, 5).

                        	f'(x) = 3 has at least one solution in the open interval (0, 5).

                    

                

                	
                

            

        
        Answers to this quiz can be found at the end of this chapter.

        

        

    
        
        6.1 Continuity and Limits 

        To answer a question like this:

        
            
                	
                    
                        Which of the following functions are continuous for all real numbers x ?

                        
                            
                                	
                                    I.
                                    
                                

                                	
                                    II.
                                    
                                        
                                    
                                

                                	
                                    III.
                                    
                                        
                                    

                            

                        

                    
                    
                        	None

                        	I only

                        	I and III only

                        	I, II, and III

                    

                

            

        
        
        You need to know this:

        Conceptually:

        
            	A function is continuous if it has no holes or breaks. That is, the function is uninterrupted.

            	Graphically, a function is continuous over a given interval if you can draw it without lifting up your pencil.

            	In general, functions that have vertical asymptotes (e.g., logarithmic functions, tangent functions, and some rational functions) are not continuous for all real numbers.

            

        

        Technically: 

        

        A function f(x) is continuous at the point x = c if all three of the following conditions are met.

        
            	f(x) is defined at x = c

            	
                
                exists

            	
                
            

        

        If a function is not continuous at x = c, we say it is discontinuous there, or has a discontinuity at x = c. Each of the graphs below has a discontinuity at x = 1 because it does not meet one of the conditions above.

        
            [image: The first graph is a function that increases from the left, approaching negative infinity as x approaches 1. Immediately after 1, the graph increases from negative infinity. The second graph is a horizontal line starting at 0 comma 1 and extending to a closed dot at 1 comma 1. There is an open dot at 1 comma 2, followed by a horizontal line to the right. The third function increases linearly from left to right to an open dot at 1 comma 1. There is a closed dot at 1 comma 2. The graph decreases linearly from the  open dot.]
        

        You need to do this:

        
            	Think about (or sketch) the graph of each of the functions. 

            	Determine whether the function is undefined for any values of x.

            	Eliminate functions that have any discontinuities. 

        

        
            Ap Expert Note

            Learning the basic shapes of certain types of functions can save you time on Test Day.

        
        Answer and Explanation:

        C
        

        Quickly analyze each function by thinking about what its graph looks like and/or what values of x may cause the function to be undefined.

        Function I:  is the same as . You can square any number and you can take the cube root of any number (including negative numbers), so this function is defined, and continuous, for all real numbers. Eliminate choice A.

        Function II: The graph of   is a translation of the graph of
            , which has vertical asymptotes at odd multiples of , and is therefore not continuous for all real numbers. Eliminate D.

        Function III: The graph of  is a translation of the graph of , which has a horizontal asymptote (along the x-axis), but no vertical asymptotes, holes, or jump discontinuities, so this function is continuous for all real numbers. 

        This means (C) is correct.

        
            
                Practice Set

                
                
                
            
            
                
                	
                    
                    
                        Suppose that f is not continuous at x = 1, f is defined at x = 1, and
                            
                            , where L is finite. Which of the following could be the graph of f ?

                    
                    
                        	
                            
                                [image: F of x increases linearly from the left, crossing the y axis at L, to an open dot at a point above 1 comma L. There is a closed dot at 1 comma L, and the graph increases, then decreases, crossing the x axis, then increases again.]
                            
                        

                        	
                            
                                [image: F of x is increasing from left to right, crossing the point 0 comma, to an open dot at 1 comma L. There is a closed dot below 1 comma L. The graph continues past the open dot, decreases, crossing the x axis, then increasing, crossing the x axis again.]
                            
                        

                        	
                            
                                [image: F of x is decreasing from the left, crossing the y axis above L. The graph passes through the point 1 comma L and continues to decreases, crossing the x axis.]
                            
                        

                        	
                            
                                [image: F of x begins as a horizontal line at y equals L. The line continues to an open dot at 1 comma L. The graph increases nonlinearly to x equals 2, then decreases until it touches the x axis, then increases again.]
                            
                        

                    

                    
                

                	
                        
                            [image: F of x is decreasing from left to right, to an open dot at 1 comma 1. There is a closed dot at 1 comma 3. The function increases from the open dot.]
                        

                    

                	
                    
                    
                    Consider the function y = f(x) shown above. Which of the following statements is true?
                    
                        	
                            
                        

                        	f(1) = 1

                        	
                            
                        

                        	None of the above

                    

                    
                

                	
                    
                    
                        Let f be the function given by . For which of the following values of x is f not continuous?

                    
                    
                        	2 only

                        	5 only

                        	–1 and 2 only

                        	–1, 2, and 5

                    

                    
                

                	
                    
                    
                        Let f(x) be a continuous function for all x. If
                            
                            for x2 − 3x + 2 ≠ 0, then what is f(1) ?

                    
                    
                        	−4

                        	−2

                        	0

                        	4

                    

                    
                

                	
                    
                

            

        
    
        
        
        
            Answers
                and Explanations

            
                
                    	B
                        
                            Begin by eliminating the graph(s) for which the function is continuous at x = 1. This will eliminate C. Next, eliminate graphs for which f is not defined at x = 1. This eliminates D. Of the two remaining graphs, choose the one for which
                            . In other words, select the graph that approaches the same y-value (L) from the left and the right of 1, which is (B). (In choice A, the limit from the right of 1 is L, but the limit from the left of 1 is some value that is greater than L.)
                        
                    

                    	D
                        
                            Evaluate each statement, one at a time. Draw a line through false statements as you go.

                            
                                 (not 3), so choice A is incorrect.

                            There is a solid dot at (1, 3), so f(1) = 3, making B incorrect.

                            The previous two statements prove that C is incorrect, because
                                .

                            Thus, (D) is the correct answer.

                        
                    

                    	C
                        
                            The function is undefined (and thus not continuous) for values of x that cause the denominator to equal 0, regardless of whether those values indicate a "hole" or an asymptote in the function’s graph. Thus, the function is not continuous where x + 1 = 0, or x = –1, and where x – 2 = 0, or x = 2. That’s (C). 

                            Note that x = 5 is the x-intercept of the graph, not a point of discontinuity.

                        
                    

                    	A
                        
                            By definition, in order for f(x) to be continuous at x = 1,
                                
                            

                            To find the limit, start by plugging in 1 for x. This yields , so simplify the fraction (by factoring and canceling common factors) or use L’Hôpital’s Rule. The expressions in both the numerator and denominator look fairly easy to factor, so using this approach would give:

                            
                                
                            

                            Thus, f(1) must equal –4, which is (A).

                        
                    

                

            
        
    
        
        
        6.2 Types of Discontinuities

        To answer a question like this:

        
            
                	
                    
                        
                            

                            
                        

                        Given the function f defined above, for what value of k will the function have a removable discontinuity at x = –3 ?

                    
                    
                        	–6

                        	–3

                        	3

                        	6

                    

                

            

        
        You need to know this:

        There are three types of discontinuities:

        
            	Removable discontinuities: Whenever the zero in the denominator of a rational function can be eliminated by factoring and canceling out common factors, the discontinuity is removable (as it can be “removed” from the function). The result is a hole in the graph at that value of x.

            	Vertical asymptotes: Whenever the zero in the denominator of a rational function cannot be eliminated, the discontinuity is a vertical asymptote. This means that the right- and left-hand limits of the function are either positive or negative infinity there.

            

            	Jump discontinuities: Whenever the left- and right-hand limits are both finite, but not equal, the function is considered to “jump” at that number. This commonly occurs in piecewise functions.

            	Vertical asymptotes and jump discontinuities are often referred to as nonremovable discontinuities.

        

        You need to do this:

        
            	Pay careful attention to the wording—here, you’re looking for a removable discontinuity.

            	Think about what scenario results in this type of discontinuity.

            	Chances are that factoring is involved. 

            	Can you cancel any factors? If so, you’ve found a removable discontinuity.

            

        

        Answer and Explanation:

        A
        

        If the given function is to have a removable discontinuity, then (x + 3) must be canceled from the denominator. This means the numerator must be factorable and one of its factors must be (x + 3).

        

        You could try each of the answer choices, but thinking about how FOIL works could save you some time. Ask yourself what value of k could possibly produce a middle term of 1x. If k = –3 or 3, then a middle term of 1x cannot result because the only factors of 3 are 1 and 3, and those numbers differ by 2. Thus, you can eliminate B and C right away. There are only two remaining choices, so try each.

        Choice (A): If k = –6, then: 

        
            
        

        When k = –6, the factor x + 3 can be canceled, so there is a removable discontinuity at x = –3 and (A) is correct.

        
            
                Practice Set

            
            
                	
                    
                        	
                            Use the graph of f shown below to answer questions 1 and 2.

                            
                                
                                    
                                        [image: F of x starts with a closed dot at negative 3 comma 2 and decreases linearly to a closed dot at negative 2 comma one half. There is an open dot at negative 2 comma 1.5, and the function increases linearly to a closed dot at 0 comma 1. There is an open dot at 0 comma negative 1, followed by a horizontal line to a closed dot at 1 comma negative 1. The graph increases linearly to a closed dot at 2.5 comma 1.]
                                    
                                

                            
                        

                        	
                            
                                The function f has a removable discontinuity at

                            
                            
                                	x = −2 only

                                	x = 0 only

                                	x = −2 and x = 0 

                                	f(x) has no removable discontinuities.

                            

                        

                        	
                            
                                The function has a jump discontinuity at

                            
                            
                                	x = −2 only

                                	x = 0 only

                                	x = 1 only

                                	x = −2 and x = 0 

                            

                        

                        	
                        

                    

                

                	
    


                	
                    
                    
                        Which of the functions given above has a removable discontinuity at x = 4 ?

                    
                    
                        	None

                        	I only

                        	III only

                        	I and III only

                    

                

                	
    
        
    



                	
                    
                    
                        Given the function f defined above, for what value of k will the function have a removable discontinuity at x = k ?

                    
                    
                        	k = −1
                        

                        	k = 1
                        

                        	k = 2
                        

                        	k = 3
                        

                    

                

                	
                

            

        
    
        
        
        
            Answers
                and Explanations

            
                
                    	D
                        
                            The only discontinuities that are removable are holes and holes with a point above or below—this function has neither. The function has 2 jump discontinuities (gaps), at x = −2 and x = 0, but neither of these is removable.
                        
                    

                    	D
                        
                            A jump discontinuity occurs at a value x if the left- and right-hand limits are finite but not equal. Here, that occurs at x = −2 and x = 0 because:

                            
                                
                            

                            Because the one-sided limits are different for each of these values of x, there is a gap in the graph, which is clearly the case at x = –2 and x = 0. Choice (D) is correct.

                        
                    

                    	A
                        
                            The function(s) will have a removable discontinuity at x = 4 as long as a factor of x – 4 can be removed from the denominator. Only function
                                 has a factor of x – 4 in the denominator, so that is the only one you need to check. Be careful—although the denominator in function
                                
                                can be factored as 3(x – 4), you cannot cancel this factor with the x – 4 in the numerator because that quantity is part of the natural logarithm. Thus, none of the functions has a removable discontinuity at x = 4, making (A) the correct answer.

                        
                    

                    	D
                        
                            Occasionally, brute force is the cleanest approach to a question. The given function will have a removable discontinuity at x = k if, when written in factored form, x – k can be canceled. The easiest way to proceed at this point is to try all the answer choices and see which one produces a removable factor.

                            When k = −1, the function becomes:

                            
                                
                            

                            The numerator cannot be factored, which means x + 1 can’t be canceled, resulting in a vertical asymptote at x = –1, not a removable discontinuity. Eliminate A.

                            When k = 1, the function becomes:

                            
                                
                            

                            Again, the numerator cannot be factored, so there is a vertical asymptote at x = 1 for this function. Eliminate B.

                            When k = 2, the function becomes:

                            
                                
                            

                            The situation is the same as in A and B, so eliminate C, which leaves (D) as the correct answer.

                            Just in case you’re curious, when k = 3, the function becomes:

                            
                                
                            

                            When k = 3, the factor x – 3 can be canceled, so there is a removable discontinuity at x = 3 and (D) is indeed correct.

                        
                    

                

            
        
    
        
        6.3 Piecewise Functions

        To answer a question like this:

        
            

            
                
            

        

        
            
                	
                    
                        Which of the following statements is true about the piecewise function f given above?

                    
                    
                        	The function is discontinuous at x = 4.

                        	The function is discontinuous at x = 7.

                        	The function is discontinuous at x = 4 and at x = 7.

                        	The function is continuous for all values of x over the closed interval [3, 7].

                    

                

            

        
        
        You need to know this:

        Working with piecewise functions:

        
            	A piecewise function is simply a function that is defined in “pieces,” each of which corresponds to a certain interval that makes up the entire function’s domain.

            	To check the continuity of a piecewise function, check each of the given pieces over the corresponding interval and then check the x-values where the function is broken into pieces.

            	Each piece of the function will be continuous at x = a if the limit exists at x = a and that limit is equal to the value of the function at that point.

            

        

        Continuity of certain types of functions:

        

        
            	Polynomials are continuous everywhere, so there is no need to check the limits at individual points.

            	Exponential functions are continuous everywhere.

            	Rational functions are continuous everywhere that their denominators are not equal to zero.
            

            	Square root functions are continuous for all values of x such that the radicand (the quantity inside the square root) is greater than or equal to 0.

            

            	Cube root functions are continuous everywhere.

            

            	Logarithmic functions of the form log (ax + b) are continuous for all x such that ax + b > 0. That is, the quantity inside the parentheses must be positive.

            	y = sin x and y = cos x are continuous everywhere, while y = tan x is discontinuous at odd multiples of .

        

        You need to do this:

        
            	Examine each piece of the function for continuity over the given closed interval, [3, 7].

            	Use the answer choices to guide you to the piece or pieces of the function that you’re interested in. Here, you’re interested in x = 4, which falls in the top interval, and in x = 7, which is the x-value at which the function breaks (from using the top piece to using the bottom piece).

            	When trying to decide whether a function is continuous at an x-value where a function breaks (x = 7), use both pieces that involve that x-value. In this case, use the top piece for x-values close to (but smaller than) 7 and the bottom piece for x = 7 (or larger than 7).

        

        
            Ap Expert Note

            Continuity questions on the AP Calc exam that involve piecewise functions almost always require finding the limit as x approaches the “break point” and using the result to determine whether the functional value at that point is equal to the limit.

        
        Answer and Explanation:

        D
        

        
            	
                For x = 4, use only the top piece, because
                    . The graph of
                    
                    does not have any points of discontinuity for x-values in its domain (which is x ≥ 3), so the function is continuous at x = 4. 

            

            	
                For x ≥ 7, the function is a polynomial, so it is continuous for all values in its domain (which is all real numbers). 

                You must pay special attention at x = 7; this is the value at which the function breaks. You need to make sure that f(x) has the same value when x is close to 7 and when x equals 7. Compute each to check:

                
                    
                        
                    

                

                Because the two values are equal, the function is continuous at x = 7.

                Thus, the function is continuous for all values of x over the closed interval [3, 7], and (D) is correct.

            

        

        
            
                Practice Set

                
                
                
            
            
               	
    
        
    


 
                	
                    
                    
                    
                        Let g be the function defined above. If g is continuous for all x, then what is the value of k ?

                    
                    
                        	–10

                        	–5

                        	0

                        	5

                    

                    
                

                	
    
        
            
        
    



                	
                    
                    
                    
                        A function f is defined above. The function is continuous at x = 0 if k =

                    
                    
                        	0

                        	1

                        	e – 1

                        	e

                    

                    
                

                	
    
        
    



                	
                    
                    
                    
                        For which value of k is the function defined above continuous at x = 4 ?

                    
                    
                        	k = −1
                        

                        	
                            
                        

                        	
                            
                        

                        	k = 2
                        

                    

                    
                

                	
    
        
    



                	
                    
                    
                    
                        The function f defined above is continuous everywhere except at

                    
                    
                        	x = −1 only

                        	x = 2 only

                        	x = −1 and x = 2
                        

                        	f(x) is continuous for all real values of x.

                    

                    
                

                	
                    
                

            

        
    
        
        
        
            Answers
                and Explanations

            
                
                    	A
                        
                            For g to be continuous, g(–5) must equal the limit of g as x approaches –5, so evaluate the limit:

                            
                                
                            

                            Thus, for g to be continuous, g(–5) = –10. Choice (A) is correct.

                        
                    

                    	B
                        
                            In order for f(x) to be continuous at x = 0,
                                
                            

                            Substituting x = 0 into f(x) yields , so use L’Hôpital’s rule to find the limit:

                            
                                
                            

                            Then, for continuity, f(0) = k = 1. Choice (B) is correct.

                        
                    

                    	C
                        
                            The function f(x) will be continuous at x = 4 if the limit exists at x = 4 and is equal to the value of the function at that point. At x = 4, the function is defined by the formula
                                
                                , therefore
                                
                                . In addition:

                            
                                
                            

                            Thus, f will be continuous at x = 4 if:

                            
                                
                            

                            Using the rules for manipulating limits, compute that:                              

                            
                                
                            

                            Therefore, to find k, solve:

                            
                                
                            

                            That’s (C).

                        
                    

                    	D
                        
                            The top piece of the function is rational, and rational functions are continuous everywhere except where their denominators are equal to zero. Factoring the denominator yields (x + 1)(x – 2), which has zeros at x = –1 and x = 2; these are the x-values where the function breaks. Thus, you only need to check that the function is continuous at x = –1 and x = 2. Also, notice that f(–1) = 2 and f(2) = –4.

                            In order for the function to be continuous at x = −1, the limit must exist when x approaches –1 and must be equal to the value of the function (which is 2) when x = –1. 

                            
                                
                            

                            ∴ f(x) is continuous at x = −1
                            

                            In order for the function to be continuous at x = 2,  the limit must exist when x approaches 2 and must be equal to the value of the function (which is –4) when x = 2.

                            
                                
                            

                            ∴ f(x) is continuous at x = 2
                            

                            Hence, f(x) is continuous for all real values of x. This means (D) is the correct answer.

                        
                    

                

            
        
    
        
        6.4 The Intermediate Value, Extreme Value, and Mean Value Theorems

        To answer a question like this:

        
            
                	
                    
                        
                            
                                
                                    
                                        	x
                                        	–5
                                        	0
                                        	5
                                        	10
                                        	15
                                        	20
                                    

                                    
                                        	f(x)
                                        	−10
                                        	−8
                                        	1
                                        	11
                                        	15
                                        	18
                                    

                                
                            

                        

                        Several values for a function f are given in the table above. Which of the following statements must be true given that f  is continuous over the closed interval [–5, 20] ?

                    
                    
                        	f attains its maximum value at x = 20.

                        	f(c) = 0 at least twice on the closed interval [–5, 5].

                        	f(c) = 2 for some value of c on the closed interval [5, 10].

                        	f'(c) = 2 for some value of c on the closed interval [5, 10].

                    

                

            

        
        You need to know this:

        The ability to draw continuous functions without having to lift a pencil makes them definable by several theorems.

        Intermediate Value Theorem (IVT): If f is continuous on the closed interval [a, b], then for any number k between f(a) and f(b), there is some c ∈ [a, b] with f(c) = k. That is, f takes on every value between f(a) and f(b) on the interval [a, b].

        
            	As an example: If f is a continuous function on the closed interval [1, 8] where f(1) = 2 and f(8) = 11, then between x = 1 and x = 8, f takes on every y-value between 2 and 11.

            	A special case of the IVT involves the zeros of a function. If f is continuous on the closed interval [a, b], and f(a) and f(b) have opposite signs, then f has a zero (that is, f(c) = 0) for x = c between a and b (because to get from a negative number to a positive number, you must cross through y = 0). 

        

        Extreme Value Theorem (EVT): If f is continuous on the closed interval [a, b], then f must attain a maximum and a minimum value, one of each, on [a, b]. Translation: The function must attain its highest value and its lowest value either at the endpoints of the interval or somewhere in between.

        

        Mean Value Theorem (MVT): If a function f is continuous on the closed interval [a, b] and differentiable on (a, b), then there is at least one point c ∈ (a, b) such that the slope of the secant line between a and b is equal to the slope of the tangent line at c. That is, .

        You need to do this:

        
            	Decide which theorem applies to the given situation. Take your cues from what the question is asking about, or from the answer choices.

            	If the question or answer choices involve f taking on a certain value or having a zero in a given interval, apply the IVT.

            	If the question or answer choices involve f taking on a maximum or minimum value in a given interval, apply the EVT.

            	If the question or answer choices involve the derivative of f taking on a certain value, apply the MVT. For this particular theorem, you’ll also be told in the question stem that f is differentiable on the given interval.

            

        

        Answer and Explanation:

        C
        

        Skim through the answer choices—the question stem doesn’t say f is differentiable over the given interval, so you can’t draw any conclusions about the derivative at a specified point. This means you can eliminate D right way.

        

        Evaluate the remaining choices one at a time.

        Choice A: Although f(20) = 18 is the maximum of all the data provided in the table, this does not mean there couldn’t be a higher value somewhere else on the interval [–5, 20]. Eliminate A.

        Choice B: A special case of the Intermediate Value Theorem guarantees that, if a function is continuous on the closed interval [a, b], and f(a) and f(b) have opposite signs, then the function must equal 0 on the interval [a, b]. There is only one such “sign change” shown in the table between –5 and 5, so only one zero is guaranteed on the interval [–5, 5], not two. Eliminate B.

        This means (C) must be correct as it is the only remaining option. In case you want to double-check: You’re given that f(5) = 1 and f(10) = 11. By the Intermediate Value Theorem, this means there must be some value of c between x = 5 and x = 10 such that the y-value is equal to 2 (because 2 is between 1 and 11). The statement is true.

        
            
                Practice Set

                
                
                
            
            
                
                	
                    
                    
                        Suppose a function f is defined for all x in the closed interval [0, 5]. If f does not attain a maximum value on [0, 5], which of the following must be true?

                    
                    
                        	f is not continuous on [0, 5].

                        	f does not take on a minimum value on [0, 5].

                        	The graph of f must have a vertical asymptote in the interval [0, 5].

                        	The derivative of f does not equal 0 in the interval [0, 5].

                    

                    
                

                	
                    
                    
                        If f is continuous on the closed interval [−2, 6] where f(–2) = 1 and f(6) = 20, then which of the following must be true?

                        
                            	f(c) = 0 for some c in (−2, 6)

                            	f′(c) = 0 for some c in (−2, 6)

                            	f has a minimum somewhere in [−2, 6]

                        

                    
                    
                        	I only

                        	II only

                        	III only

                        	I and III only

                    

                    
                

                	
                    
                    
                        Suppose f is continuous on the closed interval [0, 4] and suppose f(0) = 1, f(1) = 2, f(2) = 0, f(3) = −3, and f(4) = 3. Which of the following statements about the zeros of f on [0, 4] is always true?

                    
                    
                        	f has exactly one zero on [0, 4].

                        	f has more than one zero on [0, 4].

                        	f has more than two zeros on [0, 4].

                        	f has exactly two zeros on [0, 4].

                    

                    
                

                	
                    
                    
                        Suppose f(a) = 2 and f(b) = −3. Which of the following statements is always true?

                    
                    
                        	f takes on a maximum value on the closed interval [a, b].

                        	If f is continuous, then f has a zero on the closed interval [a, b].

                        	If f is continuous on the closed interval [a, b], then the maximum value of f on the closed interval [a, b] is less than 2.

                        	If f is continuous on the closed interval [a, b], then f' is always negative on the closed interval [a, b].

                    

                    
                

                	
                    
                

            

        
    
        
        
        
            Answers
                and Explanations

            
                
                    	A
                        
                            Decide which theorem applies: The question involves a maximum value, so the Extreme Value Theorem applies. This theorem states that if f is continuous on [a, b], then it must attain both a maximum and a minimum value on [a, b]. Because this function doesn’t attain a maximum value on [0, 5], you can conclude that the function is not continuous on that interval, making (A) the correct choice.

                            Note that one or more of the other options may be true, but the EVT only guarantees that (A) must be true.

                        
                    

                    	C
                        
                            Decide which theorem, or theorems, apply. 

                            The question stem doesn’t state that the function is differentiable on [–2, 6], so the Mean Value Theorem does not apply and you don’t know anything for sure about f'. This means you can’t confirm the validity of statement II, which means you can eliminate B. 

                            Statement I is a special case of the Intermediate Value Theorem. For statement I to be true, f(–2) and f(6) would have to have opposite signs, which they don’t. This means you can eliminate both A and D, leaving (C) as the correct choice.

                            To confirm, apply the Extreme Value Theorem. Because f is continuous on [–2, 6], it must attain a maximum and a  minimum somewhere in that interval, so statement III must be true.

                            Thus, of the three statements, the only one that is definitely true is statement III, making (C) the correct answer.

                        
                    

                    	B
                        
                            Decide which theorem applies: The question asks about the zeros of f, so apply the special case of the Intermediate Value Theorem. Because f is continuous on the closed interval [0, 4], it follows from the IVT and the data given that f has a zero between x = 1 and x = 3 (because the functional values have opposite signs). You are given that f(2) = 0, but it is not guaranteed that there will be another zero between x = 1 and x = 3; this may be the only one. From the given data, you also know that f has a zero between x = 3 and x = 4. Therefore, the Intermediate Value Theorem guarantees that there are at least two (maybe more) zeros of f on the interval [0, 4]; that is, f has more than one zero on [0, 4], which is (B).
                        
                    

                    	B
                        
                            Evaluate each statement, one at a time. Keep in mind that the question stem doesn’t say anything about f being continuous, so that condition will need to be stated in the answer choice. This means you can eliminate choice A right away. The Extreme Value Theorem guarantees that a function takes on a maximum value on [a, b] only if the function is continuous over that same interval.

                            Choice (B) is true. By the Intermediate Value Theorem, if a function is continuous on the closed interval [a, b], and f(a) and f(b) have opposite signs, then the function must cross the x-axis on the interval [a, b]; that is, f has a zero on [a, b]. 

                            You could stop there, but if you’re not sure, evaluate each of the other choices.

                            Choice C is not always true; the Extreme Value Theorem guarantees that if a function is continuous on a closed interval, it does achieve a maximum value on that interval, but it makes no conclusion about the value of the maximum. 

                             Choice D is false; none of the three theorems discussed in this section guarantees that a derivative is always positive or negative. 

                        
                    

                

            
        
    
    

        Rapid Review

        
            If you take away only 6 things from this chapter:

            
                	A function f(x) is continuous at the point x = c if all three of the following conditions are met:
                    
                        	f(x) is defined at x = c

                        	
                            
                            exists

                        	
                            
                        

                    

                

                	There are three types of discontinuities: removable discontinuities, jump discontinuities, and vertical asymptotes. A discontinuity is removable if the zero in the denominator of a rational function can be eliminated by factoring and canceling out common factors. A discontinuity is a vertical asymptote if the zero in the denominator of a rational function cannot be eliminated. A discontinuity jumps if its left- and right-hand limits are finite, but not equal.

                	To check the continuity of a piecewise function, check each of the given pieces over the corresponding interval and then check where the function is broken into pieces. Each piece of the function will be continuous at x = a if the limit exists as x approaches a and is equal to the value of the function at x = a.

                	Intermediate Value Theorem (IVT): If f is continuous on the closed interval [a, b], then for any number k between f(a) and f(b), there is some c ∈ [a, b] with f(c) = k. That is, f takes on every value between f(a) and f(b) on the interval [a, b].

                

                	Extreme Value Theorem (EVT): If f is continuous on the closed interval [a, b], then f must attain a maximum and a minimum value, one of each, on [a, b].

                	 Mean Value Theorem (MVT): If a function f is continuous on a closed interval [a, b] and differentiable on an open interval (a, b), then there is at least one point c ∈ (a, b) such that .

                

            

        
    
        
        
        
            
                Test What You Learned

                
                
                
            
            
                
                	
                    
                    
                        For the function f defined by
                            , which of the following statements is true?

                    
                    
                        	The function has one removable discontinuity and one vertical asymptote.

                        	The function has one removable discontinuity and two vertical asymptotes.

                        	The function has two removable discontinuities and one vertical asymptote.

                        	The function has three vertical asymptotes.

                    

                    
                

                	

    
        
    



                	
                    
                   
                    
                        Let g be defined as shown above. If g is continuous for all real numbers, what is the value of k ?

                    
                    
                        	–14

                        	–10

                        	0

                        	4

                    

                    
                

                	
    
        
            [image: F of x starts with a closed dot at negative 5 comma negative 2. There is a horizontal line to a closed dot at negative 2 comma negative 2. There is an open dot at negative 2 comma 4, and the function decreases nonlinearly to an open dot at 1 comma negative 4. The graph increases nonlinearly from the open dot to 3 comma 0, then increases linearly to a closed dot at 5 comma 2.]
        
    



                	
                    
                    
                    
                        Part of the graph of f on the closed interval [–5, 5] is shown above. If f is discontinuous for only one value of x in the open interval (–5, 5), then what must f(1) equal?

                    
                    
                        	–4

                        	4

                        	f(1) can take on any value.

                        	f(1) cannot be determined.

                    

                    
                

                	
                    
                    
                        A function f is continuous on the closed interval [–4, 3] with f(–4) = –1 and f(3) = –1. Which of the following conditions, if true, guarantees there is a number c in the open interval (–4, 3) such that f′(c) = 0 ?

                    
                    
                        	f(k) = –1 .

                        	
                             exists.

                        	f is differentiable on the open interval (–4, 3).

                        	No additional conditions are necessary.

                    

                    
                

                	
                    
                

            

        
    
        
        
        
            Answer
                Key

            Test What You Already Know

            
                	B    Learning Objective: 6.1

                	A    Learning Objective: 6.2

                	D    Learning Objective: 6.3

                	C    Learning Objective: 6.4

            

        
        Detailed solutions can be found in the Answers and Explanations section at the back of this book.

        

        

    
        
        
        
            Answer
                Key

            Test What You Learned

            
                	B    Learning Objective: 6.2

                	A    Learning Objective: 6.3

                	A    Learning Objective: 6.1

                	C    Learning Objective: 6.4

            

        
        Detailed solutions can be found in the Answers and Explanations section at the back of this book.

        

        

    
        
        Reflection

        Test What You Already Know score: __________

        Test What You Learned score: _________

        Use this section to evaluate your progress. After working through the pre-quiz, check off the boxes in the “Pre” column to indicate which Learning Objectives you feel confident about. Then, after completing the chapter, including the post-quiz, do the same to the boxes in the “Post” column. Keep working on unchecked Objectives until you’re confident about them all!







	Pre
	Post
	



	◻	◻  	6.1 Analyze functions to determine continuity


	◻	◻  	6.2 Identify types of discontinuities


	◻	◻  	6.3 Determine when piecewise functions are continuous


	◻	◻  	6.4 Apply the Intermediate Value, Extreme Value, and/or Mean Value Theorems









        For More Practice

        Complete more practice online at kaptest.com. Haven’t registered your book yet? Go to kaptest.com/booksonline to begin.

    
    
 Big Idea 2
Derivatives
        

            Chapter 7

            Derivatives—The Basics

            
            Learning Objectives

            In this chapter, you will review how to:

            
                	7.1 Recognize the derivative as the limit of a difference quotient

                	7.2 Use graphs and tables to estimate derivatives or functional values

                	7.3 Use the power rule to find the derivative of a polynomial, rational, or radical function

                	7.4 Use the product and quotient rules to find the derivative of a function

                	7.5 Apply the chain rule to calculate derivatives of basic composite functions

                	7.6 Calculate derivatives of logarithmic and exponential functions

            

        
    
        
        
        
            
                Test What You Already Know

            
            
                	
                    
                        
                            
                            

                        

                    
                    
                        	0

                        	10

                        	25

                        	nonexistent

                    

                

                	
                    
                        If f'(x) > 0 and f"(x) > 0 for all x, which of the following could be a
                            table of values for the function f ?

                    
                    
                        	
                            
                                
                                    
                                        	x
                                        	f(x)
                                    

                                
                                
                                    
                                        	–1

                                        
                                        	7
                                    

                                    
                                        	0
                                        	5
                                    

                                    
                                        	1
                                        	4
                                    

                                
                            

                        

                        	
                            
                                
                                    
                                        	x
                                        	f(x)
                                    

                                
                                
                                    
                                        	–1

                                        
                                        	2
                                    

                                    
                                        	0
                                        	4
                                    

                                    
                                        	1
                                        	6
                                    

                                
                            

                        

                        	
                            
                                
                                    
                                        	x
                                        	f(x)
                                    

                                
                                
                                    
                                        	–1

                                        
                                        	4
                                    

                                    
                                        	0
                                        	5
                                    

                                    
                                        	1
                                        	6
                                    

                                
                            

                        

                        	
                            
                                
                                    
                                        	x
                                        	f(x)
                                    

                                
                                
                                    
                                        	–1

                                        
                                        	2
                                    

                                    
                                        	0
                                        	4
                                    

                                    
                                        	1
                                        	7
                                    

                                
                            

                        

                    

                

                	
                    
                        If , then 
                        

                    
                    
                        	–55

                        	–36

                        	0

                        	27

                    

                

                	
                    
                        If , then 
                        

                    
                    
                        	
                            
                        

                        	
                            
                        

                        	
                            
                        

                        	
                            
                        

                    

                

                	
                    
                        If , then y' =

                    
                    
                        	
                            
                        

                        	
                            
                        

                        	
                            
                        

                        	
                            
                        

                    

                

                	
                    
                        If , then f'(x) = 
                        

                    
                    
                        	
                            
                        

                        	
                            
                            

                        

                        	
                            
                        

                        	
                            
                        

                    

                

                	
                

            

        
        Answers to this quiz can be found at the end of this chapter.

        

        

    
        
        7.1 The Limit Definition of the Derivative

        To answer a question like this:

        
            
                	
                    
                        
                            
                        

                    
                    
                        	0

                        	
                            
                        

                        	
                            
                        

                        	2

                    

                

            

        
        
        You need to know this:

        The Difference Quotient

        
            	The fraction  is called the difference quotient and represents the average rate of change of f(x) from x = a to x = a + h. 

            	The difference quotient can also be expressed as , which you should recognize as the slope formula you learned in algebra.

            	Geometrically, this represents the slope of the secant line between two given points.

            

        

        The Limit Definition of the Derivative

        
            	The limit as h approaches 0 of the difference quotient represents the instantaneous rate of change of f at a given point. 

            	Geometrically, this represents the slope of the curve at a given point. The tangent to the curve at this point is the line that passes through the point and has that same slope.
            

            	You need to memorize this limit definition of the derivative before Test Day: 
                
                    
                

            

            	The limit definition can also be expressed as:
                
                    
                

            

        

        Derivatives and Continuity

        
            	A function is not differentiable (the derivative does not exist) at a given value if the function is not continuous at that value. 

        

        You need to do this:

        
            	Recognize that the given limit is the definition of the derivative for some function f. The big clues are that h → 0, the numerator contains “+ h,” and there is an h in the denominator.

            	Determine what the primary function is—is it a polynomial function, a square root function, a trig function, a logarithmic function, or some other recognizable function? 

            	Determine the point (the x-value) at which the derivative is being taken. This may require rewriting the second term in the numerator to match the primary function.

            	Take the derivative of the primary function and plug in the point from the previous step.

        

        Answer and Explanation:

        B
        

        The limit represents the definition of the derivative, so look for the primary function. You should immediately notice the square root symbol in the first term of the numerator. Rewrite the numerator so that both terms are square roots. This is a very quick step, but don’t skip it because it confirms the point at which the derivative is being taken.

        

        
            
        

        Here, the derivative is being taken at x = 16 and the primary function is . To take the derivative of the function, rewrite the radical using a fractional exponent, then use the power rule. Finally, plug in 16 for x and simplify:

        
            
        

          Choice (B) is correct.

        
            
                Practice Set

                
                
                
            
            
                
                	
                    
                    
                        
                            
                        

                    
                    
                        	0

                        	
                            
                        

                        	1

                        	e3

                    

                    
                

                	
    
        
    



                	
                    
                    
                    
                        Let f be the piecewise function defined above. What is the value of f'(5) ?

                    
                    
                        	2

                        	5

                        	6

                        	The derivative does not exist at x = 5.

                    

                    
                

                	
                    
                    
                        Which of the following statements are true about
                            
                            ?
                        

                        
                            	
                                
                                represents the slope of the tangent to
                                
                                at any given value of x

                            	
                                
                            

                            	
                                
                                represents f′(2) if
                                
                            

                        

                    
                    
                        	I only

                        	I and II only

                        	I and III only

                        	II and III only

                    

                    
                

                	
                    
                    
                        If , which of the following could be the value of a ?

                    
                    
                        	
                            
                        

                        	
                            
                        

                        	2

                        	3

                    

                    
                

                	
                    
                

            

        
    
        
        
        
            Answers
                and Explanations

            
                
                    	B
                        
                            The limit represents the definition of the derivative, so look for the primary function. You should immediately notice the natural log in both terms of the numerator. Here, the derivative is being taken at x = 3 and the primary function is f(x) = ln x. The derivative of ln x is
                                , so plug in 3 for x to arrive at the correct answer, , which is (B).

                        
                    

                    	D
                        
                            The key to answering this question is recalling that a derivative does not exist at a point where a function is not continuous. Continuity should always come to mind when dealing with a piecewise function. Here, f is not continuous at x = 5 because substituting 5 into each piece of the function yields 2(5) – 8 = 2 and 52 – 4(5) = 5. The values are not the same, so (D) is correct. Also, because the derivative is actually a limit, the derivative from the right of 5 must equal the derivative from the left of 5 (they are not the same).

                        
                    

                    	D
                        
                            You need to recognize
                                
                                as a form of one of the expressions for the definition of a derivative at a point:

                            
                                
                            

                            The left side of the equal sign equals the right side if 
                                and a = 2, because , making statement III true.

                            f'(2) represents the slope of the tangent to
                                
                                at x = 2. It does not, however, give the slope for any other location, so statement I is false. This means (D) must be correct. On Test Day, if you're short on time, mark (D) and move on.

                            To check statement II, evaluate the given limit:

                            
                                
                            

                            Thus, statement II is true and (D) is indeed correct. (Note that you could also use L'Hôpital's Rule to evaluate the limit.)

                        
                    

                    	D
                        
                            This question looks a bit more difficult because of the inverse trig function and because you don't know the value of a. However, it still just amounts to recognizing that the limit is a derivative and then taking the derivative.

                            The primary function here is y = arctan a, the derivative of which is . You're given that this equals  (via the limit), so set the two quantities equal and solve for a:

                            
                                
                            

                            Only positive 3 is one of the choices, so (D) is the correct answer.

                        
                    

                

            
        
    
        
        7.2 Estimating Derivatives from Graphs and Tables

        To answer a question like this:

        
            
                	
                    
                        Consider the differentiable function f(x). Some known values of f are given in the table below:

                        
                            
                                
                                    
                                        	x
                                        	2.0
                                        	2.2
                                        	2.4
                                        	2.6
                                    

                                    
                                        	f(x)
                                        	3
                                        	4
                                        	6
                                        	9
                                    

                                
                            

                        

                        Use the given values to estimate f′(2.1).

                    
                    
                        	–2.5

                        	0.5

                        	3.5

                        	5

                    

                

            

        
        
        You need to know this:

        Interpreting the derivative as slope:

        The definition of the derivative can be interpreted as an instantaneous rate of change geometrically, on a graph. The rate of change of y between two points x0 and x1 is given by the difference quotient
            , which you may recognize as the slope formula. This difference quotient represents the slope of the secant line between the points (x0, f(x0)) and (x1, f(x1)). 

        

        As the points x0 and x1 get closer and closer together (until they are almost the same point) the secant line between the points becomes a better and better approximation of the tangent. Thus, you can use points that are close to a given point and the slope formula to estimate the slope of the tangent line at that given point. This means you can estimate the derivative of the function at that point.

        What the derivative tells you about a function:

        
            	The derivative represents the slope of the tangent to a curve at some value of x. So, if f'(x) > 0 over a given interval, the function is increasing on that interval. That is, as the x-values increase, the y-values also increase.

            	If f'(x) < 0 over a given interval, the function is decreasing on that interval. That is, as the x-values increase, the y-values decrease.

            	If f'(x) = 0 at a given point, then the function may have a local maximum or a local minimum at this x-value.

        

        You need to do this:

        
            	Make sure the function is differentiable at the point of interest.

            	Use the closest points to the point of interest.

            	Plug the points into the difference quotient (the slope formula) and simplify.

        

        Answer and Explanation:

        D
        

        The question stem states that the function is differentiable. However, you don’t have the actual function, so it is not possible to calculate an exact value for the derivative at 2.1. What you do know is that f′(2.1) is the slope of the tangent to f at x = 2.1. Because you cannot find the exact value using the given information, you need to estimate the slope of the tangent with the slope of the closest secant line: in this case, the secant on the closed interval [2, 2.2]. The slope of this secant line is:

        
            
        

        So the correct answer is (D).

        
            
                Practice Set

                
                
                
            
            
                	
    
        
            [image: F of x starts at negative 1 comma 3, then decreases nonlinearly to 2 comma 1. The graph then increases linearly to 4 comma 3. The graph increases nonlinearly to 6 comma 6, and continues to increases to 8 comma 7. The graph then decreases nonlinearly to 9 comma 6.]
        
    



                	
                    
                    
                    
                        Consider the differentiable function f shown in the graph above. Which of the following is the best estimate for f'(3) ?

                    
                    
                        	0

                        	1

                        	1.5

                        	2.5

                    

                    
                

                	

    
        
            
                
                    	x
                    	0
                    	5
                    	10
                    	15
                    	20
                

                
                    	f(x)
                    	–1
                    	4
                    	–3
                    	5
                    	12
                

            
        

    



                	
                    
                   
                    
                        Some known values of a differentiable function f are given in the table above. Based on the data, which of the following statements must be true?

                    
                    
                        	f'(x) > 0 for all values of x over the open interval (0, 20).

                        	f'(x) > 0 for all values of x over the open interval (15, 20).

                        	f'(x) < 0 for all values of x over the open interval (0, 10).

                        	None of the above.

                    

                    
                

                	
    
        [image: F of x starts at negative .5 comma 2.5, then increases nonlinearly to 1.5 comma 3.5. The graph then decreases nonlinearly to 4 comma .5, then increases to 4.5 comma 1.]
    


                	
                    
                    
                    
                        The graph of a differentiable function f is shown above. For which of the following values of x is f'(x) the least?

                    
                    
                        	1

                        	2

                        	3

                        	4

                    

                    
                

                	

    
        
            
                
                    	x
                    	f(x)

                    
                

            
            
                
                    	–1
                    	2
                

                
                    	0
                    
                    	5
                

                
                    	1
                    	8
                    
                

            
        

    



                	
                    
                   
                    
                        Using only the table of values shown above, which of the following best describes f'(x)
                            and f"(x) over the open interval (–1, 1) ?

                    
                    
                        	f'(x) < 0; f"(x) < 0

                        	f'(x) < 0; f"(x) = 0

                        	f'(x) > 0; f"(x) < 0

                        	f'(x) > 0; f"(x) = 0

                    

                    
                

                	
                    
                

            

        
    
        
        
        
            Answers
                and Explanations

            
                
                    	B
                        
                            Be sure to read the question carefully—you're looking for the best estimate of the derivative at 3, not the functional value at 3. Using the difference quotient (the slope formula) and the points closest to x = 3, (2, 1) and (4, 3) gives a reasonable estimate of:

                            
                                
                            

                            That's (B).

                            Note that you could also carefully draw in a tangent line, estimate two points on the line, and use the slope formula.

                            
                                [image: The graph of f of x, along with a line tangent to the function at x equals 3 that starts at 1.5 comma 0 to 5 comma 3.5.]
                            
                            Using this method, the slope is approximately:

                            
                                
                            

                            Note that the two methods won't always yield exactly the same answer (as they did here), but they should be close enough that either would lead you to the correct choice.

                        
                    

                    	D
                        
                            When answer choices include the phrase "for all values of x," be especially careful. The question asks which statement must be true, so examine each statement with caution.

                            Choice A: This statement is false: f'(x) > 0 means the function is increasing. Between x = 5 and x = 10, the function decreases from 4 to –3, which means f'(x) < 0 for at least some part of the interval (0, 20). Eliminate A.

                            Choice B: This statement may or may not be true. The function is increasing overall between x = 15 and x = 20, but you don't have any information about what happens between these values. Suppose, for example, that f(17) = 1 (or any other number less than 5); then f would decrease before it increases. In that case, f'(x) would be less than 0 between x = 15 and x = 17. Eliminate B.

                            Choice C is false by the same reasoning as choice A, which means (D) is the correct answer.

                        
                    

                    	C
                        
                            This question is testing whether you understand the connection between the derivative and the slope of a tangent line. There are no calculations to make; simply sketch in tangent lines and compare their slopes.

                            
                                [image: The graph of f of x, along with four sketched tangent lines. At x equals 1, the tangent line has a small positive slope. At x equals 2, the tangent line has a small negative slope. At x equals 3, the tangent line has a large negative slope. At x equals 4, the tangent line has a slope of 0.]
                            
                            You can eliminate A and D right away because a positive slope is greater than a negative slope, and a 0 slope is also greater than a negative slope. To choose between B and (C), compare the steepness of the two negative slopes. The slope at x = 3 is steeper (in the negative direction) than the slope at x = 2, so f'(3) < f'(2), making (C) the correct answer.

                        
                    

                    	D
                        
                            Examine the values in the table: f(x) increases as x gets larger, which indicates that f'(x), the slope of the
                                function, is positive. This means f'(x) > 0, so eliminate A and B.

                            To choose between C and (D), take a closer look at the slopes. The
                                slope between the first pair of points is 3, and the slope between the second pair
                                of points is also 3, so f'(x) is constant. This means f"(x), which is the derivative of f'(x), must be 0. Choice (D) is correct.

                        
                    

                

            
        
    
        
        7.3 The Power Rule

        To answer a question like this:

        
            
                	
                    
                        If , then f '(x) =

                    
                    
                        	
                            
                        

                        	
                            
                        

                        	
                            
                        

                        	
                            
                        

                    

                

            

        
        
        You need to know this:

        Theorem: The Derivative of a Constant Function

        For any constant function f(x) = c,
            . Hence if y = 5, then y' = 0.

        Theorem: The Power Rule

        If n is a constant, then . Hence if y = x4, then y' = 4x3.

        In other words, to take the derivative of a power function, multiply the entire function by the original exponent and subtract 1 from the exponent. 

        Applying the power rule to non-polynomial functions:

        
            	You can rewrite rational functions using negative exponents and then apply the power rule. For example:
                
                    
                

            

            	You can rewrite radical functions using fractional exponents and then apply the power rule. For example:
                
                    
                

            

        

        

        Other useful rules:

        
            	The Constant Multiple Rule: If c is a constant:
                
                    
                

            

            	The Sum and Difference Rule: If f and g are differentiable functions with derivatives f ′ and g′ respectively, then [f(x) ± g(x)]′ = f′(x) ± g′(x).

        

        You need to do this:

        
            	Rewrite all rational and/or radical terms in exponent form.

            	Apply the power rule and any other rule (e.g., the constant multiple rule or the sum and difference rule).

            	Simplify if possible.

            	Depending on the answer choices, you may have to put some of the terms back in rational or radical form to find a match.

            

        

        Answer and Explanation:

        C
        

        First, write the rational term,
            , using a negative exponent. Then, use the power rule, the sum and difference rule, and the constant multiple rule to differentiate f. Finally, put the term with the negative exponent back in rational form to find a match.

        
            
        

        A perfect match for (C)!

        
            
                Practice Set

                
                
                
            
            
                
                	
                    
                    
                        If , then f'(x) =

                    
                    
                        	
                            
                        

                        	
                            
                        

                        	
                            
                        

                        	
                            
                        

                    

                    
                

                	
                    
                    
                        If , then f'(x) =

                    
                    
                        	
                            
                        

                        	
                            
                        

                        	
                            
                        

                        	
                            
                        

                    

                    
                

                	
                    
                    
                        If , then f'(x) =

                    
                    
                        	
                            
                        

                        	
                            
                        

                        	
                            
                        

                        	
                            
                        

                    

                    
                

                	
                    
                    
                        If  and , then what is the value of k ?

                    
                    
                        	–2

                        	–1

                        	1

                        	2

                    

                    
                

                	
                    
                

            

        
    
        
        
        
            Answers
                and Explanations

            
                
                    	B
                        
                            Use the power rule and other applicable rules to differentiate f. Remember, when you use the power rule, you multiply by the original exponent, not the new exponent.

                            
                                
                            

                            That's (B).

                        
                    

                    	A
                        
                            Start by moving the  (the coefficient) out to the front, just to get it out of the way:

                            
                                
                            

                            Next, rewrite the rational expression using a negative exponent:

                            
                                
                            

                            Finally, apply the power rule, being careful of negative signs, and simplify the result if possible:

                            
                                
                            

                            Choice (A) is correct. Note that you must always think about whether you need to use the chain rule.  Here, the derivative of the inside, (x – 2), is 1, so it does not affect the overall derivative.

                        
                    

                    	D
                        
                            Don't jump right into using the product rule (which is covered in the next section). In this problem, it's much quicker to rewrite each quantity in exponent form, multiply using rules of exponents, and then take the derivative:

                            
                                
                            

                            That's not one of the answer choices, so you'll need to perform some algebraic manipulations. Write each term with a common denominator and then simplify:

                            
                                
                            

                            That's (D).

                        
                    

                    	D
                        
                            You may be tempted to plug in each value for k to determine which is correct, but you should only use this strategy as a last resort because it will certainly use up valuable time. Instead, rewrite the radical (which also happens to be in the denominator) using a negative, fractional exponent. Treat k as a constant and take the derivative of f:

                            
                                
                            

                            Now, set the result equal to the given expression for f', and solve for k:

                            
                                
                            

                            Choice (D) is correct.

                        
                    

                

            
        
    
        
        7.4 The Product and Quotient Rules

        To answer a question like this:

        
            
                	
                    
                        If , then f'(x) =

                    
                    
                        	
                            
                        

                        	
                            
                        

                        	
                            
                        

                        	
                            
                        

                    

                

            

        
        
        You need to know this:

        The Product Rule

        If f and g are differentiable at a point x, then their product is differentiable at x and the derivative is [f·g]′ = f ′g + fg′.

        
            Ap Expert Note

            Note that the order in which you combine the derivative and the non-derivative doesn't matter in the product rule because the terms are separated by a plus sign. However, it does matter in the quotient rule, so to keep things straight, remember to always start by taking the derivative of the first function.

        
        The Quotient Rule

        If f and g are differentiable at a point x and g(x) ≠ 0, then their quotient is differentiable at x and the derivative is
            
            .

        
            Ap Expert Note

            As the rules get more complicated, rewriting them in verbal form will help you to remember them. We can write the product rule as follows: The derivative of the first times the second, plus the first times the derivative of the second. Similarly, remember the quotient rule as: The derivative of the top times the bottom, minus the top times the derivative of the bottom, all over the bottom squared.

        
        You need to do this:

        
            	Decide how the pieces that contain the variable are attached (addition, subtraction, multiplication, division) and which rule(s) applies. Then carry out the rule(s).

            	Before simplifying the result, check the answer choices to make sure you're not doing extra work.

        

        Answer and Explanation:

        D
        

        
            
        

        You can also find the derivative of f by multiplying (FOILing) and then computing the derivative of the resulting polynomial:

        
            
                
            

        

        Both methods give the same answer of (D), which is expected. In general, if you can multiply something out or do some other algebraic manipulation to make the problem simpler before computing the derivative, it’s a good idea to go ahead and do it.

        
            
                Practice Set

                
                
                
            
            
                
                	
                    
                    
                        If , then f'(x) =

                    
                    
                        	4x2 + 4x 

                        	3x2 + 2x + 1 

                        	2x3 + 4x2 + 2x 

                        	4x3 + 6x2 + 4x + 2

                    

                    
                

                	

    
        
            
                
                    	x
                    	f(x)
                    	f′(x)
                    	g(x)
                    	g′(x)
                

                
                    	1
                    	4
                    	−3
                    	3
                    	2
                

            
        

    



                	
                    
                   
		    
                        Several values for two differentiable functions, f and g, and their derivatives are given in the table above. Based on these values, what is  ?

                    
                    
                        	
                            
                        

                        	
                            
                        

                        	
                            
                        

                        	
                            
                        

                    

                    
                

                	
                    
                    
                        If , then 
                        

                    
                    
                        	
                            
                        

                        	
                            
                        

                        	
                            
                        

                        	
                            
                        

                    

                    
                

                	
                    
                    
                        If , then f'(x) =

                    
                    
                        	
                            
                        

                        	
                            
                        

                        	
                            
                        

                        	
                            
                        

                    

                    
                

                	
                    
                

            

        
    
        
        
        
            Answers
                and Explanations

            
                
                    	D
                        
                            Use the power rule and the product rule:

                            
                                
                            

                            A perfect match for (D)!

                        
                    

                    	A
                        
                            This question is simply testing whether you know how to apply the quotient rule. Take your time and plug the values from the table into the quotient rule carefully:

                            
                                
                            

                            Choice (A) is correct.

                        
                    

                    	D
                        
                            The notation
                                 simply means find the derivative. First, rewrite the radical expression in exponent form. Then, apply the power rule and the product rule:

                            
                                
                            

                            That's (D).

                        
                    

                    	C
                        
                            You don't want to have a fraction inside a quotient, so simplify the expression first:

                            
                                
                            

                            Next, apply the quotient rule:

                            
                                
                            

                            Don't FOIL the denominator until you've checked the answer choices. You already have a match for (C).

                        
                    

                

            
        
    
        
        7.5 The Chain Rule

        

        To answer a question like this:

        
            
                	
                    
                        If , then 
                             at x = 2 is

                    
                    
                        	
                            
                        

                        	
                            
                        

                        	
                            
                        

                        	
                            
                        

                    

                

            

        
        
        You need to know this:

        

        The chain rule, as its name implies, is a chain of steps for computing the derivative of a composition of functions (functions inside other functions). Using this rule, you can break down a function such as f(x) = (x2 + 4x + 7)14 into a chain of g(x) = x2 + 4x + 7 and h(x) = x14, which makes f(x) = h(g(x)). 

        Theorem: The Chain Rule

        If g is differentiable at x and h is differentiable at g(x), then h(g(x)) is differentiable at x and its derivative is:

        
            
        

        Note that you don’t need to break the composition into separate pieces—just think of the function as the outside and the inside, and be sure to take the derivative of each.

        Typical functions that involve the chain rule:

        
            	Power functions and rational functions that have a quantity inside the parentheses; for example,  or .
            

            	Radical functions that have a quantity inside the radical; for example .
            

            	Trigonometric and logarithmic functions that have a quantity inside the argument; for example  or .
                

            

            	Exponential functions for which the exponent is a quantity; for example .
                

            

        

        You need to do this:

        
            	Determine which derivative rules apply (e.g., power rule, product rule, etc.).

            	Determine whether the chain rule applies.

            	Rewrite radicals and/or rational quantities in exponent form.

            	Carefully carry out each of the rules that applies.

            

            	Simplify the answer ONLY if you absolutely need to. Be sure to check the answer choices before you do this.

        

        Answer and Explanation:

        C
        

        This is one of the more straightforward questions on the AP Calc exam, but you’ll need to take your time and not skip steps. The function is a product, and one of the factors is a radical with a quantity inside. Thus you’ll need to use the power rule, the product rule, and the chain rule. First, rewrite the radical part in exponent form.

        

        
            
        

        Next, to differentiate the function, write out the product rule with the functions inserted:

        
            
        

        Compute each piece of the sum carefully, and don’t forget to use the chain rule when you take the derivative of the last expression:

        
            
        

        Stop here—there is no need to simplify the expression because the question asks for the derivative at a specific value of x. This means you can plug the value in and then simplify the result (but only if you don’t find a match in the answer choices). So,  at x = 2 is:

        
            
        

        Don’t simplify! You already have a match for (C).

        
            
                Practice Set

                
                
                
            
            
                
                	
                    
                    
                        If , then f'(x) =

                    
                    
                        	
                            
                        

                        	
                            
                        

                        	
                            
                        

                        	
                            
                        

                    

                    
                

                	
                    
                    
                        If f is a differentiable function such that f(1) = 4 and f'(1) = –3, and   then g′(1) =

                    
                    
                        	
                            
                        

                        	
                            
                        

                        	
                            
                        

                        	
                            
                        

                    

                    
                

                	
                    
                    
                        If , then f'(x) =

                    
                    
                        	
                            
                        

                        	
                            
                        

                        	
                            
                        

                        	
                            
                        

                    

                    
                

                	
                    
                    
                        If y = x3 – 2x and x = 2t + 1, then 
                        

                    
                    
                        	
                            
                        

                        	
                            
                        

                        	
                            
                            

                        

                        	
                            
                        

                    

                    
                

                	
                    
                

            

        
    
        
        
        
            Answers
                and Explanations

            
                
                    	D
                        
                            This is a classic chain rule question. Start by rewriting the rational function in exponent form (using a negative exponent). Then, apply the chain rule by taking the derivative of the power part (using the power rule) and multiplying by the derivative of what's inside the parentheses:

                            
                                
                            

                            Choice (D) is correct.

                        
                    

                    	B
                        
                            This question is testing your ability to interpret the chain rule without knowing one of the functions. If  then the outside function is the square root function, and the inside function is f, so:

                            
                                
                            

                            That's (B).

                        
                    

                    	A
                        
                            The test makers love questions like this one because they test multiple rules simultaneously. Here, you'll need to apply the product rule, the power rule, and the chain rule. Take your time and don’t skip steps. Also, try to write as neatly as possible so you can keep track of your computations:

                            
                                
                            

                            This isn't one of the answer choices, so you'll need to simplify a bit. To start, factor out (1 – 3x)3:

                            
                                
                            

                            Phew! That's (A).

                            Note: If you weren't sure how to simplify the derivative, let the answer choices guide you. Each choice has a factor of (1 – 3x)3, which is a clue to factor that quantity out.

                        
                    

                    	D
                        
                            This is a twist on the chain rule. Because you are asked for the derivative with respect to t, each time you differentiate a term that contains x, you must multiply by the derivative of "what's inside." The derivative of x is simply . 

                            
                                
                            

                            Now, the derivative of x with respect to t (or ) is just 2, so: 

                            
                                
                            

                            Choice (D) is correct.

                        
                    

                

            
        
    
        
        7.6 Derivatives of Logarithmic and Exponential Functions

        To answer a question like this:

        
            
                	
                    
                        If , then f'(x) =

                    
                    
                        	
                            
                        

                        	
                            
                        

                        	
                            
                        

                        	
                            
                        

                    

                

            

        
        
        You need to know this:

        You will definitely see exponential and logarithmic functions on Test Day, so be sure to memorize the following formulas.

        
            	The derivative of ex: 
                

            

            	Applying the chain rule:
                
            

            	The derivative of other exponential functions:
                 

            

            	The derivative of ln x: 
            

            	Applying the chain rule:
                
                

            

        

        Useful logarithm properties:

        
            	
                
            

            	
                
            

            	
                
            

        

        
            AP Expert Note

            When taking derivatives of logs, it’s almost always easier to expand the log (if possible) before applying rules of derivatives, such as the product, quotient, or chain rule.

        
        You need to do this:

        
            	Recall the rule: The derivative of e raised to a power is e raised to that same power times the derivative of the power.

            	To take the derivative of the power, rewrite  as x–1. Then apply the power rule.

        

        Answer and Explanation:

        B
        

        
        
        

        Choice (B) is correct.

        
            
                Practice Set

                                 
                
                
            
            
                
                	
                    
                    
                        If , then f'(x) =

                    
                    
                        	
                            
                        

                        	
                            
                        

                        	
                            
                        

                        	
                            
                        

                    

                    
                

                	
                    
                    
                        If f(x) = x2 ln x, then f′(x) =

                    
                    
                        	2x · ln x

                        	x

                        	2x · ln x + x

                        	2x · ln x + x2ex

                    

                    
                

                	
                    
                    
                        If f(x) = x · 2x, then f′(x) =

                    
                    
                        	2x(x + ln 2)

                        	2x(1 + ln 2)

                        	x · 2x · ln 2

                        	2x(1 + x · ln 2)

                    

                    
                

                	
                    
                    
                        If , then f'(x) =

                    
                    
                        	
                            
                        

                        	
                            
                        

                        	
                            
                        

                        	
                            
                        

                    

                    
                

                	
                    
                

            

        
    
        
        
        
            Answers
                and Explanations

            
                
                    	B
                        
                            This is a straightforward application of the rule for the derivative of e and the chain rule: The derivative of e raised to a power is e raised to that same power times the derivative of the power: 

                            
                                
                            

                            Choice (B) is correct.

                        
                    

                    	C
                        
                            Use the product rule [f·g]' = f'g + fg':

                            
                                
                            

                            Choice (C) is correct.

                        
                    

                    	D
                        
                            Use the product rule [f·g]' = f'g + fg' and the derivative [bx]′ = ln b · bx to differentiate f:

                            
                                
                            

                            That’s (D).

                        
                    

                    	C
                        
                            You definitely don’t want to perform the product rule, the power rule, the chain rule, and the quotient rule all at one time (if you can avoid it), so rewrite the logarithm using properties of logs before you take the derivative. Don't forget to rewrite the radical in exponent form as well.

                            
                                
                            

                            Next, use the rule for taking the derivative of the natural log of a quantity: “one over the quantity times the derivative of the quantity”:

                            
                                
                            

                            Choice (C) is correct.

                        
                    

                

            
        
    
    

        Rapid Review

        
            If you take away only 7 things from this chapter:

            
                	The limit definition of the derivative: 
                    

                

                	The difference quotient, , represents the slope of the secant line between the points (x0, f(x0)) and (x1, f(x1)). 

                	
                    The Power Rule: If n is a constant, then
                        .

                

                	
                    The Product Rule: If f and g are differentiable at a point x, then their product is differentiable at x and the derivative is [f·g]′ = f'g + fg′.

                

                	
                    The Quotient Rule: If f and g are differentiable at a point x and g(x) ≠ 0, then their quotient is differentiable at x and the derivative is
                        
                        .

                

                	
                    The Chain Rule: If g is differentiable at x and h is differentiable at g(x), then h(g(x)) is differentiable at x and its derivative is h'(g(x)) · g'(x).

                    

                

                	
                    Derivatives of exponential and logarithmic functions:

                    
                        	
                            
                        

                        	
                            
                        

                        	
                            
                        

                    

                

            

        
    
        
        
        
            
                Test What You Learned

                
                
                
            
            
                
                	
                    
                    
                        If , then 
                        

                    
                    
                        	8

                        	16

                        	33

                        	40

                    

                    
                

                	
    
        
            
                
                    	x
                    	f(x)

                    
                

            
            
                
                    	2
                    	3
                

                
                    	5
                    
                    	6.3
                

                
                    	8
                    	8.7
                

            
        

    



                	
                    
                    
                    
                        The table above gives selected values of a function f. The function is twice differentiable with f"(x) < 0. Which of the following could be the value of f'(5) ?

                    
                    
                        	0.8

                        	0.9

                        	1.1

                        	2.3

                    

                    
                

                	
                    
                    
                        If , then 
                        

                    
                    
                        	
                            
                        

                        	
                            
                        

                        	
                            
                        

                        	
                            
                        

                    

                    
                

                	
                    
                    
                        
                            
                        

                        

                        

                    
                    
                        	0

                        	8

                        	48

                        	nonexistent

                    

                    
                

                	
                    
                    
                        If , then 
                        

                    
                    
                        	
                            
                        

                        	
                            
                        

                        	
                            
                        

                        	
                            
                        

                    

                    
                

                	
                    
                    
                        If , then 
                        

                    
                    
                        	
                            
                        

                        	
                            
                        

                        	
                            
                        

                        	
                            
                        

                    

                    
                

                	
                    
                

            

        
    
        
        
        
            Answer
                Key

            Test What You Already Know

            
                	B    Learning Objective: 7.1

                	D    Learning Objective: 7.2

                	A    Learning Objective: 7.3

                	D    Learning Objective: 7.4

                	D     Learning Objective: 7.5

                	C    Learning Objective: 7.6

            

        
        Detailed solutions can be found in the Answers and Explanations section at the back of this book.

        

        

    
        
        
        
            Answer
                Key

            Test What You Learned

            
                	A Learning Objective: 7.3

                	B Learning Objective: 7.2

                	B Learning Objective: 7.5

                	C Learning Objective: 7.1

                	D Learning Objective: 7.6

                	A Learning Objective: 7.4

            

        
        Detailed solutions can be found in the Answers and Explanations section at the back of this book.

        

        

    
    

        Reflection

        Test What You Already Know score: _________

        Test What You Learned score: _________

        Use this section to evaluate your progress. After working through the pre-quiz, check off the boxes in the “Pre” column to indicate which Learning Objectives you feel confident about. Then, after completing the chapter, including the post-quiz, do the same to the boxes in the “Post” column. Keep working on unchecked Objectives until you’re confident about them all!

        

        




	Pre
	Post
	



	◻	◻  	7.1 Recognize the derivative as the limit of a difference quotient


	◻	◻  	7.2 Use graphs and tables to estimate derivatives or functional values


	◻	◻  	7.3 Use the power rule to find the derivative of a polynomial, rational, or radical function


	◻	◻  	7.4 Use the product and quotient rules to find the derivative of a function




	◻	◻  	7.5 Apply the chain rule to calculate derivatives of basic composite functions




	◻	◻  	7.6 Calculate derivatives of logarithmic and exponential functions








        For More Practice

        Complete more practice online at kaptest.com. Haven’t registered your book yet? Go to kaptest.com/booksonline to begin.

    
    

        

            Chapter 8

            More Advanced Derivatives

            
            
            Learning Objectives

            In this chapter, you will review how to:

            
                	8.1 Calculate derivatives of trig functions

                	8.2 Calculate derivatives of inverse trig functions

                

                	8.3 Determine higher order derivatives

                	8.4 Use implicit differentiation to find derivatives

                	8.5 Calculate derivatives of inverse functions

            

        
    
        
        
        
            
                Test What You Already Know

            
            
                	
                    
                        Which of the following is the derivative of  ?

                    
                    
                        	
                            
                        

                        	
                            
                        

                        	
                            
                        

                        	
                            
                        

                    

                

                	
                    
                        Let . Then 
                        

                    
                    
                        	
                            
                        

                        	
                            
                        

                        	
                            
                        

                        	
                            
                        

                    

                

                	
                    
                        If , what is ?

                    
                    
                        	
                            
                        

                        	
                            
                        

                        	
                            
                        

                        	
                            
                        

                    

                

                	
                    
                        If , then 
                        

                    
                    
                        	
                            
                        

                        	
                            
                        

                        	
                            
                        

                        	
                            
                        

                    

                

                	
                    
                        Let a function f be defined as f(x) = x3 − 3x + 1 for x ≥ 1. Let g be the inverse function of f and note that f(2) = 3. The value of g′(3) =  

                    
                    
                        	–1

                        	
                            
                        

                        	
                            
                        

                        	3

                    

                

                	
                

            

        
        Answers to this quiz can be found at the end of this chapter.

        

        

    
        
        8.1 Derivatives of Trig Functions

        To answer a question like this:

        
            
                	
                    
                        If , then 
                        

                    
                    
                        	
                            
                        

                        	
                            
                        

                        	
                            
                        

                        	
                            
                        

                    

                

            

        
        
        You need to know this:

        Derivative rules for trig functions:

        
            
                
                    
                        	f(x)
                        	f′(x)
                    

                
                
                    
                        	sin x
                        
                        	cos x
                        
                    

                    
                        	cos x
                        
                        	−sin x
                        
                    

                    
                        	tan x
                        
                        	sec2 x
                        
                    

                    
                        	cot x
                        
                        	−csc2 x
                        
                    

                    
                        	sec x
                        
                        	sec x tan x
                        
                    

                    
                        	csc x
                        
                        	−csc x cot x
                        
                    

                
            

        

        
            AP Expert Note

            You’ll need to memorize the derivatives given in the table before Test Day. Notice that all the co’s (cosine, cotangent, and cosecant) are negative, while the others are positive. This fact alone can help you eliminate one or more answer choices for most trig-related derivative questions. Also, look for patterns in the derivatives to help you remember (i.e., tan and sec are related).

        
        You need to do this:

        
            	Recall the rule for taking the derivative of sin x: The derivative of sin x is cos x.

            	Determine what other derivative rules apply. Here, you’ll need to use the power rule and the chain rule.

            	As with any function, rewrite the radical portion using a fractional exponent.

            	Take the derivative, then simplify ONLY if you don’t find a match in the answer choices.

            

        

        Answer and Explanation:

        B
        

        Use the chain rule to find the derivative. First, take the derivative of the outside function, sine:

        
            
        

        Next, rewrite the square root using a fractional exponent, then use the power rule followed by the chain rule (again) to differentiate the inside function (the radical).

        
            
        

        Putting the two pieces of the derivative together yields
            , which is (B).

        
            
                Practice Set

                                 
                
                
            
            
                
                	
                    
                    
                        If
                            , then
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            Answers
                and Explanations

            
                
                    	A
                        
                            Use the chain rule and the derivative  to differentiate f:

                            
                                
                            

                            Choice (A) is correct.

                        
                    

                    	B
                        
                            Use the chain rule and the derivatives
                                 and
                                
                                to differentiate f:

                            
                                
                            

                            That’s (B).

                        
                    

                    	A
                        
                            Use the quotient rule, the chain rule, and the derivative  to differentiate f. Write out the quotient rule so you don’t forget the pieces or the order in which they come. It may help to write the rule using t and b for top and bottom:

                            
                                
                            

                            Now, put all the pieces together:

                            
                                
                            

                            The final result is (A).

                        
                    

                    	D
                        
                            In this problem, you have to use the chain rule three times. It may also help to rewrite f as f(x) = [cos(sin(2x))]2. In words, to differentiate the function, you need to: (1) apply the power rule, (2) take the derivative of the outer trig function, (3) take the derivative of the inner trig function, and (4) take the derivative of the argument. Following these steps yields:

                            
                                
                            

                            Don’t waste time trying to simplify the expression, because you're asked for the derivative at a given value of x. This means you can simply plug in the value
                                
                                and use the fact that
                                
                                to get:

                            
                                
                            

                            Be sure to glance back at the answer choices. Without a calculator, you can’t find the cosine or sine of , but you don’t need to. You already have a match for (D).

                        
                    

                

            
        
    
        
        8.2 Derivatives of Inverse Trig Functions

        To answer a question like this:

        

        
            
                	
                    
                        Let . Then 
                        

                    
                    
                        	
                            
                        

                        	
                            
                        

                        	
                            
                        

                        	
                            
                        

                    

                

            

        
        
        You need to know this:

        Derivative rules for inverse trig functions:

        
            
                
                    
                        	
                            
                                
                            

                        
                        	
                            
                                
                            

                        
                    

                    
                        	
                            
                                
                            

                        
                        	
                            
                                
                            

                        
                    

                    
                        	
                            
                                
                            

                        
                        	
                            
                                
                            

                        
                    

                
            

        

        
            AP Expert Note

            For the Calculus AB exam, learning the formulas for the derivatives of arcsin x, arccos x, and arctan x is sufficient. 

        
        *Note that the inverse of a trigonometric function may also be indicated using inverse function notation (e.g., sin−1 x = arcsin x). 

        

        You need to do this:

        
            	Identify which inverse trig function is involved and quickly jot down the rule for its derivative. 

            	Just as with derivatives of plain trig functions, all the co's (cosine, cotangent and cosecant) are negative.

            

            	Each rule includes an x2, so plug the quantity inside the parentheses in for x and square the entire quantity.

            	Note that you may have to apply other derivative rules, such as the power, product, quotient, and/or chain rule, to arrive at the final answer.

            	Simplify the result ONLY if you don't find your answer among the choices.

        

        Answer and Explanation:

        D
        

        The derivative of arccos x is
            . Use this derivative and the chain rule to differentiate the function. Don't forget to square the entire quantity inside the parentheses:

        
            
        

        Choice (D) is correct.

        
            
                Practice Set

                
                
                
            
            
                
                	
                    
                    
                        Let . Then 
                        

                    
                    
                        	
                            
                        

                        	
                            
                        

                        	
                            
                        

                        	
                            
                        

                    

                    
                

                	
                    
                    
                        If , then 
                        

                    
                    
                        	
                            
                        

                        	
                            
                        

                        	
                            
                        

                        	
                            
                        

                    

                    
                

                	
                    
                    
                        If , then 
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            Answers
                and Explanations

            
                
                    	C
                        
                            The derivative of arcsin x is
                                . Use this derivative and the chain rule to differentiate the function. Don't forget to square the entire quantity inside the parentheses:

                            
                                
                            

                            Choice (C) is correct.

                        
                    

                    	A
                        
                            The derivative of arctan x is
                                . Use this derivative and the chain rule to differentiate the function. Don't forget to square the entire quantity inside the parentheses, including the coefficient (which is
                                ):

                            
                                
                            

                            This isn't one of the answer choices, so simplify further. Distribute the 2, write the denominator as a single fraction, then take the reciprocal:

                            
                                
                            

                            Reverse the order of the terms in the denominator and you have a match for (A).

                        
                    

                    	D
                        
                            The derivative of arcsin x is
                                ; the derivative of e raised to a power is e raised to that same power times the derivative of the power. Use these two rules and the chain rule to differentiate the function:

                            
                                
                            

                            Choice (D) is correct.

                        
                    

                    	A
                        
                            After differentiating arcsin x, you'll need to use the product rule and then do some algebraic manipulations. You may want to leave this question for last. Differentiate each term (each side of the plus sign) separately, then add the results:

                            
                                
                            

                            To find y', put the two derivatives together, find a common denominator, add, and simplify:

                            
                                
                            

                            Phew! That's (A). You could also just add the first and third term because they already have a common denominator, then simplify.

                        
                    

                

            
        
    
        
        8.3 Higher Order Derivatives

        To answer a question like this:

        

        
            
                	
                    
                        If , then 
                        

                    
                    
                        	
                            
                        

                        	
                            
                        

                        	
                            
                        

                        	
                            
                        

                    

                

            

        
        
        You need to know this:

        Higher order derivatives:

        
            	If you take the derivative of a derivative, it is called the second derivative of f, and you write f″(x) or y" or
                .

            	All the same rules apply (power, product, quotient, chain rules).

            	Always simplify the first derivative as much as possible before taking a second or third derivative. Calculus is difficult enough without trying to do it with overly complex problems.

        

        
            AP Expert Note

            Don't worry too much about the notation; if you see two primes or d2, you need to take the second derivative. For the Free Response section, stick with the simpler notation (f" or y").

        
        Applications of the second derivative:

        

        
            	Concavity and inflection points of a graph (covered in Chapter 9)

            	Acceleration of a particle moving along a straight path (covered in Chapter 10)

        

        You need to do this:

        
            	Take the first derivative using all applicable rules. Here, you need to apply the rule for finding the derivative of a natural log and the chain rule.

            	Simplify the result, if possible.

            	Take the second derivative using all applicable rules. Here, you need to apply the quotient rule.

            	Simplify the result, if necessary, until you find a match among the answer choices.

            

        

        Answer and Explanation:

        D
        

        To find the first derivative,
            , use the natural log rule: The derivative of "ln (quantity)" is 1 over that quantity times the derivative of the quantity.

        
            
        

        To find the second derivative, use the quotient rule, , where t stands for top and b stands for bottom:

        
            
        

        Choice (D) is correct.
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            Answers
                and Explanations

            
                
                    	A
                        
                            To find f', rewrite the rational term in exponent form, then apply the power rule:

                            
                                
                            

                            To find the second derivative, f", apply the power rule again to each term. Don't forget—the derivative of a constant is 0.

                            
                                
                            

                            Rearrange the terms and you have a match for (A).

                        
                    

                    	D
                        
                            You could use the power rule and the chain rule a couple of times to find the third derivative, but by looking at the answer choices, you can see that all of the terms are added and there are not any parentheses. The quicker approach would be to expand (x2 + 1)3 by using FOIL or Pascal's Triangle, then take the derivative. This is what the FOIL method would look like:

                            
                                
                            

                            That's (D).

                        
                    

                    	B
                        
                            This is another example where multiplying the product out first will make finding the second derivative easier than trying to use the product rule. To carry out the multiplication, write  and use rules of exponents:

                            
                                
                            

                            Now, carefully apply the product rule to find f' and then f":

                            
                                
                            

                            This isn't one of the answer choices, so find a common denominator and simplify:

                            
                                
                            

                            Choice (B) is correct.

                        
                    

                    	D
                        
                            The notation  means find the second derivative, or y". Use the power rule and the chain rule to get the first derivative. It may help to rewrite the equation as  to make the chain rule easier.

                            
                                
                            

                            Now use the product rule (f·g)' = f'g + fg' to take the derivative again. Use the chain rule where necessary:

                            
                                
                            

                            After switching the order of the sum, answer (D) is a perfect match.

                        
                    

                

            
        
    
        
        8.4 Implicit Differentiation

        To answer a question like this:

        

        
            
                	
                    
                        If x2 + 4y = xy, then 
                        

                    
                    
                        	
                            
                        

                        	
                            
                        

                        	
                            
                        

                        	
                            
                        

                    

                

            

        
        
        You need to know this:

        

        Some mathematical relationships are defined explicitly, meaning that one variable is given in terms of other variables. For example, y = 2x + 3 and f(x) = sin2 x are explicitly defined functions.

        A mathematical relationship can also be defined implicitly, meaning that you are given an equation relating the variables, but the equation is not solved for one of the variables. The equation x2 + y2 = 2 is an example of an implicitly defined relationship. 

        Using the chain rule, you can differentiate equations that relate y and x. Think of x as the independent variable and y as a function of x, keeping in mind that the derivative of y is
            , even though you don’t have an explicit expression for y in terms of x. You can then differentiate both sides of the equation that relate y and x and find an implicit relationship between x, y, and
            .

        Solving for  (isolating it on one side of the equation) gives the derivative in terms of x and/or y.

        
            AP Expert Note

            Sometimes, it is quicker (and easier) to solve for y and then find the derivative explicitly. For example, 3x2 + 2y = 1 can be rewritten as , the derivative of which is y' = –3x.

        
        You need to do this:

        
            	
                Step 1:Differentiate both sides of the equation with respect to x. Each time you take the derivative of a term that contains y, you must multiply by , because the derivative of y is
                    .
            

            	
                Step 2:

                
                Collect all the terms that contain a  on one side of the equation and move all other terms to the opposite side.

                
            

            	
                Step 3:

                
                Factor out the .

                
            

            	
                Step 4:

                
                Solve for  by dividing both sides of the equation by whatever remains after factoring.
            

        

        Answer and Explanation:

        C
        

        Differentiate x2 + 4y = xy implicitly and solve for
            . You'll need to use the product rule to differentiate xy on the right-hand side of the equal sign:

        
            
        

        Choice (C) is correct.
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            Answers
                and Explanations

            
                
                    	A
                        
                            Follow the four steps for implicit differentiation:

                            
                                
                            

                            That's (A).

                        
                    

                    	A
                        
                            Solve for
                                 in the given relationship to find the first derivative:

                            
                                
                            

                            You will need the value of
                                 for the second derivative, so use the given point, (5, 0), to find its numerical representation: 

                            
                                
                            

                            Now use implicit differentiation again, along with the quotient rule,  , where t stands for top and b stands for bottom, to find the second derivative, :

                            
                                
                            

                            There is no need to algebraically simplify the expression because you know the value of x, y, and , which are 5, 0, and 2, respectively. Plug these values in and simplify:

                            
                                
                            

                            Choice (A) is correct.

                        
                    

                    	B
                        
                            The xs and ys are mixed in the equation, so use implicit differentiation. You'll need to use the product rule on each of the first two terms:

                            
                                
                            

                            The question asks for the value of the derivative at a specific point, (2, 1), so plug in x = 2 and y = 1, and then simplify the result.

                            
                                
                            

                            Choice (B) is correct. It is often easiest to plug in the given x- and y-values and the value of
                                 right after you take the derivative (before you solve for ). Try plugging these values into the first equation that contains  and see if you get the same answer.

                        
                    

                    	D
                        
                            Use implicit differentiation to find the first derivative:

                            
                                
                            

                            To find the second derivative, you take the derivative of
                                . So, use the quotient rule and implicit differentiation again to find the second derivative:

                            
                                
                            

                            That's a perfect match for (D).

                        
                    

                

            
        
    
        
        8.5 Derivatives of Inverse Functions

        To answer a question like this:

        

        
            
                	
                    
                        If , then f(1) = 3. Given that h is the inverse of f, what is the value of h'(3) ?

                    
                    
                        	
                            
                        

                        	
                            
                        

                        	2

                        	50

                    

                

            

        
        
        You need to know this:

        

        The Inverse Function Theorem

        
            
                
            

        

        The biggest obstacle to understanding the Inverse Function Theorem is understanding the notation used to state it, so it may help to assign a different name to the inverse function.

        Suppose h is the inverse of a function f. Then:

        
            
        

        You'll most likely be given a point on f as part of the question. To find the equivalent point on the inverse function, simply swap the x- and y-values. 

        Translation: Given a point (x, y) on a function, the derivative of the inverse function at y is 1 over the derivative of the original function evaluated at x.

        You need to do this:

        
            	Take the ordered pair you're given for the original function and swap the coordinates to find the corresponding ordered pair for the inverse function. For example, if f(a) = b, then h(b) = a.

            	Take the derivative of the original function.

            	Evaluate the derivative at h(b), which happens to be the original a given in the problem. 

            	Plug the result into the theorem:
                . 

            	In other words, find f' of the original x-value and then take its reciprocal.

        

        Answer and Explanation:

        B
        

        Because h is the inverse of f, and because f(1) = 3, you know that h(3) = 1 (swap the values). The derivative of f is f'(x) = 6x2 – 4. To find h'(3), evaluate f' at h(3) = 1, and then take the reciprocal:

        

        
            
        

        Note that if you're not fond of memorizing theorems, you could also use facts about inverse functions and implicit differentiation to answer a question like this. To do so, follow these steps:

        
            	Write the given function as y = ... and then swap the xs and the ys (this is the first step in finding an inverse function).

            	Take the derivative with respect to x. Don't forget to multiply by  whenever you take the derivative of a term that contains y.

            	Solve for  (which represents the derivative of the inverse function because you swapped the variables).

            	Plug in the original x-value given in the question stem (which is the y-value for the inverse function) and simplify.

        

        
            
        

	Choice (B) is correct.
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                    	x
                    	f(x)
                    	g(x)
                    	f'(x)
                

                
                    	–4
                    	2
                    
                    	1
                    
                    	
                        
                        

                    
                

                
                    	1
                    	–4
                    	–2
                    	4
                

            
        

    



                	
                    
                   
                    
                        The table above gives values of the differentiable functions f and g, and f', the derivative of f, at selected values of x. If g is the inverse of f, what is the value of g'(–4) ?

                    
                    
                        	
                            
                        

                        	
                            
                        

                        	
                            
                        

                        	
                            
                        

                    

                    
                

                	
                    
                    
                        Suppose f is a differentiable function given by the equation, and h is the inverse of f. If f(2) = 5, then what is the value of h'(5) ?

                    
                    
                        	
                            
                        

                        	
                            
                        

                        	
                            
                        

                        	
                            
                        

                    

                    
                

                	
                    
                    
                        Suppose f is given by , and g(x) = f –1(x). If the point (0, 1) is on the graph of f, what is the value of g'(1) ?

                    
                    
                        	
                            
                        

                        	
                            
                        

                        	
                            
                        

                        	
                            
                        

                    

                    
                

                	
                    
                    
                        Let f(x) = x3 − x + 2 for certain values of x. If h is the inverse of f over these same values, then h′(2) could be
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            Answers
                and Explanations

            
                
                    	C
                        
                            Because f and g are inverses, use the Inverse Function Theorem:

                            
                                
                            

                            Now plug x = –4 into this expression and evaluate it using the table of values given:

                            
                                
                                    
                                    
                                    
                                        
                                            	x
                                            	f(x)
                                            	g(x)
                                            	f'(x)
                                        

                                        
                                            	–4
                                            	2
                                            
                                            	1
                                            
                                            	
                                                
                                                

                                            
                                        

                                        
                                            	1
                                            	–4
                                            	–2
                                            	4
                                        

                                    
                                

                            

                            
                                
                            

                            From the table, g(–4) is 1, so this becomes:

                            
                                
                            

                            Choice (C) is correct.

                        
                    

                    	B
                        
                            Because h is the inverse of f, and because f(2) = 5, you know that h(5) = 2 (swap the values). The derivative of f is 
                                . To find h'(5), evaluate f' at h(5), or 2, and then take the reciprocal:

                            

                            
                                
                            

                            That's (B).

                        
                    

                    	B
                        
                            Because g is the inverse of f, and because f(0) = 1, you know that g(1) = 0 (swap the coordinates of the given point, (0, 1)). The derivative of f is f'(x) = ex + 3. To find g'(1), evaluate f' at g(1), or 0, and then take the reciprocal:

                            

                            
                                
                            

                            That's (B).

                        
                    

                    	B
                        
                            This is a much more difficult question because you're not given a point on f. You approach it the same way, but you'll need to fill in some missing information.

                            If h is the inverse of f(x) = x3 − x + 2, then, according to the formula for the derivative of an inverse:
                                . To compute h′(2) you must evaluate f′(h(2)), so you need to find f′(x) and h(2). The function f(x) = x3 − x + 2 has a derivative of f′(x) = 3x2 − 1.

                            Because h is the inverse of f, to find h(2), solve the equation 2 = x3 − x + 2 ⇒ x3 − x = 0 ⇒ x(x + 1)(x − 1) = 0 ⇒ x = 0, −1, and 1.

                            Therefore, h(2) = 0, −1 or 1. Plug each of these options into the formula for h′(2) above:

                            
                                
                                    
                                        
                                            	h(2)
                                            	0
                                            	−1
                                            	1
                                        

                                        
                                            	f′(h(2))
                                            	−1
                                            	2
                                            	2
                                        

                                        
                                            	
                                                
                                            
                                            	−1
                                            	
                                                
                                            
                                            	
                                                
                                            
                                        

                                    
                                

                            

                            Because −1 is not one of the answer choices, the correct answer is
                                , which is (B).

                        
                    

                

            
        
    
    

        Rapid Review

        
            If you take away only 4 things from this chapter:

            
                	
                    You need to memorize the derivative rules for trig functions and inverse trig functions:

                    
                        
                            
                                
                                    	f(x)
                                    	f′(x)
                                

                            
                            
                                
                                    	sin x
                                    
                                    	cos x
                                    
                                

                                
                                    	cos x
                                    
                                    	−sin x
                                    
                                

                                
                                    	tan x
                                    
                                    	sec2 x
                                    
                                

                                
                                    	cot x
                                    
                                    	−csc2 x
                                    
                                

                                
                                    	sec x
                                    
                                    	sec x tan x
                                    
                                

                                
                                    	csc x
                                    
                                    	−csc x cot x
                                    
                                

                                
                                    	arcsin x
                                    	
                                        
                                        

                                    
                                

                                
                                    	arccos x
                                    	
                                        
                                        

                                    
                                

                                
                                    	arctan x
                                    	
                                        
                                        

                                    
                                

                            
                        

                    

                

                	Higher order derivatives can be indicated using prime notation, such as  f″(x) or y", or by , where n represents the order of the derivative.

                	When a function is defined in such a way that it is difficult or impossible to express y explicitly in terms of x, use implicit differentiation to find the derivative of the function.

                	
                    If h is the inverse of a function f, then:

                    
                        
                    

                    In other words, given a point (x, y) on a function, the derivative of the inverse function at y is 1 over the derivative of the original function evaluated at x.

                    

                

            

        
    
        
        
        
            
                Test What You Learned
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                        If , what is  ?
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                        Which of the following is the derivative of  ?

                    
                    
                        	
                            
                        

                        	
                            
                        

                        	
                            
                        

                        	
                            
                        

                    

                    
                

                	

    
        
            
                
                    	x
                    	f(x)
                    	g(x)
                    	f'(x)
                

            
            
                
                    	−2
                    	4
                    
                    	3
                    
                    	1
                

                
                    	3
                    
                    	−2

                    
                    	−1

                    
                    	
                        
                    
                

            
        

    



                	
                    
                   
                    
                        Let f and g be inverse functions. The table above lists a few values of f, g, and f'. The value of g'(−2) = 

                    
                    
                        	−1

                        	
                            
                        

                        	2

                        	3

                    

                    
                

                	
                    
                

            

        
    
        
        
        
            Answer
                Key

            Test What You Already Know

            
                	B    Learning Objective: 8.1

                	D    Learning Objective: 8.2

                	C    Learning Objective: 8.3

                	C    Learning Objective: 8.4

                	B    Learning Objective: 8.5

            

        
        Detailed solutions can be found in the Answers and Explanations section at the back of this book.

        

        

    
        
        
        
            Answer
                Key

            Test What You Learned

            
                	A    Learning Objective: 8.4

                	D    Learning Objective: 8.3

                	B    Learning Objective: 8.2

                	A    Learning Objective: 8.1

                	C    Learning Objective: 8.5

            

        
        Detailed solutions can be found in the Answers and Explanations section at the back of this book.

        

        

    
    

        Reflection

        Test What You Already Know score: _________

        Test What You Learned score: _________

        Use this section to evaluate your progress. After working through the pre-quiz, check off the boxes in the "Pre" column to indicate which Learning Objectives you feel confident about. Then, after completing the chapter, including the post-quiz, do the same to the boxes in the "Post" column. Keep working on unchecked Objectives until you're confident about them all!

  
        
        




	Pre
	Post
	



	◻	◻  	8.1 Calculate derivatives of trig functions


	◻	◻  	8.2 Calculate derivatives of inverse trig functions


	◻	◻  	8.3 Determine higher order derivatives


	◻	◻  	8.4 Use implicit differentiation to find derivatives




	◻	◻  	8.5 Calculate derivatives of inverse functions







	
        For More Practice

        Complete more practice online at kaptest.com. Haven't registered your book yet? Go to kaptest.com/booksonline to begin.

    
    

        

            Chapter 9

            Applications of the Derivative

            
            
            Learning Objectives

            In this chapter, you will review how to:

            
                	9.1 Determine the slope of a curve at a given point

                	9.2 Solve problems involving tangent lines and normal lines

                	9.3 Use an equation of the tangent line to make local linear approximations of a function

                	9.4 Use derivatives to find rates of change

                	9.5 Use the first derivative to find relative/absolute extrema and to describe intervals of increase or decrease

                	9.6 Use the second derivative to find points of inflection and to describe concavity

            

        
    
        
        
        
            
                Test What You Already Know

            
            
                	
                    
                        What is the slope of the curve  at x = 2 ?

                    
                    
                        	0

                        	11

                        	12

                        	16

                    

                    
                    

                

                	
                    
                        At what points on the graph of the function
                             does the tangent line have a slope of 1 ?

                    
                    
                        	 (–4, –2) and (–12, 6)

                        	 (–4, 0) only

                        

                        	 (–12, 1) only

                        

                        	(–4, 1) and (–12, 1)

                    

                    
                    

                    
                    

                    
                    

                

                	
                    
                        Suppose for some differentiable function f that  f(4) = 1 and 
                            . Using a local linear approximation, the value of f(4.7) is best approximated as

                    
                    
                        	0

                        	3

                        	3.1

                        	4.7

                    

                

                	
                    
                        If , what is the instantaneous rate of change of f(x) at x = 2 ?

                    
                    
                        	10

                        	22

                        	37

                        	52

                    

                

                	
                    
                        For 0 < x < 13, the derivative of the function f(x) is given by . Over what interval(s) is f decreasing? 

                    
                    
                        	0.376 < x < 6.659

                        	0 < x < 1.571 and 5.82 < x < 7.854

                        	1.571 < x < 5.82 and 7.854 < x < 12.103

                        	5.82 < x < 7.854 and 12.103 < x < 13

                    

                

                	
                    

                        
                            [image: The graph of f of x begins at x equals negative 2 and a positive y value. The graph decreases until x equals 1, then increases nonlinearly to x equals 1. The graph then decreases to x equals 2.5, then increases.]
                        


                    
                

                	
                    
                        The graph of f(x) is given above. Which of the following statements is true about f"(x) ?

                    
                    
                        	f"(x) > 0 for all values of x 

                        	f"(x) < 0 for all values of x 

                        	f"(x) < 0 for –2 < x < –1 and f"(x) > 0 for –1 < x < 1 and x > 2

                        	f"(x) > 0 for –2 < x < 0 and x > 2, and f"(x) < 0 for 0 < x < 2

                        

                    

                

                	
                

            

        
        Answers to this quiz can be found at the end of this chapter.

        

        

    
        
        9.1 The Slope of a Curve at a Point  

        To answer a question like this:

        

        
            
                	
                    
                        
                            [image: The graph of f of x starts at 1 comma negative 2. The graph decreases nonlinearly to a comma f of a, which is at 2 comma negative 3. The graph increases to b comma f of b, which is at 3 comma 3. The graph continues to incrases to c comma f of c, which is at 4 comma 3. The graph then decreases to d comma f of d, which is at 5 comma 2 point 5. The graph then decreases, then increases slightly to e comma f of e, which is at 6 comma 2.]
                        
                        The graph of f(x) is shown above with several points labeled. The values of which of the following are presented in ascending order?

                    
                    
                        	 f(b), f′(a), f′(d), f′(b)

                        	f(a), f′(c), f′(e), f(c)

                        	f'(a), f′(c), f′(b), f′(d)

                        	f(a), f′(b), f′(c), f(d)

                    

                

            

        
        
        You need to know this:

        
            	The slope of a curve y = f(x) at a point P means the slope of the tangent at the point P. 

            

            	The slope of the tangent to a curve at a given point is the first derivative, f'(x), of the function evaluated at that point.
            

            	If a curve is increasing at x = a, then f'(a) > 0. If a curve is decreasing at x = a, then f'(a) < 0.

            	A horizontal tangent line means the slope at that point is 0.

        

        You need to do this:

        
            	Use the graph to eliminate options one at a time.

            	Estimate the functional values and the slopes for each of the indicated points. 

            	Remember, f'(a) represents the slope of the curve at x = a. You can't find exact slopes (because you don't have an equation to work with), but you should be able to determine whether the slopes are approximately equal to 0, slightly positive, very positive, slightly negative, or very negative.

        

        Answer and Explanation:

        B
        

        Choice A: f(b) = 0 and f′(a) also appears to be 0 (because the graph has a horizontal tangent at x = a). The slope of the curve at d is negative, so f′(d) < 0 and the list in A is therefore not in ascending order. Eliminate A.

        Choice (B): f(a) < 0 because the point lies below the x-axis. The graph has a horizontal tangent at x = c, so f′(c) = 0. The slope of the curve is slightly positive at x = e. If you visualize (or sketch) the line tangent to the curve at this point, you can determine that the slope of the line is less than 1, so 0 < f′(e) < 1. Finally, f(c) appears to equal 3. Therefore, this list is in ascending order, and (B) is correct.

        There is no need to check the other choices, unless you’re not sure about your answer, but just in case you’re curious ...

        Choice C: The graph has a horizontal tangent at x = a; therefore f′(a) = 0. The slope of the graph is negative at x = d, so f′(d) < 0. Therefore, this list is not in ascending order.

        Choice D: The slope of the curve is positive at x = b, so f′(b) > 0. The graph has a horizontal tangent at x = c, so f′(c) = 0. Therefore, this list is not in ascending order.

        
            
                Practice Set

                
                
                
            
            
                
                	
                    
                    
                        The slope of the curve given by y = ln (x 2) at the point (e2, 4) is

                    
                    
                        	
                            
                        

                        	
                            
                        

                        	
                            
                        

                        	
                            
                        

                    

                    
                

                	
                    
                    
                        Let f be the function given by . For what value of x does the curve have a slope of 0 ?

                    
                    
                        	0.068

                        	0.665
                        

                        	0.939

                        	0.950

                    

                    
                

                	
                    
                    
                        What is the slope of the curve y = 4cos x − 1 at its first positive x-intercept?

                    
                    
                        	–1.386

                        	–1.014

                        	0.046

                        	1.571

                    

                    
                

                	
                    
                    
                        A curve is generated by the equation x2 + 4y2 = 16. How many points on this curve have horizontal tangent lines?

                    
                    
                        	0

                        	1

                        	2

                        	4

                    

                    
                

                	
                    
                

            

        
    
        
        
        
            Answers
                and Explanations

            
                
                    	D
                        
                            To find the slope of the curve at x = e2, take the derivative of y and evaluate it at x = e2. Don't forget to use the chain rule when taking the derivative:

                            
                                
                            

                            Choice (D) is correct. An even faster way to find this derivative would be to use a rule of logs, ln (x)2 = 2 ln x, to simplify the function before you take the derivative. (Note that, in this problem, you don't need the y-value of the point to find the slope of the curve.)

                        
                    

                    	B
                        
                            Find the derivative of f (which represents slope), set it equal to 0, and solve for x. Don't forget to use the chain rule when you take the derivative of the first term in the equation.

                            
                                
                            

                            It is not possible to solve this equation by hand, so graph the equation in your calculator and use the Zero function. The result is x = 0.665, which is (B).

                            (Using the Zero function on a graphing calculator is covered in detail in Chapter 15.)

                        
                    

                    	A
                        
                            This slope question has a slight twist but can be solved exactly as the previous two questions were. You just don't know the value of x at which you need to evaluate the derivative. The equation is not easily solvable, so use the Zero function on your calculator to find the first positive x-intercept of the graph, which is x =1.57080. To find the slope at this value of x, find the value of the derivative at x =1.57080 using the Numerical Derivative feature of your calculator. This gives y′ at x =1.57080  is –1.386, which is (A). It is a good idea to use many decimal places when rounding in the middle steps of a problem because your final answer will need to be correct to 3 decimal places. Use the Store function on your calculator to save all nine or more decimal places.

                            (Using the Zero function and the Derivative function on a graphing calculator is covered in Chapter 15.)

                        
                    

                    	C
                        
                            There are two ways to answer this question. The precalculus approach is to realize that the graph of the equation is an ellipse with center (0, 0) and vertices at the points (4, 0), (−4, 0), (0, 2), and (0, −2). Once drawn, you can see that there are exactly two points with horizontal tangent lines (the points (0, 2) and (0, −2)).

                            The calculus approach is to find critical points via the derivative, because the derivative represents the slope of the tangent line. Use implicit differentiation to find the derivative: 

                            
                                
                            

                            A horizontal tangent line has a slope of 0, so set the derivative equal to 0 and solve for x: 

                            
                                
                            

                            Substituting x = 0 into the original equation yields 4y2 = 16, or y = ±2. Thus, horizontal tangent lines occur at two points, (0, 2) and (0, −2), making (C) the correct answer.

                        
                    

                

            
        
    
        
        9.2 Tangent Lines and Normal Lines

        To answer a question like this:

        
            
                	
                    
                        What is the y-intercept of the line that is tangent to the curve
                            
                            at the point on the curve where x = 6 ?

                    
                    
                        	0

                        	
                            
                        

                        	
                            
                        

                        	1

                    

                

            

        
        
        You need to know this:

        Tangent lines:

        
            	The slope of the tangent to a curve at a given point is the first derivative, f'(x), of the function evaluated at that point.

            	If f'(a) = 0 for some value of a, then the graph has a horizontal tangent line at x = a. For example, f(x) = x2 + 3 has a horizontal tangent at x = 0 because f'(x) = 2x and f'(0) = 2(0) = 0.

            

            	If f(b) is defined but f'(b) does not exist for some value of b, then the graph either has a vertical tangent or a sharp point (cusp) at x = b. For example, the graph of  has a vertical tangent at x = 0 because , which is undefined at x = 0. (Sharp points will be discussed later.)

        

        Normal lines:

        

        
            	The normal line is defined as the line that is perpendicular to the tangent line at the point of tangency. 

            	Because the slopes of perpendicular lines (assuming neither is vertical) are negative reciprocals of each other, the slope of the normal line to the graph of f(x) is .

        

        Point-slope form of a line: 

        
            	y – y1 = m(x – x1), where (x1, y1) is any point on the line.

        

        You need to do this:

        
            	Find the derivative of the function.

            	Plug the given value of x into f' to find the slope of the tangent line.

            	Plug the given value of x into the original function, f, to find the corresponding y-value of the point of interest (if it is not already given).

            	Plug the point of interest and slope into the point-slope form of a line. Look at the answer choices and simplify only if necessary.

        

        Answer and Explanation:

        D
        

        First, find the derivative of
             Start by writing the radical using a fractional exponent, then use the chain rule. The result is:

        
            
        

        The slope of the tangent line when x = 6 is:

        
            
        

        Now use the point-slope form of a line, y − y1 = m(x − x1), to write an equation for the tangent line. When x = 6,
            . So, 
            is the slope and (6, 3) is the point. The equation of the tangent line is
            
            To determine the y-intercept, plug in x = 0, which yields   or y = 1. Therefore the y-intercept is 1, which is (D).

        
            
                Practice Set

                
                
                
            
            
                
                	
                    
                    
                        At what point x on the curve f(x) = ln (2x − 1) does the tangent line have a slope of
                             ?

                    
                    
                        	1

                        	e

                        	3

                        	5

                    

                    
                

                	
                    
                    
                        An equation of the line tangent to the graph of
                            
                            at
                            
                            is

                    
                    
                        	
                            
                        

                        	
                            
                        

                        	
                            
                        

                        	
                            
                        
                        

                    

                    
                

                	
                    
                    
                        Let f(x) = 3x2 + 1 and g(x) = x3 − 9x. For how many values of a is the line tangent to f at x = a parallel to the line tangent to g at x = a ?

                    
                    
                        	0

                        	1

                        	2

                        	3

                    

                    
                

                	
    
        
            [image: The graph of f of x equals 4 minus x squared is shown. The graph is a parabola that crosses that x axis at negative 2 and 2 and has y intercept at 4. There is also the graph of a line that crosses through point k, which is located at 1 comma 3.]
        
    



                	
                    
                    
                    
                        Consider the graph of f(x) = 4 − x2 and a normal line to the graph at any point x = k, as shown above. In terms of k, what is the y-intercept of the normal line at the point on the curve where x = k ? 

                    
                    
                        	3.5 − k2

                        	1.5 + k2

                        	2 + 0.5k2

                        	1.5 + k

                    

                    
                

                	
                    
                

            

        
    
        
        
        
            Answers
                and Explanations

            
                
                    	C
                        
                            The slope of the tangent to a curve at a given point is f'(x) evaluated at that point, so start by finding the derivative of f(x) = ln (2x − 1). By the chain rule:

                            
                                
                            

                            Set this derivative equal to the given slope, , and solve for x using cross-multiplication:

                            
                                
                            

                            Choice (C) is correct.

                        
                    

                    	A
                        
                            To get the equation of the tangent line, you need to know the slope of the tangent line and a point on the tangent line. To calculate the slope of the tangent at
                                
                                , find
                                
                                .

                            Using the chain rule yields:

                            
                                
                            

                            Now plug in  for x in the original function to find the point:

                            
                                
                            

                            Using the point-slope form of a line yields the equation  , which is (A).

                        
                    

                    	C
                        
                            Lines are parallel if their slopes are equal. The slope of the tangent line at a point is the derivative of the function evaluated at that point. Combining these concepts tells you that the solution to this question is the number of solutions to the equation f′(a) = g′(a), so compute these derivatives: f′(x) = 6x and g′(x) = 3x2 − 9. Graph the equations in your calculator to see that the graphs intersect twice, which means f′(a) = g′(a) has two solutions, making (C) the correct answer.

                            Note that you could also set the two derivatives equal to each other and solve the resulting quadratic equation by factoring. The solutions are x = –1 and x = 3, confirming that there are indeed two solutions.

                        
                    

                    	A
                        
                            Because the question asks for the y-intercept in terms of k, don't use the point at k shown on the graph (that is, don't use (1, 3) in your calculations). Instead, use k for x wherever you need to substitute an x-value.

                            To start, find the derivative of f, which is f′(x) = −2x. Next, determine the slope of the normal line to f at the point where x = k. The slope of the tangent at x = k is f′(k) = −2k. It follows that the slope of the normal line is  because the normal line is perpendicular to the tangent line. The point of normalcy (which is the same as the point of tangency) is (k, f(k)). Now, use the point-slope form of a line to get the equation of the normal line,
                                
                                Because f(k) = 4 − k2, the normal line can be written as:

                            
                                
                            

                            Finally, the y-intercept occurs when x = 0, which means:

                            
                                
                            

                            Choice (A) is correct.

                        
                    

                

            
        
    
        
        9.3 Local Linear Approximations

        To answer a question like this:

        

        
            
                	
                    
                        Suppose a linear approximation for  at x = 8 is used to approximate  Which of the following is the resulting approximation?

                    
                    
                        	2.013

                        	2.019

                        	2.025

                        	2.031

                    

                

            

        
        
        You need to know this:

        Using the tangent line to approximate a function:

        
            	 The line tangent to a curve at a point, if it exists, is the line that best approximates the curve near that point. This means that if a function is differentiable at a point, then locally it looks like its tangent line. That is to say, if you zoom in far enough with your graphing calculator, the function looks like a straight line—and the line that it looks like is its tangent line. The graph below demonstrates this for the function
                 at x = 16.
                
                    
                        [image: The graph of y equals square root of x, along with the tangent line to the graph of y at x equals 16, which intersects with the graph of y at 16 comma 4.]
                    
                

            

            	Thus, at points where a function is differentiable, the tangent line can be used to approximate the function. 

            	A function does not look like a line close to a point at which it is not differentiable—for instance, if the function has a sharp corner, as the graph of y = |x| does at x = 0.

            

        

        You need to do this:

        
            	Take the derivative of the function, which represents the slope of the tangent line, and evaluate it at the given x-value.

            	Plug the given x-value into the original function, f, to find the y-value of the point of tangency.

            	Use the slope and the point to write the equation of the tangent line.

            	Plug in the x-value for which you’re approximating the function.

        

        
            AP Expert Note

            Note that when finding a linear approximation, it is best NOT to simplify the linear equation, because you will be asked to approximate the value of f at an x-value that is close to the x-value of the point given. By not simplifying, the calculations are easier, which is important because these questions may appear in the no-calculator section of the test.

        
        Answer and Explanation:

        C
        

        According to the question stem, you need to approximate 
            using the function
             at x = 8 (the closest value to 8.3 that is a perfect cube). Start by computing the derivative, f′(8), or the slope of the tangent line:

        

        
            
        

        Next, find the y-value of the point of tangency: f(8) = 2, so the line tangent to the curve
            at x = 8 is:

        
            
        

        Using this equation, the linear approximation of
              is:

        
            
        

        Choice (C) is correct.

        
            
                Practice Set

                                 
                
                
            
            
                
                	
                    
                    
                        Suppose a linear approximation for  at x = 16 is used to approximate . Which of the following is the resulting approximation?

                    
                    
                        	4.075

                        	4.125

                        	4.375

                        	4.875

                        

                    

                    
                

                	
                    
                    
                        
                            
                                Let f(x) be a differentiable function with f(–1) = 5 and f'(–1) = 2. Use the given information to find the local linear approximation of f(–0.9).
                            

                        

                    
                    
                        	4.9

                        	5.1

                        	5.2

                        	5.3

                    

                    
                

                	
                    
                    
                        A differentiable function f is defined by f(x) = x 2 · sin (πx) − 4x. Which of the following is a linear approximation to f at x = 1 ?

                    
                    
                        	y = −x − 1
                        

                        	y = −πx + π
                        

                        	y = (−π − 4)x + π
                        

                        	y = (2x sin πx + x2π cos πx − 4)x − 1
                        

                    

                    
                

                	
                    
                    
                        The local linear approximation to a function f at x = –3 is y = 2x + 7. What is the value of f(–3) + f'(–3) ?

                    
                    
                        	–1

                        	1

                        	2

                        	3

                    

                    
                

                	
                    
                

            

        
    
        
        
        
            Answers
                and Explanations

            
                
                    	B
                        
                            According to the question stem, you need to approximate 
                                using the function
                                , and x = 16 (the closest value to 17 that is a perfect square). Start by computing the derivative, f′(16), or the slope of the tangent line:

                            
                                
                            

                            Next, find the y-value of the point of tangency: f(16) = 4, so the line tangent to the curve
                                at x = 16 is:

                            
                                
                            

                            Therefore, a good linear approximation is:

                            
                                
                            

                            Choice (B) is correct.

                        
                    

                    	C
                        
                            To use a local linear approximation, you need to find the equation of the tangent line. You've been given all the information you need in the question stem; you just need to piece it all together. The point on the function is given by f(–1) = 5, which translates to the point (–1, 5). The slope of the tangent line at x = –1 is given by f'(–1) = 2, so the slope is 2. Now the point-slope form of the tangent line is:

                            
                                
                            

                            Substituting x = –0.9 into the equation of the tangent line yields:

                            
                                
                            

                            That's (C).

                        
                    

                    	C
                        
                            You're looking for a linear approximation, so you can eliminate D right way as it contains an x2 term. The tangent line to the function at the given point provides a linear approximation to the function at that point, so start by finding the first derivative and evaluating it at x = 1; this gives you the slope of the tangent line. Use the product rule, (f ·g)' = f'g + fg', to find the derivative of the first term:

                            
                                
                            

                            Now, don’t do more work than is needed to obtain the correct solution—because the answer choices all have different slopes (the coefficient of x), it suffices to know the slope of the tangent line at x = 1. In other words, finding f′(1) = −π − 4 allows you to find the correct answer, which is (C). 

                        
                    

                    	D
                        
                            You need to think creatively to answer this question. The local linear approximation of f at x = –3 is found using the equation of the line tangent to f at x = –3. This tells you that the tangent line passes through (–3, f(–3)) and the slope of the tangent at x = –3 is 2 (the coefficient of x in the linear approximation y = 2x + 7). The slope of the tangent is also given by f'(–3), so f'(–3) = 2. Because both the tangent line and the curve pass through the same point on the curve, you can find f(–3) by plugging x = –3 into the tangent line:c = 2(–3) + 7 = 1. Thus f(–3) = 1.  Finally, f(–3) + f'(–3) = 1 + 2 = 3, which is (D).

                        
                    

                

            
        
    
        
        9.4 Derivatives as Rates of Change

        To answer a question like this:

        

        
            
                	
                    
                        For the function f(x) = 3x2 – 7, if the average rate of change over the closed interval [0, 2] is used to approximate the instantaneous rate of change at x = 1, by how much does the average rate of change exceed the instantaneous rate of change?

                    
                    
                        	0

                        	0.5

                        	1

                        	1.5

                    

                

            

        
        
        You need to know this:

        Instantaneous and average rates of change:

        
            	Lots of real-life applications of the derivative involve modeling the rates of change of functions. 

            	The average rate of change over a closed interval [a, b] is the slope of the secant line between the endpoints of the interval: .

            	The instantaneous rate of change of a function at a point is the slope of the tangent line at that point (or the derivative evaluated at that point).

        

        Increasing/decreasing:

        

        
            	For a differentiable function f, where f' is the rate of change, the function is increasing where f' > 0 and decreasing where f' < 0.

            	The rate of change, f', is increasing where its derivative f" > 0 and decreasing where f" < 0.

        

        You need to do this:

        
            	To find the average rate of change: Plug the endpoints of the interval into the function and then use the slope formula.

            	To find the instantaneous rate of change, take the derivative of the function and plug in the given value of x.

            	To compare the two rates, subtract the results.

        

        Answer and Explanation:

        A
        

        The average rate of change over a closed interval [a, b] is the slope of the secant line between the endpoints of the interval: . Find f(0) and f(2) by plugging x = 0 and x = 2 into the original function:

        

        
            
        

        Now find the average rate of change using the points (0, –7) and (2, 5):

        
            
        

        To find the instantaneous rate of change at x = 1, take the derivative of f and evaluate it at x = 1:

        
            
        

        At x = 1, the difference between the average rate of change on the interval [0, 2] and the instantaneous rate of change is 6 – 6 = 0, so (A) is correct.

        
            
                Practice Set

                
                
                
            
            
                
                	
                    
                    
                        The cost, in dollars, to store old medical x-ray films for a hospital system is modeled by a differentiable function C, where C depends on the weight of the films in pounds. Of the following, which is the best interpretation of C'(200) = 15 ?

                    
                    
                        	The cost to store 200 pounds of films is $15.

                        	The average cost to store the films is  dollars per pound.

                        	The cost to store the films is increasing at a rate of $15 per pound when the weight of the films is 200 pounds.

                        	Increasing the weight of the films by 200 pounds will increase the cost to store the films by approximately $15.

                    

                    
                

                	
                    
                    
                        A water tank holds 6,000 gallons. When the drain is opened, the tank empties in 100 minutes. The volume of the water remaining in the tank t minutes after the drain is opened is modeled by V(t) = 6,000(1 − 0.01t)2. What is the rate of change of the volume of the water in gallons per minute when t = 60 ?

                    
                    
                        	−48

                        	−24

                        	24

                        	48

                    

                    
                

                	
                    
                    
                    
                        After an injection, the concentration in mg/L (milligrams per liter) of a drug in the bloodstream is modeled by the function C(t) = K(e−at − e−bt) where a, b, and K are positive constants with b > a and t is time, measured in hours, after the injection is given. What is the rate of change of the drug’s concentration in mg/L per hour exactly one hour after an injection?

                    
                    
                        	K(e−a − e−b)

                        	K(e−b − e−a)

                        	K(be−b − ae−a)

                        	K(ae−a − be−b )

                    

                    
                

                	

    The rate of change of the temperature in March is modeled by the function  
        .



                	
                    
                   
                    
                        Which of the following best describes the temperature at t = 7 ?

                    
                    
                        	The temperature is increasing but the rate of change in the temperature is decreasing.

                        	The temperature is increasing and the rate of change in the temperature is also increasing.

                        	The temperature is decreasing but the rate of change in the temperature is increasing.

                        	The temperature is decreasing and the rate of change in the temperature is also decreasing.

                    

                    
                

                	
                    
                

            

        
    
        
        
        
            Answers
                and Explanations

            
                
                    	C
                        
                            The derivative of a function at a specific value represents the instantaneous rate of change of the function at that value. Thus, the cost is changing at a rate of $15. Here, cost depends on the weight of the films, so weight is the independent variable. Hence, the 200 in the expression  C'(200) = 15 represents the specific weight of the films when the cost is changing at a rate of $15.  This matches (C).

                        
                    

                    	A
                        
                            The rate of change is the derivative, so V′(t) = 12000(1 − 0.01t)1·(−0.01) = −120(1 − 0.01t). To find the rate of change at t = 60, evaluate V′(60) = −120(1 − 0.01 · 60) = −120(1 − 0.6) = −48.

                            This matches (A).

                        
                    

                    	C
                        
                            The rate of change is the derivative of C(t) = K(e−at − e−bt), so it follows that C′(t) = K(−ae−at + be−bt) by the chain rule. Now we need to evaluate at t = 1, so C′(1) = K(−ae−a + be−b) = K(be−b − ae−a). Choice (C) is correct.
                        
                    

                    	A
                        
                            The temperature, T, is increasing when T′(t) > 0. Use your graphing calculator (set to radians mode) to compute T'(7):

                            
                                
                            

                            Therefore, the temperature is increasing at t = 7.

                            The rate of change of temperature, T′(t) > 0, is increasing when T″(t) > 0. Use the Numerical Derivative function on your calculator to compute T″(7), which is the derivative of T'; the result is T″(7) = −0.301 < 0 ⇒ T′(t) is decreasing, i.e., the rate of change of the temperature is decreasing. Choice (A) is correct. You could also graph T' on your calculator and notice that the graph is above the x-axis and has a negative slope.

                            (Using the Derivative function on your calculator is covered in Chapter 15.)

                        
                    

                

            
        
    
        
        9.5 First Derivatives and Curve Sketching

        To answer a question like this:

        
            
                	
                    
                        Given the continuous function y = x2(x − 3), which of the following statements is true?

                    
                    
                        	The function has a local maximum at x = 0 and a local minimum at x  = 2.

                        	The function has a local minimum at x = 0 and a local maximum at x  = 2.

                        	The function has a local maximum at x = 0 but no local minimum.

                        	The function has a local minimum at x = 2 but no local maximum.

                    

                

            

        
        
        You need to know this:

        

        Where a function is increasing, decreasing, or constant:

        
            	f is increasing on intervals where f′(x) > 0.

            	f is decreasing on intervals where f′(x) < 0.

            	f is constant on intervals where f′(x) = 0.

        

        Relative extrema and the First Derivative Test:

        

        
            	Relative extrema occur only where the derivative is zero or where it does not exist (DNE). These x-values are called critical numbers and the points are called critical points.

            	A function f has a relative (local) maximum at x0 if f(x0) is defined and there is an open interval on which f changes from increasing on the left of x0 to decreasing on the right of x0 (i.e., the derivative changes from positive to negative).

            	A function f has a relative (local) minimum at x0 if f(x0) is defined and there is an open interval on which f changes from decreasing on the left of x0 to increasing on the right of x0 (i.e., the derivative changes from negative to positive).

            	The function f does not have a relative extremum if the sign of f′(x) does not change on some open interval.

        

        The graphs below show several possibilities for the behavior of a graph at a relative extremum.

        
            
                [image: The first graph is a downward facing parabola, which has a relative maximum at the vertex, where the derivative is 0. The second graph is an upward facing parabola, which has a relative minimum at the vertex, where the derivative is 0. The third graph creates a point facing upward, and the derivative is undefined at this point. The fourth graph is an absolute value graph that has a relative minimum at the vertex, where the derivative is undefined. ]
            
        

        You need to do this:

        
            	Multiply the function (because it’s easier than applying the product rule).

            	Take the derivative of y, set it equal to zero, and solve to find the critical numbers.

            	Do a sign analysis around the critical points (using a sign chart or a test line).

            	Identify the maximums and minimums based on whether the derivative changes signs.

            

        

        Answer and Explanation:

        A
        

        
            	Multiply the function: y = x2(x − 3) = x3 − 3x2

            Take the derivative of y and set it equal to zero: y′ = 3x2 − 6x = 0

            	Find the solutions by factoring: y′ = 3x(x − 2) = 0

            	Critical Points: x = 0 or x = 2

        

        
            
                
                
                    
                        	Interval
                        	(− ∞, 0)
                        	(0, 2)

                        
                        	(2, ∞)

                        
                    

                    
                        	Test Point
                        	x = −1

                        
                        	
                            x = 1

                        
                        	x = 4

                        
                    

                    
                        	Sign of f'
                        	f′(−1) = (−3)(−3) = 9

                            Positive

                        
                        	f′(1) = (3)(−1) = −3

                            Negative

                        
                        	f′(4) = (12)(2) = 24

                            Positive

                        
                    

                    
                        	Conclusion
                        	f increasing

                        
                        	f decreasing

                        
                        	f increasing

                        
                    

                
            

        

        
            
                [image: The graph of f increases from the left to 0, where the sign of the derivative is positive. The graph decreases from 0 to 2, where the derivative is negative. The graph increases after 2, where the derivative is positive.]
            
        

        A relative maximum occurs at x = 0, because the first derivative changes signs from positive to negative. A relative minimum occurs at x = 2, because the first derivative changes signs from negative to positive. This means (A) is correct.

        
            AP Expert Note

            In the Free Response section of the AP exam, sign charts and graphs must be clearly and accurately labeled. If they are not labeled or are labeled in an ambiguous manner, they will not be evaluated and you will not receive credit for that part of your work.

        
        
            
                Practice Set

                
                
                
            
            
                
                	
                    
                    
                        A function is defined by f(x) = 2x3 – 150x. Over which of the
                            following intervals is the function decreasing?

                    
                    
                        	[–5, 5] only

                        	[5, ∞) only

                        	(–∞, 0] and [0, ∞)

                        	(–∞, –5] and [5, ∞)

                    

                    
                

                	
    
        
            [image: The graph of f prime of x starts from the left and decreases to negative 4 comma 0. The graph decreases to negative 2 point 5 comma negative 5, then increases nonlinearly to 1 comma 0. The graph then decreases, then increases again to 3 comma 0. The graph increases to the right after 3 comma 0.]
        
    



                	
                    
                    
                    
                        The graph of f′(x) is shown above. Which of the following statements is true?

                    
                    
                        	f(−4) is a local minimum value.

                        	f(−4) is a local maximum value.

                        	f(1) is a local minimum value.

                        	f(1) is a local maximum value.

                    

                    
                

                	
                    
                    
                        The derivative of a function f is given by f′(x) = 2−x − 3 cos(x2). On the interval −3 < x < 3, at which values of x does f have a local maximum?

                    
                    
                        	x ≈ −1.737 and x ≈ 1.794

                        	x ≈ −2.454 and x ≈ 2.508

                        	x ≈ 0.441 and x ≈ 2.508

                        	x ≈ −0.937 and x ≈ 2.188

                    

                    
                

                	
                    
                    
                        Suppose that f′(x) > 0 on (−∞, −1), f′(x) < 0 on (−1, 1), and f′(x) > 0 on (1, ∞). Which of the following functions could be f ? 

                    
                    
                        	f(x) = x2 − x
                        

                        	f(x) = x3 − 3x
                        

                        	f(x) = x3 + 3x
                        

                        	f(x) = x4 + 4x
                        

                    

                    
                

                	
                    
                

            

        
    
        
        
        
            Answers
                and Explanations

            
                
                    	A
                        
                            A function is decreasing
                                where its first derivative is negative, so start by finding f'(x),
                                        which is 6x2 – 150. To determine
                                where the derivative is negative (or < 0), find the critical numbers by setting f'(x) equal to 0, solving for x, and then testing easy values
                                around the solutions by plugging them into f'. (You don’t need to find
                                exact values—you just need to determine the sign of the result.) 

                            
                                
                            

                            Now test values around +5 and –5. Use either a sign chart or a test line (graph), whichever you prefer:

                            
                                
                                    [image: A number line of f prime. There is a plus sign to the left of negative 5, a negative sign between negative 5 and positive 5, and a plus sign to the right of 5.]
                                
                            

                            The derivative is negative over
                                the closed interval [–5, 5], so (A) is correct.

                        
                    

                    	B
                        
                            This question has a twist because the graph shown is of f', not f, so pay careful attention to what the graph is telling you. Also keep the First Derivative Test in mind: f has a local maximum where the derivative changes from positive to negative (here, from above the x-axis to below the x-axis) and a local minimum where the derivative changes from negative to positive (here, from below the x-axis to above the x-axis). To the left of x = −4, the derivative is positive, and to the right of x = −4, the derivative is negative. This means f(−4) is a local maximum value, so the answer is (B). All of the other statements are false. There is no maximum or minimum at x = 1 because the derivative is negative on both sides of x = 1.
                        
                    

                    	D
                        
                            Graph the given equation (which is f', not f) in your calculator to determine where the derivative changes from positive to negative (because you're looking for a local maximum). Looking at the graph of f′ below, the only places where f′ crosses the x-axis and changes from positive (above the axis) to negative (below the axis) are at x ≈ −0.937 and x ≈ 2.188. 

                            
                                [image: The graph of f prime starts at negative 3 comma 11 and decreases, then increases, then decreases again, crossing the x axis just to the right of negative 1. The graph continues to decrease, then increases, crossing the x axis just to the right of 1. The graph increases, then decreases, crossing the x axis just to the right of 2. The graph continues to decrease, then increases, crossing the x axis just to the left of 3.]
                            

                            Choice (D) is correct.

                        
                    

                    	B
                        
                            For this question, it will help to see the graph of f. The information given implies that f is increasing (going up) on the interval (−∞, −1), decreasing (going down) on the interval (−1, 1), and increasing again on the interval (1, ∞). This means the graph has a local maximum at x = –1 and a local minimum at x = 1. You are given various answer choices that represent choices for f. Use your graphing calculator to graph these functions and check to see which one satisfies the given conditions. Choice (B) fits the information perfectly.
                        
                    

                

            
        
    
        
        9.6 Second Derivatives and Curve Sketching

        To answer a question like this:

        
            
                	
                    
                        For 0 < x < 2π, the graph of f(x) = x + 2 sin x has inflection points at

                    
                    
                        	
                             only

                        	
                             and 
                        

                        	
                             only

                        	
                             and 
                        

                    

                

            

        
        
        You need to know this:

        Concavity and inflection points:

        
            	Inflection points occur only when the second derivative equals zero or does not exist (DNE).

            	The graph of f is concave up where the second derivative is positive (f" > 0). In other words, the graph of f is concave up where the graph of f′ is increasing or where the graph of f″ is above the x-axis.

            	The graph of f is concave down where the second derivative is negative (f" < 0). In other words, the graph of f is concave down where the graph of f′ is decreasing or where the graph of f″ is below the x-axis.
            

            	The graph of f has an inflection point where the concavity changes from positive to negative or vice versa.

            	An increasing (or decreasing) function can be either concave up or concave down. Four possibilities are shown below.

                
                    

                    [image: The first graph, which increases slowly, then more quickly, is increasing and concave up. The second graph, which increases quickly, then more slowly, is increasing and concave down. The third graph, which decreases quickly, then more slowly, is decreasing and concave up. The fourth graph, which decreases slowly, then more quickly, is decreasing and concave down.]
                

            

        

        The Second Derivative Test for Extrema:

        

        
            	If f′(c) = 0 (slope = 0) and f″(c) > 0 (concave up), then f has a relative minimum at x = c.

            	If f′(c) = 0 (slope = 0) and f″(c) < 0 (concave down), then f has a relative maximum at x = c.
                
                    	
                        
                            
                                [image: The first graph is an upward facing parabola with a dot at the vertex. F prime of x equals 0 and f double prime of x is greater than 0 at this point, which is a relative minimum. The second graph is a downward facing parabola with a point at the vertex. F prime of x equals 0 and f double prime of x is less than 0 at this point, which is a relative maximum.]
                            
                        

                    

                

            

        

        You need to do this:

        
            	Find f', then f".

            	Determine where f" is zero or does not exist.

            	Do a sign analysis for values of x around the results of the previous step.

            	Determine where (if anywhere) the graph of f changes concavity (f" changes from positive to negative or vice versa).

            

        

        Answer and Explanation:

        C
        

        To find the inflection points of f for 0 < x < 2π, first identify the points in this interval where f″ is zero or does not exist. 

        
            
        

        This function is defined everywhere, so inflection points can only occur at points where the second derivative is zero. Solve the equation f″ = 0 to find these points: f″(x) = −2 sin x = 0 ⇒ sin x = 0. On the interval 0 < x < 2π, this occurs where x = π. Now, do a sign analysis:

        
            
                
                    
                        	Interval
                        	0 < x < π
                        	π < x < 2π
                    

                    
                        	Test Point
                        	
                            
                        
                        	
                            
                        
                    

                    
                        	Sign of f″
                        	
                            
                                
                            

                            negative
                        	
                            
                                
                            

                            positive
                    

                    
                        	Concavity of a
                        
                        	down
                        	up
                    

                
            

        

        Because the sign of f″ changes at x = π, f has an inflection point at x = π, making (C) the correct answer. 

        Note that you can also use a test line for f" if you prefer.

        
            
                Practice Set

                                 
                
                
            
            
                
                	
                    
                    
                        The graph of y = x3 + 21x2 − x + 1 is concave down for

                    
                    
                        	x < −7

                        	−7 < x < 7

                        	x > 7

                        	x < −7 and x > 7

                    

                    
                

                	
                    
                    
                        Where on the interval 0 ≤ x ≤ 2π does the graph of

                        
                            
                        

                        change from concave up to concave down?

                    
                    
                        	
                            
                        

                        	
                            
                        

                        	
                            
                        

                        	
                            
                        

                    

                    
                

                	
                    
                    
                        The graph of  
                            , x > 0, has a point of inflection at x =

                    
                    
                        	1

                        	2

                        	8

                        	There are no inflection points. 

                    

                    
                

                	
                    
                    
                        Let f(x) = x3 − 3x2 + 3x + 7. Which of the following statements is true?

                    
                    
                        	f has a relative extremum at x = 1 and no inflection points.

                        	f is increasing everywhere and does not change concavity.

                        	f has no relative extrema but has an inflection point at x = 1.

                        	f has a relative maximum and an inflection point at x = 1.

                    

                    
                

                	
                    
                

            

        
    
        
        
        
            Answers
                and Explanations

            
                
                    	A
                        
                            The function f is concave down for all x such that f″(x) < 0 (the second derivative is negative). Use the power rule to find the first derivative, y′ = 3x2 + 42x − 1, and the second derivative, y″ = 6x + 42. So f is concave down when 6x + 42 < 0. Solving this inequality yields  x < −7, which is (A).
                        
                    

                    	B
                        
                            Concavity is determined by the second derivative, so start by finding f', then f".

                            
                                
                            

                            Now, graph f" in your calculator. Set the window to the given range, 0 ≤ x ≤ 2π. Because the answer choices are all multiples of , set the x scale (Xscl) to
                                 to find that f″(x) = 0 at
                                 and  Be careful here—you are looking for where the graph changes from concave up to concave down, and f″ changes from positive to negative only at
                                 making (B) the correct answer. You could also find the values without a calculator and find the sign of f" on each side of these values.

                        
                    

                    	B
                        
                            A point of inflection occurs when g″ changes sign, so start by finding the first and second derivatives. To do this, rewrite the rational term using a negative exponent and then use the power rule:

                            
                                
                            

                            Set g″(x) = 0 and solve the resulting equation:

                            
                                
                            

                            Use the point x = 2 to set up a sign analysis for the second derivative.

                            
                                
                                    
                                        
                                            	Interval
                                            	0 < x < 2
                                            	x > 2
                                        

                                        
                                            	Test Point
                                            	x = 1
                                            	x = 3
                                        

                                        
                                            	Sign of g″
                                            	
                                                
                                                    
                                                

                                                negative
                                            	
                                                
                                                    
                                                

                                                positive
                                        

                                        
                                            	Concavity of g
                                            
                                            	down
                                            	up
                                        

                                    
                                

                            

                            Because g″ changes from negative to positive at x = 2, i.e., because g changes concavity, g has an inflection point at x = 2. That's (B). If you were asked to find concavity and you weren't told that x > 0, then you would have needed to check the sign of f" on the left of x = 0 (because that is where f" does not exist). 

                        
                    

                    	C
                        
                            Each of the answer choices involves relative extrema and/or concavity/inflection points, so you'll need to examine both the first and second derivatives.

                            The first derivative is f′(x) = 3x2 − 6x + 3. Solving the equation 0 = 3x2 − 6x + 3 = 3(x − 1)2 yields x = 1. This means the point x = 1 is a critical point. You could use either the First or Second Derivative Test to determine whether the function has a relative extremum at x = 1, or if you look carefully at the derivative, f′(x) = 3(x − 1)2, you should notice that its graph is a parabola with vertex (1, 0) that opens upward, so f′(x) ≥ 0 everywhere. Therefore the function is always increasing, so it has no relative extrema and you can eliminate A and D. Next, you need to determine if and where the function changes concavity. The second derivative is f″(x) = 6x − 6 and solving the equation 0 = 6x − 6 yields x = 1. Thus, x = 1 is a candidate for an inflection point, i.e., the function might change concavity at x = 1. A sign analysis determines that f″(x) > 0 for x > 1, so the function is concave up on this interval; f″(x) < 0 for x < 1, so the function is concave down on this interval. The function changes concavity, so x = 1 is an inflection point, making (C) the correct answer.

                        
                    

                

            
        
    
    

        Rapid Review

        
            If you take away only 10 things from this chapter:

            
                	The slope of a curve y = f(x) at a point P means the slope of the tangent at the point P. The slope of the tangent to a curve at a given point is the first derivative, f'(x), of the function evaluated at that point.

                

                	If f'(a) = 0 for some value of a, then the graph has a horizontal tangent line at x = a. If f'(b) is undefined for some value of b, then the graph has a vertical tangent at x = b. 

                	The slope of the normal line to the graph of f(x) is . The normal line at a point is perpendicular to the tangent line at that point.

                

                	The line tangent to a curve at a point, if it exists, is the line that best approximates the curve near that point. This is known as a local linear approximation.

                

                	The average rate of change over a closed interval [a, b] is the slope of the secant line between the endpoints of the interval: .

                

                	The instantaneous rate of change of a function at a point is the slope of the tangent line at that point (or the derivative evaluated at that point).

                

                	A function is increasing where f'(x) > 0 and decreasing where f'(x) < 0.

                

                	A function has a relative maximum where f'(x) changes from increasing to decreasing, and a relative minimum where f'(x) changes from decreasing to increasing.

                

                	The graph of f is concave up where the second derivative is positive (f" > 0) and concave down where the second derivative is negative (f" < 0).

                

                	
                    
                        	The graph of f has an inflection point where the concavity changes from positive to negative or vice versa.

                        	

                        

                        	

                        

                        	

                        

                    

                

            

        
    
        
        
        
            
                Test What You Learned

                
                
                
            
            
                
                	
                    
                    
                        Find the instantaneous rate of change for the function given by at x = 2.

                    
                    
                        	2

                        	3

                        	12

                        	16

                    

                    
                

                	
                    
                    
                        The derivative of a function is given by 
                             for 0 < x < 10. Over which of the following interval(s) is f increasing?

                    
                    
                        	0 < x < 3.036 only

                        	3.036 < x < 7.013 only

                        	0 < x < 3.036 and 7.013 < x < 8.555

                        	3.036 < x < 7.013 and 8.555 < x < 10

                    

                    
                

                	
                    
                    
                        If f is given by
                            , what is the slope of the line tangent to the curve at x = 4 ?

                    
                    
                        	5.875

                        	23

                        	24.125

                        	48

                    

                    
                

                	
                    
                    
                        Suppose for some differentiable function f that f(2) = 4 and . Using a local linear approximation, the value of f(2.1) is best approximated as

                    
                    
                        	5

                        	10

                        	11.23

                        	16

                    

                    
                

                	
                    
                    
                        The function f(x) is given by . What is the equation of the line tangent to the graph of f(x) at the point
                            
                            ?

                    
                    
                        	
                            
                        

                        	
                            
                        

                        	
                            
                        

                        	
                            
                        

                    

                    
                

                	

    
        
            [image: The graph of f of x starts at the origin and increases, then decreases to 1 comma 0. The graph continues to decrease, then increases and crosses the x axis at 2. The graph continues to increase, then decreases to 3 comma 0.]
        
    



                	
                    
                   
                    
                        Consider the graph of f(x) shown above. Which of the following statements is true about f ?

                    
                    
                        	f"(x) > 0 for 1 < x < 2

                        	f"(x) < 0 for 1 < x < 2

                        	f'(x) > 0 for 0 < x < 1 and 2 < x < 3

                        	f'(x) < 0 for 0 < x < 1 and 2 < x < 3

                    

                    
                

                	
                    
                

            

        
    
        
        
        
            Answer
                Key

            Test What You Already Know

            
                	B    Learning Objective: 9.1

                	A    Learning Objective: 9.2

                	C    Learning Objective: 9.3

                	C    Learning Objective: 9.4

                	C    Learning Objective: 9.5

                	D    Learning Objective: 9.6

            

        
        Detailed solutions can be found in the Answers and Explanations section at the back of this book.

        

        

    
        
        
        
            Answer
                Key

            Test What You Learned

            
                	B    Learning Objective: 9.4

                	D    Learning Objective: 9.5

                	B    Learning Objective: 9.1

                	A    Learning Objective: 9.3

                	B    Learning Objective: 9.2

                	A    Learning Objective: 9.6

            

        
        Detailed solutions can be found in the Answers and Explanations section at the back of this book.

        

        

    
    

        Reflection

        Test What You Already Know score: _________

        Test What You Learned score: _________

        Use this section to evaluate your progress. After working through the pre-quiz, check off the boxes in the “Pre” column to indicate which Learning Objectives you feel confident about. Then, after completing the chapter, including the post-quiz, do the same to the boxes in the “Post” column. Keep working on unchecked Objectives until you're confident about them all!






	Pre
	Post
	



	◻
	◻
	9.1 Determine the slope of a curve at a given point



	◻
	◻
	9.2 Solve problems involving tangent lines and normal lines



	◻
	◻
	9.3 Use an equation of the tangent line to make local linear approximations of a function



	◻
	◻
	9.4 Use derivatives to find rates of change





	◻
	◻
	9.5 Use the first derivative to find relative/absolute extrema and to describe intervals of increase or decrease





	◻
	◻
	9.6 Use the second derivative to find points of inflection and to describe concavity








        For More Practice

        Complete more practice online at kaptest.com. Haven't registered your book yet? Go to kaptest.com/booksonline to begin.

    
    

        

            Chapter 10

            More Advanced Applications

            
            
            Learning Objectives

            In this chapter, you will review how to:

            
                	10.1 Use the relationship between differentiability and continuity to analyze function behavior

                	10.2 Use key features of the graphs of f, f', and f" to analyze functions

                	10.3 Use derivatives to solve optimization problems

                	10.4 Use derivatives to solve rectilinear motion problems involving position, speed, velocity, and acceleration

                	10.5 Use derivatives to solve related rates problems

            

        
    
        
        
        
            
                Test What You Already Know

            
            
                	
                    
                        
                            
                                [image: The graph of f of x starts at negative 4 comma 0, then increases linearly to negative 2 comma 2, then decreases linearly to an open dot at the origin. There is a closed dot at 0 comma 2, then the graph decreases nonlinearly, then increases nonlinearly, becoming vertical at x equals 3. The graph continues to increase, but more slowly, becoming flat between x equals 4 and 5, then decreases nonlinearly.]
                            
                        

                    
                

                	
                    
                        The graph of a piecewise-defined function f is shown above. The graph has a vertical tangent at x = 3 and horizontal tangent lines at x = 1.5 and x = 4.5. What are all values of x, for –4 < x < 6, at which f is continuous but not differentiable?

                    
                    
                        	x = 0

                        	x = –2 and x = 3

                        	x = 1.5 and x = 4.5

                        	x = –2, x = 0, and x = 3

                    

                

                	
                    
                        
                            
                                [image: The graph of g of x starts at an x value of a, below the x axis. The graph increases nonlinearly, crossing the x axis to a point at x equals b above the x axis. The graph continues to increase, passing through a point at x equals c that is further above the x axis, then increases toward positive infinity. The graph then decreases from negative infinity, passing through a point at x equals d above the x axis.]
                            
                        

                    
                

                	
                    
                        The graph of a function g is shown above. At which of the following points is g'(x) positive and decreasing?

                    
                    
                        	a

                        	b

                        	c

                        	d

                    

                

                	
                    
                        An employee is cordoning off an area of a local bookstore for a poetry reading. The area is bounded on one side by the wall of the bookstore. The employee has 60 feet of rope to use. What are the dimensions of the largest area the employee can cordon off?

                    
                    
                        	15 ft × 30 ft

                        	15 ft × 45 ft

                        	20 ft × 20 ft

                        	25 ft × 10 ft

                    

                

                	
                    
                        The velocity of a particle moving along the x-axis is given by
                             for
                             . At what value(s) of t is the acceleration of the particle equal to 0 ?

                    
                    
                        	4

                        	7

                        	4 and 7

                        	5 and 7

                    

                

                	
                    
                        The area of a circle is increasing at a rate of 24π cm2/sec. How fast is the radius of the circle increasing when the radius is 4 cm?

                    
                    
                        	
                            3 cm/sec

                        	6 cm/sec

                        	12 cm/sec

                        	20 cm/sec

                    

                

                	
                

            

        
        Answers to this quiz can be found at the end of this chapter.

        

        

    
        
        10.1 The Relationship Between Differentiability and Continuity

        To answer a question like this:

        
            
                	
                    
                        Let f be a function defined by:

                        
                            
                        

                        What are all values of a and b that will make f both continuous and differentiable at x = 2 ?

                    
                    
                        	a = 0 and b = 0

                        	a = 1 and b = 2

                        	a = 4 and b = 8

                        	Any real numbers where 2a = b

                    

                

            

        
        
        You need to know this:

        When a function is differentiable at x0:

        
            	If the limit in the definition of the derivative exists, we say that f is differentiable at x0.
            

            	If the limit in the definition of the derivative does not exist, then f is not differentiable at x0, and f does not have a tangent line at this point.
            

            	Reasons f may not be differentiable at x0 include: f is not defined at x0, f is defined but not continuous at x0, or f has a sharp turn at x0.

            

        

        How differentiability and continuity are related:

        

        
            	A continuous function may not be differentiable. Therefore, continuity does not imply differentiability.

            	The reverse, however, is true. If a function is differentiable at a point x0, it is continuous at this point, i.e., differentiability implies continuity.

            

        

        You need to do this:

        
            	For a piecewise function, check that the sub-functions are continuous at their shared endpoint (f(2) in this question).

            	If the piecewise function contains additional algebraic expressions (such as a and b), set the sub-functions equal to each other and solve.

            	Determine
                
                the values at which the
                
                shared endpoint of the sub-functions will be differentiable by solving f'(2) for each sub-function, and setting them equal to each other.

            	Compare the results of the functions and derivatives. Solve for any remaining algebraic expressions.

            

        

        Answer and Explanation:

        C
        

        Start by solving each function for f(2), then set them equal to each other:

        
            
        

        
            
        

        This gives us the values of a and b for which f will be continuous at x = 2. Next, to determine for what values f will be differentiable at x = 2, solve f'(2) for each function and set them equal to each other:

        
            
        

        Finally, solve the system and get:

        
            
        

        Choice (C) is correct.

        
            
                Practice Set

                
                
                
            
            
                
                	
                    
                    
                        Suppose f(x) is not differentiable at x = a. Which of the following must be true?

                    
                    
                        	f(x) is not continuous at x = a but could be defined at x = a.
                        

                        	f(x) is defined at x = a but is not continuous at x = a.
                        

                        	f(x) is continuous and defined at x = a.
                        

                        	f(x) could be defined and continuous at x = a.
                        

                    

                    
                

                	
                    
                    
                        If f′(6) = −2, which of the following must be true?

                        
                            	f is decreasing at x = 6
                            

                            	f is continuous at x = 6
                            

                            	f is concave up at x = 6
                            

                        

                    
                    
                        	I and II only

                        	I and III only

                        	II and III only

                        	I, II and III

                    

                    
                

                	
                    
                    
                        Which of the following statements must be true for the differentiable function f(x) ?

                        
                            	The average rate of change of f(x) is given by f′(x).

                            	
                                
                                    
                                

                            

                            	
                                
                                exists for all real values of a.

                        

                    
                    
                        	I and II only

                        	I and III only

                        	II and III only

                        	I, II and III

                    

                    
                

                	
    Let f be a function defined by:

    
        
    



                	
                    
                    
                    
                        What values of k and p will make f both continuous and differentiable at x = 1 ?

                    
                    
                        	k = 0 and p = 2

                        	k = 1 and p = 3

                        	k = −2 and p = 3

                        	k = −2 and p = 2

                    

                    
                

                	
                    
                

            

        
    
        
        
        
            Answers
                and Explanations

            
                
                    	D
                        
                            Consider the validity of each statement, one at a time, crossing off statements that could be false as you go. Choice A could be false. A function can be continuous and defined at a point where it is not differentiable. For example, the function y = |x| is not differentiable at x = 0, but it is continuous and defined there. Choice B could be false. A function can be defined and continuous at a point where it is not differentiable. Once again, the function y = |x| is not differentiable at x = 0, but it is continuous and defined there. Choice C could be false. A function is not differentiable at a point where it is not continuous or not defined. For example, the function
                            
                            at x = 0 is not differentiable at x = 0 because it is not defined at that point.
                            Choice (D) must be true. There are functions that fail to be differentiable at a point
                            but are nonetheless defined and continuous there. The function y = |x| at x = 0 is such an example.
                        
                    

                    	A
                        
                            f′(6) = −2 means that f has a slope of −2 at x = 6. A negative slope means that the function is decreasing, so statement I is true.

                            Also, you know that f is differentiable at x = 6 because you are told that the derivative at x = 6 is −2. Because differentiability implies continuity, statement II must also be true.

                            Concavity is determined by the second derivative of f. Because you do not know anything about f″, you do not know if f″(6) > 0. Thus, statement III might be true, but it does not have to be. Therefore, (A) is correct.

                        
                    

                    	C
                        
                            Consider each of the three statements individually:

                            
                                	f′(x) is the instantaneous rate of change of f(x), which may equal the average rate of change but does not have to. Statement I is false.

                                	
                                    
                                    implies that f is continuous at x = a. Because f is a differentiable function, it must be continuous for all values of x, and therefore statement II is true.

                                	
                                    
                                    and because f is a differentiable function, f′(a) must exist for all values of x. Thus, statement III is true.

                            

                            So (C) is correct.

                        
                    

                    	D
                        
                            To start, for f to be continuous at x = 1, then:

                            
                                
                            

                            Secondly, for f to be differentiable at x = 1, then:

                            
                                
                            

                            Finally, solve the system and get:

                            
                                
                            

                            Choice (D) is correct.

                        
                    

                

            
        
    
        
        10.2 Using the Graphs of f, f', and f"

        To answer a question like this:

        
            
                	
                    
                        
                            
                                [image: Graph one starts decreasing from left to right, crossing the y axis at a positive value. The graph continues to decreases, crossing the x axis before 1. The graph continues to decrease, then begins increasing between 1 and 2. The graph increases, crossing the x axis at about 3. The graph continues to increases, then decreases between 4 and 5. Graph 2 starts decreasing, then increases at x equals 0. It decreases between x equals 1 and 2, crossing the x axis between 2 and 3. The graph continues to decrease, then increases between 4 and 5. Graph 3 starts increasing from left to right, crossing the origin. The graph continues to increase, then starts decreasing between 0 and 1. The graph crosses the x axis just after 1 and continues to decrease. The graph starts increasing again just after x equals 3, and crosses the x axis just before x equals 5.]
                            
                        

                        Three graphs labeled I, II, and III are shown above. One is the graph of f, one is the graph of f', and one is the graph of f". Which of the following correctly identifies each of the three graphs?

                    
                    
                        	
                            
                                    
                                        
                                            	f
                                            	f'
                                            	f"
                                        

                                                                            
                                            	I
                                            	II
                                            	III
                                        

                                    
                                

                            
                        

                        	
                                                            
                                    
                                        
                                            	f
                                            	f'
                                            	f"
                                        

                                                                            
                                            	II
                                            	I
                                            	III
                                        

                                    
                                

                                                    

                        	
                                                            
                                    
                                        
                                            	f
                                            	f'
                                            	f"
                                        

                                                                            
                                            	II
                                            	III
                                            	I
                                        

                                    
                                

                                                    

                        	
                                                            
                                    
                                        
                                            	f
                                            	f'
                                            	f"
                                        

                                                                            
                                            	III
                                            	I
                                            	II
                                        

                                    
                                

                                                    

                    

                

            

        
        
        You need to know this:

        Turning Points (Relative Maximums and Minimums)

        
            	A turning point on the graph of f corresponds to an x-intercept on the graph of f'. Reason: The slope of the tangent line at a turning point on curves like these is 0, and the derivative represents the slope of the tangent line.
            

            	A turning point on the graph of f' corresponds to an x-intercept on the graph of f". Reason: Same as above because f" is the derivative of f'.
            

        

        Increasing/Decreasing

        

        
            	If the y-values of f are increasing over a given interval, then the corresponding y-values of f' should be above the x-axis. Reason: The slope of an increasing function is positive, and y-values above the x-axis are positive.
            

        

        You need to do this:

        
            	Draw a number line for each graph showing the approximate x-values for all turning points.

            	Mark the intervals on each side of these points with + and – signs to indicate whether the slope is positive or negative.

            	Compare the results to the y-values of the other graphs.

            	Eliminate impossible pairings.

            

        

        Answer and Explanation:

        C
        

        There are several approaches that could arrive at the correct answer on this problem as long as appropriate logic is applied when making comparisons between the graphs. One such approach would be to start with a general analysis of the three graphs: Graph I has 2 turning points and 2 x-intercepts; Graph II has 3 turning points and 1 x-intercept; Graph III has 2 turning points and 3 x-intercepts.

        

        Because a turning point on the graph of f corresponds to an x-intercept on the graph of f', Graph II could not be the derivative of either Graph I or III due to having only 1 x-intercept. Hence, Graph II must be f. Graph III in turn must be f' because it has 3 x-intercepts to match the 3 turning points of Graph II. That leaves Graph I as f", which matches 2 x-intercepts to the 2 turning points of Graph III. Thus,
            
            (C) is correct.

        
            
                Practice Set

                
                
                
            
            
                	
    
        
            [image: F of x starts decreasing from left to right. The graph decreases until x equals negative 1, then increases, crossing through 1 comma 0. The graph continues to increases until x - 1, then decreases, crossing the x axis just before x equals 3. The graph continues to decrease.]
        
    



                	
                    
                    
                    
                        The graph of f(x) is shown above. Which of the following is the graph of f′(x) ?

                    
                    
                        	
                            
                                [image: The graph starts decreasing from left to right until x is between negative 3 and negative 2. The graph increases  until between negative 1 and 0, then decreases, crossing the point 1 comma 0. The graph continues to decreases until x is between 3 and 4, then increases.]
                            
                        

                        	
                            
                                [image: The graph starts by decreasing, crossing through negative 4 comma 0. The graph decreases until negative 3, then increases, crossing the x axis just before negative 2. The graph continues to increase until the y axis, then decreases, crossing the x axis just after 2. The graph decrease until 3, then increases, crossing the x axis just after 4.]
                            
                        

                        	
                            
                                [image: The graph starts with a zero slope, then starts to decreases, crossing the x axis between negative 4 and negative 3. The graph continues to decreases until just after negative 2, then increases, crossing the x axis between 0 an 1. The graph increases until between 1 and 2, then decreases, crossing the x axis between 2 and 3. The graph continues to decreases until 5.]
                            
                        

                        	
                            
                                [image: The graph starts just under the x axis and decreases until just before negative 3. The graph then increases, crossing the x axis just before negative 1. The graph increases until the y axis, then decreases, crossing the x axis at just around 1. The graph continues to decrease until approximately 3, then increases until x equals 5.]
                            
                        

                    

                    
                

                	
    
        
            [image: F of x starts at negative 1 comma 2 and decreases, passing through the origin. The graph continues to decreases, reaching a minimum at 1 comma negative 1. The graph increases and passes through 2 comma 0 and continues to increases.]
        
    



                	
                    
                    
                    
                        The graph of the differentiable function y = f(x) is shown above. Which of the following is true?

                    
                    
                        	f′(0) > f(0)
                        

                        	f′(1) < f(1)
                        

                        	f′(2) < f(2)
                        

                        	f′(1) = f(0)
                        

                    

                    
                

                	

    
        
            [image: F of x starts at negative b comma 3 and decreases to negative a comma 0. There is a sharp edge at negative a comma 0, and the graph increases nonlinearly to 0 comma 1, then decreases similarly to a comma 0. The graph then increases to b comma 3. The graph is symmetric about the y axis.]
        
    



                	
                    
                   
                    
                        The graph of y = f(x) is shown above. Which of the following graphs could be the first derivative of f ?

                    
                    
                        	
                            
                                [image: The graph starts in the third quadrant and increases, crossing through negative b comma 1. The graph increases to a maximum at negative a, with an open dot at negative a comma 0. The graph decreases through the origin and continues to decreases to x equals 1. There is an open dot at a comma 0. The graph then increases, passing through b comma 0, and continues to increases.]
                            
                        

                        	
                            
                                [image: The graph starts in quadrant 3 at x equals negative b and increases linearly to another an open dot in the third quadrant at x equals negative a. There is an open dot at negative a in the 2nd quadrant, and function decreases linearly through the origin to an open dot at x equals a in the fourth quadrant. There is an open dot at x equals a in the first quadrant, and the graph increases linearly.]
                            
                        

                        	
                            
                                [image: The graph  starts in the second quadrant and decreases, passing through negative b comma 0. The graph continues to decreases, reaching a negative at negative a. There is an open dot at negative a comma 0. The graph the increases, passing through the origin, reaching a maximum at x equals a. There is an open dot at a comma 0. The graph then decreases, passing through b comma 0, and continues to decrease.]
                            
                        

                        	
                            
                                [image: The graph starts in the second quadrant and decreases linearly to an open dot at negative a comma 0. There is an open dot in the third quadrant at x equals negative a, and the graph increases linearly through the origin to a point in the first quadrant at x equals a. There is an open dot at a comma 0, and the graph decreases linearly from there.]
                            
                        

                    

                    
                

                
                	

    
        
            [image: The graph of A of x starts at negative 2 comma negative 6 and increases nonlinearly, reaching a maximum around 1.5 comma 4.5. The graph then decreases, crossing the x axis just after 4. The graph decreases  until around 6, then increases, crossing the x axis just after 10. The graph of B of x starts at negative 2 comma 1 and decreases crossing the x axis just after negative 1. The graph decreases until approximately 1, then increases, crossing the x axis at 4. The graph increases until just after 6, then decreases, crossing the x axis just after 9. The graph of C of x starts at negative 2 comma 0, then increases until just after negative 1. The graph decreases, crossing through 0 comma 2 and crossing the x axis just before 2. The graph decreases until 4, then increases, crossing the x axis around 7. The graph continues to increases until 9, then decreases, but does not cross the x axis.]
        
    



                	
                    
                   
                    
                        The graphs above include a function and its first and second derivatives. Which of the following describes the relationship?

                    
                    
                        	A″(x) = B′(x) = C(x)

                        	A″(x) = C′(x) = B(x)

                        	B″(x) = A′(x) = C(x)

                        	B″(x) = C′(x) = A(x)

                    

                    
                

                	
                    
                

            

        
    
        
        
        
            Answers
                and Explanations

            
                
                    	D
                        
                            A function has horizontal tangents where its first derivative is equal to 0. The graph of F(x) has horizontal tangents at the points where x = ± 1. Of the choices for the graph F′(x), only choice (D) has zeros at x = ± 1.

                        
                    

                    	D
                        
                            Each of the answer choices compares the values of f and f'. In most questions like this, it is enough to simply determine whether the function is positive (above the x-axis) or negative (below the x-axis), and whether the derivative (slope) is positive (function is increasing) or negative (function is decreasing).

                            
                                	False: f′(0) < 0 and f(0) = 0

                                	False: f′(1) = 0 and f(1) < 0

                                	
                                    False: f′(2) > 0 and f(2) = 0
                                

                                	
                                    True: f′(1) = 0 and f(0) = 0
                                

                            

                            Choice (D) is correct.

                        
                    

                    	B
                        
                            Describe the given graph in terms of its derivative, because this will allow you to eliminate answer choices.

                            
                                For x < −a, the slope of the curve is negative, so the graph of f′ lies below the x-axis. Thus, choices A and D can be eliminated.
                                For −a < x < 0, the slope of the curve is positive, so the graph of f′ lies above the x-axis. Thus, the choices C and D are not possible. You've eliminated all of the answer choices except one, so the correct answer is (B).

                        
                    

                    	B
                        
                            The function C is the derivative of A. The function B is the second derivative of A. On those intervals where the function A is increasing, C is positive, and on those intervals where the function A is decreasing, C is negative. Similarly, on those intervals where the function A is concave up, B is positive, and on those intervals where the function A is concave down, B is negative.  It follows that A″(x) = C′(x) = B(x), making (B) the correct answer.

                        
                    

                

            
        
    
        
        10.3 Optimization

        To answer a question like this:

        
            
                	
                    
                        
                            
                                [image: ]
                            
                        

                        Farmer Fred wants to build a 150-square-meter rectangular pigpen for his pigs. One wall of the pen will be the existing barn wall. The other three walls will be built from mesh fencing that costs $20/meter. Find the dimensions of the pigpen that will minimize Farmer Fred’s fencing cost.

                    
                    
                        	
                            
                        

                        	
                            
                        

                        	
                            
                        

                        	
                            
                        

                    

                

            

        
        
        You need to know this:

        In math, optimization refers to finding the maximum or minimum value of a quantity, usually subject to specific conditions. For example, companies try to maximize profits and minimize costs; this optimization may be subject to constraints such as factory capacity, office space, or other limitations.

        Optimization problems are sometimes called applied max/min problems because
            
            you are trying to find the maximum or minimum value of a function. This is where calculus comes in. If the quantity
            
            you are trying to optimize is described by a continuous function,
            
            you can use the information that calculus provides to find the maximum or minimum value of the function. Previously,
            
            you saw that the maximum or minimum of a continuous function can only occur at a critical point, or, if the function is continuous and
            
            you are looking at a closed interval, at one of the endpoints of the interval.

        You need to do this:

        The typical procedure for solving an optimization problem:

        
            	Define variables; one variable should be the quantity to optimize. Write a function for the quantity to be optimized in terms of the other variables in the problem.

            	Write the constraint equation in terms of your variables. Use the constraint equation to eliminate all but one variable.

            	Optimize the function by finding the critical points, determining the nature of each critical point, and evaluating the function at the critical points and endpoints (if applicable). Make sure to answer the question that is asked, paying attention to units and rounding.

        

        Answer and Explanation:

        B
        

        Define the value being optimized, the cost of the fencing materials for the pigpen, as the quantity C. Looking at the figure, the total amount of fencing is the sum of the length of the three free-standing sides of the fence. Write an equation that expresses the cost in terms of these lengths. The cost is $20 times the total length of fencing that needs to be purchased, C = 20(x + y + x) = 20(2x + y). This is the equation to be optimized.

        Express C in terms of just one variable, i.e., eliminate x or y, by defining the variables with an additional equation. Farmer Fred needs the pigpen to have an area of 150 square meters, which can be expressed as xy = 150. This is called a constraint equation. Rewrite the equation to be optimized by replacing y with 
             :
            .

        To find the critical points of C, find its derivative:
            . The critical points are the points where C′ = 0 or C′ is undefined. C′ is undefined at x = 0, but this is not in the domain of C because x > 0. Hence, the only critical points of C occur where C′ = 0. That is: . This gives 
        

        
        

        The point
            
            is not in the domain of C, hence the only critical point of C is
            
            . Verify that this critical point is a minimum by taking the second derivative and evaluating it at the critical point. Because
            
            , it follows from the second derivative test that C has a relative minimum at
            
            . Therefore
            
            . The dimensions of the pigpen that minimize the cost of the fencing materials are
            
            . Hence,
            
            (B) is correct.

        
            
                Practice Set

                
                
                
            
            
                
                	
                    
                    
                        An international shipping container manufacturer has established that the total cost of producing one specific type and size of container can be determined using the equation C(x) = 6x2 – 240x + 2,800, where x is the number of units that the company makes. How many of this particular container should the company manufacture in order to minimize the cost?

                    
                    
                        	16

                        	20

                        	32

                        	40

                    

                    
                

                	
                    
                    
                        An advertisement is being designed in the form of a rectangular flyer. The flyer needs to contain
                            
                            24 square inches of print. The margins at the top and bottom of the page are to be 1.5 inches, and the margin on each side is to be 1 inch. What should the length of the longer side of the flyer be so that the least amount of paper is used? 

                    
                    
                        	6 inches

                        	8 inches

                        	9 inches

                        	12 inches

                    

                    
                

                	
    
        
            [image: The graph is a downward facing parabola. It increases, crossing the x axis at negative 2 comma 0, increasing to a maximum at 0 comma 4. The graph then decreases, passing through 2 comma 0. There is a dot at 0 comma 2, and a dotted line to a point labeled d on the parabola up and to the left of 0 comma 2, and another dotted line to the point x comma y that is up and to the right of 0 comma 2.]
        
    



                	
                    
                    
                    
                        The graph of y = 4 – x2 is shown above. What are the x-coordinates of the points on this graph that are closest to the point (0, 2) ?

                    
                    
                        	
                             

                        	
                            
                        

                        	
                            
                        

                        	
                            
                        

                    

                    
                

                	
                    
                    
                        A resort is building a wading pool that will be shaped like an open rectangle topped by a semicircle. The planned perimeter of the pool is
                            
                            114 feet. What is the approximate radius of the semicircle that will maximize the area of the pool?

                    
                    
                        	12 feet

                        	16 feet

                        	18 feet

                        	24 feet

                    

                    
                

                	
                    
                

            

        
    
        
        
        
            Answers
                and Explanations

            
                
                    	B
                        
                            This is a very straightforward optimization problem—you're given an equation and you're asked to minimize that equation. So, take the derivative of the equation, set it equal to 0, and solve for x:

                            
                                
                            

                            This tells us that x = 20 is the only critical value. Because this is a multiple choice question (and there must be a correct answer), there is no need to check whether a maximum or minimum occurs at x = 20; choice (B) must be correct.

                        
                    

                    	C
                        
                            You want to minimize the area of the paper, so start by writing an equation that represents the area. First, draw a quick sketch.

                            
                                [image: ]
                            
                            If you call the length x and the width y, the area of the flyer (including margin space) will be A = (x + 2)(y + 3). This is the equation you need to minimize.

                            
                                Now you need a second equation: The printed area inside the margins is 24 = xy. Solve this equation in terms of either variable: .

                                You can now substitute this for x in the equation for the area of the whole flyer:

                                
                                    
                                

                                To minimize A, take the derivative of A, set it equal to 0, and solve:

                                
                            

                            Length can't be negative, so the area of the flyer is at a minimum when y = 6. Now, be careful—choice A is not the answer. You're asked for the length of the longer side, and you still need to add the margins. If y = 6, then based on the sketch, the vertical height of the flyer is 6 + 3 = 9. Also, if y = 6, then 
                                 and x + 2 = 6. The vertical height (9) is the longer side, making (C) the correct choice.

                        
                    

                    	A
                        
                            You need to minimize distance, so write an equation that represents the distance between the point (0, 2) and (x, y): .

                            You're given an equation for y, so substitute this into the distance equation and simplify:

                            
                                
                            

                            Because D is at a minimum when the quantity inside the radical (call it d) is at a minimum, you need only take the derivative of d (without the radical), set it equal to 0, and solve:

                            
                                
                            

                            Testing these critical values using the First Derivative Test confirms that x = 0 produces a maximum, while both  and  produce minimums, so (A) is the correct answer. 

                        
                    

                    	B
                        
                            You're asked to maximize the area of the pool, so write an equation that represents the area of the rectangle plus the area of the semicircle. First, draw a quick sketch:

                            
                                [image: ]
                            
                            Call the height of the rectangle h. If the radius of the semicircle is r, then the width of the rectangle is 2r. Thus the area of the wading pool can be expressed as
                                . 

                            Now you need a second equation. You're given information about the perimeter, so use that. Refer back to your sketch: The perimeter of the pool (which is given as 114 feet) can be represented by the equation . Solve this equation for h (you're asked about the radius, so you want to keep that variable), substitute the result into the area formula, and simplify:

                            
                                
                            

                            To maximize the area, take the derivative, set it equal to 0, and solve:

                            
                                
                            

                            Choice (B) is correct. (Because this is a multiple choice question, there is no need to check whether a maximum or minimum occurs at r = 16.)

                        
                    

                

            
        
    
        
        10.4 Rectilinear Motion

        To answer a question like this:

        
            
                	
                    
                        A particle moves along the x-axis with its velocity at time t given by v(t) = bt2 – ct + 8, where b and c are constants and b does not equal c. For which of the following values of t is the particle at constant velocity?

                    
                    
                        	
                            
                        

                        	
                            
                        

                        	
                            
                        

                        	
                            
                        

                    

                

            

        
        
        You need to know this:

        Derivatives as rates of change

        
            	Lots of real-life applications of the derivative involve modeling the rates of change of functions.

            	Rates of change (derivatives) commonly appear on the AP exam in problems involving motion, where the ideas of position, velocity, and acceleration come into play.
            

            	Recall that velocity is the rate of change of position; acceleration is the rate of change of velocity.

            

        

        Sign convention

        

        
            	Position, velocity, and acceleration are signed quantities. For instance, if north is considered the positive direction: a distance of 200 km due north of a starting point is +200 km; traveling 60 km/hr due north to that point is +60 km/hr; decelerating 10 km/hr2 during that drive is –10 km/hr2 because deceleration is opposite the direction of motion.

            	Speed is the absolute value of velocity, so it has no sign. Speed is decreasing when velocity as a function is going toward zero.

            

        

        You need to do this:

        
            	Differentiate the equation for velocity with respect to time, v(t), to obtain the equation for acceleration with respect to time, a(t).

            	Recall that constant velocity is when acceleration is equal to zero.

            	Solve for remaining variables with respect to t.

        

        Answer and Explanation:

        A
        

        Take the derivative of the velocity function to obtain the equation for acceleration.

        

        
            
        

        The particle will be at constant velocity when its acceleration is equal to zero. Set a(t) = 0 and solve for the remaining variables with respect to t.

        
            
        

        Therefore, (A) is the correct answer.

        
            
                Practice Set

                                 
                
                
            
            
                	
    
        
            [image: V of t starts at 0 comma 8 and decreases quickly, then more slowly, to 1 comma 0. The graph decreases slightly more, then flattens out just below the t axis. S of t starts at the origin and increases quickly, then more slowly, to 1 comma 2, then decreases approximately linearly through 3 comma 1.5. A of t starts below the t axis and increases quickly, then more slowly, crossing through 2 comma 0. The graph remains horizontal after 2 comma 0.]
            

            
        
    



                	
                    
                    
                    
                        A particle moves along a number line (not shown) for t ≥ 0. Its position function is s(t), its velocity function is v(t), and its acceleration function is a(t). All are graphed with respect to time t in seconds. For the time interval when 1 < t < 2, the particle is

                    
                    
                        	not moving.

                        	moving to the left and slowing down.

                        	moving to the left and speeding up.

                        	moving to the right and slowing down.

                    

                    
                

                	
                    
                    
                        If the position of a particle is given by the function s(t) = t3 – 12t2 + 36t + 18, for t > 0, at what value(s) of t does the particle change direction?

                    
                    
                        	t = 2

                        	t = 6

                        	t = 2 and t = 6

                        	The particle never changes direction.

                    

                    
                

                	
                    
                    
                        Let
                            
                            give the distance of a moving particle from its starting point as a function of time t. For what value of t is the instantaneous velocity of the particle equal to its average velocity over the closed interval [0, 8] ?

                    
                    
                        	
                            
                        

                        	
                            
                        

                        	
                            
                        

                        	
                            
                        

                    

                    
                

                	
                    
                    
                        A particle is moving along the x-axis with a velocity, v(t) = sin t + cos t, for t ≥ 0. What is its maximum acceleration over the closed interval [0, 2π] ?

                    
                    
                        	
                            
                        

                        	cos 2π + sin 2π
                        

                        	
                            
                        

                        	
                            
                        

                    

                    
                

                	
                    
                

            

        
    
        
        
        
            Answers
                and Explanations

            
                
                    	C
                        
                            For 1 < t < 2, both the velocity and the acceleration functions are negative, which means the particle is moving to the left (i.e., v(t) < 0) and the velocity is becoming more negative (i.e., a(t) < 0), so (C) is correct.
                        
                    

                    	C
                        
                            The particle changes direction after slowing to a stop, then speeding back up. In other words, the particle changes direction when its velocity is 0 and its acceleration is not 0. Velocity is the derivative of position, so take the derivative of the given equation, set it equal to 0, and solve for t:

                            
                                
                            

                            Finally, check that the acceleration is not 0: 

                            
                                
                            

                            Thus, the particle changes direction at t = 2 and t = 6, which is (C).

                        
                    

                    	C
                        
                            The equation 
                                represents the distance of the particle from its starting point as a function of time t. Its average velocity over the closed interval [0, 8] is given by:

                            
                                
                            

                            Its instantaneous velocity is given by the first derivative of the equation:

                            
                                
                            

                            Now set
                                
                                and solve to get:

                            
                                
                            

                            That's (C).

                        
                    

                    	D
                        
                            Acceleration is the derivative of velocity, so to find an equation for the acceleration, differentiate the velocity function v(t) = sin t + cos t ⇒ v′(t) = a(t) = cos t − sin t. Because the acceleration function is continuous, the maximum acceleration can only occur at the critical points (where a′(t) is zero or undefined) or at one of the endpoints of the interval [0, 2π].

                            
                                
                            

                            This occurs in the second and fourth quadrants at
                                
                                .

                            Notice that the derivative a′(t) is defined everywhere, so the only critical points are the points at which a′(t) = 0. Make a table of the critical points and endpoints and the value of the acceleration a(t) at each of these points.

                            
                                
                                    
                                        
                                            	t
                                            
                                            	
                                                
                                            
                                            	
                                                
                                            
                                            	0
                                            	2π
                                            
                                        

                                    
                                    
                                        
                                            	a(t)
                                            	
                                                
                                                    
                                                

                                            
                                            	
                                                
                                                    
                                                

                                            
                                            	cos 0 + sin 0 = 1 + 0 = 1
                                            	cos 2π + sin 2π 

                                                = 1 + 0 = 1
                                        

                                    
                                

                            

                            Of these four choices, the maximum acceleration is
                                
                                ; the maximum acceleration must be one of these four values, so the correct answer is (D).

                            In this problem, you really have to pay attention to what you are maximizing. Usually, position is x(t) and for this, you need to set x′(t) = v(t) = 0 and look for x″(t) = a(t) < 0. This problem is changed around, and you are asked to maximize acceleration, so you need to look at a′(t) and a″(t). This concept can be difficult at first, but it becomes easier with practice.

                        
                    

                

            
        
    
        
        10.5 Related Rates

        To answer a question like this:

        
            
                	
                    
                        Claire is rollerblading due east toward the mall at a speed of 10km/hr. John is biking due south away from the mall at a speed of 15 km/hr. Let x be the distance between Claire and the mall at time t and let y be the distance between John and the mall at time t. Find the rate of change, in km/hr, of the distance between Claire and John when x = 5 km and y = 12 km.

                    
                    
                        	5 km/hr

                        	10 km/hr

                        	13 km/hr

                        	15 km/hr

                    

                

            

        
        
        You need to know this:

        Often information is given about the rate at which one quantity changes, and the question asks that the information be used to provide data about changes in another, related quantity. Problems of this type are referred to as related-rates problems.

        

        These steps typify the method for solving related-rates problems:

        
            	Draw a diagram.

            	Identify the quantities that are changing and assign variables to represent them. Add labels to the diagram.

            	Write down an equation that relates the quantities.

            	Considering each variable as a function of t, use implicit differentiation to differentiate both sides of the equation with respect to t to find the rate of change (derivative) of each quantity.

            	Restate the given problem(s) in terms of your variables and their rates of change (derivatives).

            	Use Step 4 to solve the problem(s) in Step 5.

        

        You need to do this:

        Start by making a diagram to help understand the information in the problem:

        
            
                
            
        

        The diagram is a right triangle; therefore, relate x, y, and z with the Pythagorean theorem: x2 + y2 = z2.

        Answer and Explanation:

        B
        

        Given that x = 5 and y = 12, the Pythagorean theorem can be used to find that 52 + 122 = z2 ⇒ z = 13. In other words, the distance between John and Claire is 13 km.

        

        To find an equation relating the velocities, use implicit differentiation to differentiate the equation from the Pythagorean theorem:
             Claire is traveling toward the mall at 10 km per hour; her distance from the mall is decreasing, so
            . John is traveling away from the mall at 15 km/hr. His distance from the mall is increasing, so
            . To find the rate of change of the distance between John and Claire when x = 5 and y = 12, cancel the 2s in the equation above and fill in all of the required information:

        
            
        

        Thus, (B) is correct.

        
            
                Practice Set

                                 
                
                
            
            
                
                	
                    
                    
                        The volume of a cube is decreasing at the rate of 750 cm3/min. When the length of one edge of the cube is 5 cm, how fast is the area of one face of the cube changing?

                    
                    
                        	−100 cm2/min

                        	−30 cm2/min

                        	40 cm2/min

                        	50 cm2/min

                    

                    
                

                	
                    
                    
                        The base of a triangle is decreasing at a constant rate of 0.2 cm/sec and the height is increasing at 0.1 cm/sec. If the area is increasing, which answer best describes the constraints on the height h at the instant when the base is 3 centimeters?

                    
                    
                        	h > 3

                        	h < 1

                        	h > 1.5

                        	h < 1.5

                    

                    
                

                	
                    
                    
                        Dashing Dan is driving south on Sunset Boulevard, where the speed limit is 40 miles per hour. He is traveling at a constant speed. He crosses an intersection. A police officer is sitting 33 feet due east of the intersection with her radar tuned to Dan’s car. One second after Dan crosses the intersection, Dan is 55 feet away from the police officer and she records Dan going away from her at a speed of 37.5 miles per hour. She issues Dan a ticket because Dan’s speed on Sunset Boulevard is

                    
                    
                        	between 35 and 40 miles per hour.

                        	between 40 and 45 miles per hour.

                        	between 45 and 50 miles per hour.

                        	between 50 and 55 miles per hour.

                    

                    
                

                	
                    
                    
                        The lengths of the sides of a square are decreasing at a constant rate of 4 ft/min. In terms of the perimeter, P, what is the rate of change of the area of the square in square feet per minute?

                    
                    
                        	−2P
                        

                        	2P
                        

                        	−4P
                        

                        	4P
                        

                    

                    
                

                	
                    
                

            

        
    Answers
								and Explanations
Practice Set
	A
                        This is a related-rates question because you’re being asked to relate the rate of change in the volume to the rate of change in the area. Remember, rates of change are derivatives.

                        Let V = s3. Then
                             You're given that the volume of a cube is decreasing at the rate of 750 cm3/min, so when s = 5, 
                            so
                            
                        

                        Now, turn to area: The area of one face of the cube is A = s2, so:

                        
                            
                        

                        Choice (A) is correct.

                    
	D
                        First, draw a diagram and label the quantities in the problem:

                        
                            
                                
                            
                        

                        Next, find an equation relating the quantities in the problem; here, the formula for the area of a triangle:
                            
                            . Differentiate both sides of the equation with respect to t using the product rule:

                        
                            
                        

                        Now consider what information is given:
                            
                            ,
                            , and b = 3 cm. Substitute the information into the expression above, which gives:

                        
                            
                        

                        You are also given that the area is increasing, i.e., A′(t) > 0; therefore, set the expression for A′ greater than zero and solve for h:

                        
                            
                        

                        Choice (D) is correct.

                    
	C
                        First, draw a diagram and identify the quantities in the problem.

                        
                            
                                
                            
                        

                        Use the Pythagorean theorem to find an equation relating the variables: x2 + y2 = z2. Differentiate both sides of the equation with respect to time:
                            
                            The police officer’s distance from the intersection is given in feet; Dan’s speed is given in miles per hour, and you are told this speed at a time t given in seconds. You need to express everything in terms of the same units. Use feet, seconds, and feet per second. Dan is traveling away from the police officer at 37.5 mph, which is:

                        
                            
                        

                        Thus,
                            
                        

                        You are told that one second after crossing the intersection, Dan is 55 feet away from the police officer.

                        Use the Pythagorean theorem to find Dan’s distance due south from the intersection: 332 + y2 = 552 ⇒ y = 44 ft. Fill this information into the equation relating the derivatives of the quantities and solve for 
                            , which is the speed at which Dan is traveling on Sunset Boulevard:

                        
                            
                        

                        The units here are feet per second, but the answer choices are given in miles per hour, so convert:

                        
                            
                        

                        This means (C) is correct.

                    
	A
                        This is a related-rates question with a twist. You are given information about the rate of change of the side of the square and you need to answer a question about the rate of change of the area. After you do this, you are done with the related-rates part of the problem and you have to express your answer in terms of the perimeter.

                        First, draw a diagram and identify the quantities in the problem.

                        
                            
                                
                            
                        

                        Find the area of the square in terms of the variables: A = s2. Differentiate both sides of this equation with respect to t to find an equation relating
                            
                            and
                            
                            :
                            . You are given that the lengths of the sides of the square are decreasing at a rate of 4 ft/min, i.e.,
                            
                            . Substitute this information into the equation for
                            
                            above and find
                            
                        

                        To finish the problem, you need to express
                            
                            in terms of the perimeter. The perimeter of a square is P = 4s. Therefore,
                            
                            . Substituting this expression for s into the expression above yields:

                        
                            
                        

                        That's (A).

                    


        
        Rapid Review

        
            If you take away only five things from this chapter:

            
                	Continuity does not imply differentiability, but differentiability does imply continuity.

                	The x-intercepts of a derivative f' will be equal in number and position on the x-axis to the turning points of the function f. The same holds true for f" and f'.

                	Optimization is an application of finding the max/min of a function by evaluating critical points over a defined interval. Define variables for the quantity to be optimized and other unknowns. Set up optimization and constraint equations.

                	Velocity is the rate of change (derivative) of position; acceleration is the rate of change (derivative) of velocity.

                

                	Related-rates problems apply the rate of change of a known quantity to determine the rate of change of an unknown, related quantity. Assign variables to the changing quantities and write an equation that relates them.

            

        
    
        
        
        
            
                Test What You Learned

                
                
                
            
            
                
                	
                    
                    
                        If y = 18 − 3x, what is the maximum value of xy ?

                    
                    
                        	9

                        	12

                        	24

                        	27

                    

                    
                

                	
                    
                    
                        Sand is being poured into a conical pile at a construction site at a rate of 10 ft3/min. The diameter of the base of the cone is approximately three times the height of the cone. At what rate is the height of the pile changing when the pile is 15 feet high? The volume of a cone is given by the formula .
                        

                    
                    
                        	
                            0.006 ft/min

                        	0.012 ft/min

                        	0.026 ft/min

                        	0.030 ft/min

                    

                    
                

                	
    
        
            [image: F of x starts in the second quadrant at x equals a and decreases slowly, then more quickly, crossing the x axis between a and b (still left of the x axis) and making a sharp point just below the x axis. The graph then increases, crossing the x axis between this point and b, and there is a point at b just above the x axis. The graph increases slowly, reaching a local maximum at the y axis, the decreases slowly, crossing through a point at x equals c that is just above the x axis, then decreases more quickly. There is a dotted vertical line between c and d, the graph decreases quickly from positive infinity, then more slowly, passing through a dot at x equals d in the first quadrant.]
        
    



                	
                    
                    
                    
                        The graph of y = f(x) is shown above. For which of the following values of x is f'(x) negative and increasing?

                    
                    
                        	a

                        	b

                        	c

                        	d

                    

                    
                

                	
                    
                    
                        A function f is defined by f(x) = |x + 4|. For what values of x is the graph of f not differentiable?

                    
                    
                        	x = –4

                        	x = 0

                        	x = 4

                        	The function is differentiable over its entire domain.

                    

                    
                

                	
                    
                    
                        The position of a particle moving along a number line is given by
                            
                            where t is time in seconds. For what value(s) of t is the particle at rest?

                    
                    
                        	1 second only

                        	3 seconds only

                        	1 and 2 seconds

                        	1 and 5 seconds

                    

                    
                

                	
                    
                

            

        
    
        
        
        
            Answer
                Key

            Test What You Already Know

            
                	B    Learning Objective: 10.1

                	A    Learning Objective: 10.2

                	A    Learning Objective: 10.3

                	D    Learning Objective: 10.4

                	A    Learning Objective: 10.5

            

        
        Detailed solutions can be found in the Answers and Explanations section at the back of this book.

        

        

    
        
        
        
            Answer
                Key

            Test What You Learned

            
                	D    Learning Objective: 10.3

                	A    Learning Objective: 10.5

                	D    Learning Objective: 10.2

                	A    Learning Objective: 10.1

                	D    Learning Objective: 10.4

            

        
        Detailed solutions can be found in the Answers and Explanations section at the back of this book.

        

        

    
    

        Reflection

        Test What You Already Know score: _________

        Test What You Learned score: _________

        Use this section to evaluate your progress. After working through the pre-quiz, check off the boxes in the “Pre” column to indicate which Learning Objectives you feel confident about. Then, after completing the chapter, including the post-quiz, do the same to the boxes in the “Post” column. Keep working on unchecked Objectives until you're confident about them all!






	Pre
	Post
	



	◻
	◻
	10.1 Use the relationship between differentiability and continuity to analyze function behavior



	◻
	◻
	10.2 Use key features of the graphs of f, f', and f" to analyze functions



	◻
	◻
	10.3 Use derivatives to solve optimization problems



	◻
	◻
	10.4 Use derivatives to solve rectilinear motion problems involving position, speed, velocity, and acceleration



	◻
	◻
	10.5 Use derivatives to solve related rates problems








        For More Practice

        Complete more practice online at kaptest.com. Haven't registered your book yet? Go to kaptest.com/booksonline to begin.

    
        
            Big Idea 3
            Integrals and the Fundamental Theorem of Calculus
        
        
            Chapter 11

            Integration—The Basics

            Learning Objectives

            In this chapter, you will review how to:

            
                	11.1 Use integration rules and algebraic manipulation to find antiderivatives of polynomial, radical, and rational functions

                	11.2 Find the antiderivative of a function subject to an initial condition

                	11.3 Use u-substitution to find antiderivatives of polynomial, radical, and rational functions

                	11.4 Integrate trigonometric functions and inverse trigonometric forms

                	11.5 Integrate exponential and logarithmic functions

            

        
    
        
        
        
            
                Test What You Already Know

            
            
                	
                    
                        If , then y =

                    
                    
                        	
                            
                        

                        	
                            
                        

                        	
                            
                        

                        	
                            
                        

                    

                

                	
                    
                        If f(x) = F'(x), where  subject to the initial condition F(0) = 2, which of the following represents F(x) ?

                    
                    
                        	
                            
                        

                        	
                            
                        

                        	
                            
                        

                        	
                            
                        

                    

                

                	
                    
                        
                            
                        

                    
                    
                        	
                            
                        

                        	
                            
                        

                        	
                            
                        

                        	
                            
                        

                    

                

                	
                    
                        
                            
                        

                    
                    
                        	
                            
                        

                        	
                            
                        

                        	
                            
                        

                        	
                            
                        

                    

                

                	
                    
                        
                            
                        

                    
                    
                        	
                            
                        

                        	
                            
                        

                        	
                            
                        

                        	
                            
                        

                    

                

                	
                

            

        
        Answers to this quiz can be found at the end of this chapter.

        

        

    
        
        11.1 Antiderivatives and the Indefinite Integral

        To answer a question like this:

        
            
                	
                    
                        Which of the following is an antiderivative of  ?

                    
                    
                        	
                            
                        

                        	
                            
                        

                        	
                            
                        

                        	
                            
                        

                    

                

            

        
        
        You need to know this:

        An antiderivative

        
            	If F(x) is a function whose derivative is f(x), that is, if
                , F(x) is an antiderivative of f(x).

            	It is an antiderivative and not the antiderivative because an antiderivative is not uniquely associated with one function. It follows from the definition of the antiderivative that if F(x) is an antiderivative of f(x), then for all real numbers C, F(x) + C is also an antiderivative of f(x) because the derivative of a constant is zero.

            	If F(x) and G(x) are both antiderivatives of f(x), then F(x) − G(x) = C, for some real number C.

            

        

        The indefinite integral

        

        
            	The notation for the antiderivative is the symbol
                , the indefinite integral.

            	If F(x) is an antiderivative of f(x), then.

            

        

        
            AP Expert Note

            Never forget the + C when calculating an indefinite integral. Doing so is a great way to lose easy points on the FRQ section and fall for trap answers in the multiple choice questions. The best way to avoid forgetting is to make it second nature. Don't cut corners when you practice. Always write the + C.

        
        You need to do this:

        
            	There are no product or quotient rules when taking antiderivatives, so simplify the expression first and integrate each term.

            	When finding derivatives where r ≠ 0,  The reverse process applies for integrals: for r ≠ −1,
                .

            	From the properties of derivatives or integrals, it follows that
                .

        

        Answer and Explanation:

        C
        

        There is no "product rule" for integrating, so simplify the expression first by writing the radical using a fractional exponent and distributing. Then integrate each term to find the antiderivative, F:

        
            
        

        Choice (C) is correct.

        
            AP Expert Note

            Note that you could also take the derivative of each of the answer choices, but that would take considerably more time.

        
        
            
                Practice Set

                
                
                
            
            
                
                	
                    
                    
                        Suppose G(x) is an antiderivative of g(x) and F(x) is an antiderivative of f(x). If f(x) = g(x), which of the following statements must be true?

                    
                    
                        	F(x) = G(x)
                        

                        	F(x) = −G(x)
                        

                        	F(x) = G(x) + 1
                        

                        	F(x) = G(x) + C
                        

                    

                    
                

                	
                    
                    
                        If F′ = f and f(x) = 18x5 − 12x3 + 2x, which of the following could be F(x) ?

                    
                    
                        	3x6 − 3x4 + x2 + 1

                        	3x6 − 4x4 + x2 + 5

                        	18x6 − 12x4 + 2x2

                        	90x4 − 36x2 + 2

                    

                    
                

                	
                    
                    
                        Which of the following is an antiderivative of  ?

                    
                    
                        	
                            
                        

                        	
                            
                        

                        	
                            
                        

                        	
                            
                        

                    

                    
                

                	
                    
                    
                        If
                            
                            and f(t) is the derivative of a function F(t), then
                            
                            could be

                    
                    
                        	
                            
                        

                        	
                            
                        

                        	
                            
                        

                        	
                            
                        

                    

                    
                

                	
                    
                

            

        
    
        
        
        
            Answers
                and Explanations

            
                
                    	D
                        
                            Two antiderivatives of the same function must differ by a constant. Because f(x) = g(x), F(x) and G(x) must differ by a constant—but you don’t know what the constant is. Therefore, the answer is (D).
                        
                    

                    	A
                        
                            Because F′ = f and f(x) = 18x5 − 12x3 + 2x, then

                            
                                
                            

                            
                                
                            

                            The only choice that matches is (A), 3x6 − 3x4 + x2 + 1.

                        
                    

                    	B
                        
                            There is no "quotient rule" for integrating, so simplify the expression first. Then integrate each term to find the antiderivative, F:

                            
                                
                            

                            A perfect match for (B).

                        
                    

                    	B
                        
                            Because 
                                and f(t) is the derivative of F(t), find the antiderivative (the integral) of f(t):

                            
                                
                            

                            This means:

                            
                                
                            

                            Only (B), , agrees.

                        
                    

                

            
        
    
        
        11.2 Antiderivatives Subject to an Initial Condition

        To answer a question like this:

        
            
                	
                    
                        Suppose Carol is a new first-year college student. She begins saving money at a rate of f(t) = 300t2 dollars/year, where t is in years, to buy a car when she graduates. If Carol began college with $5,000, how much money will she have saved by the time she graduates in four years?

                    
                    
                        	$4,800

                        	$6,400

                        	$9,800

                        	$11,400

                    

                

            

        
        
        You need to know this:

        Initial Conditions—What Is C ?

        
            	Information that allows for the determination of C in the indefinite integral
                
                is called an initial condition.
            

            	This can be given as a starting value when x = 0, or as some other data point (i.e., money saved after two years).

        

        
            AP Expert Note

            Pay attention to whether the question is asking for an application of the rate of change equation or its antiderivative. Antiderivatives with initial conditions need to be adjusted by the constant C.

        
        You need to do this:

        
            	The equation given is a rate of change of money; take the antiderivative to get the equation for the amount of money saved.

            	Solve for C based on the initial condition given.

            	Apply the antiderivative equation to the condition(s) in the question.

            
        

	
        Answer and Explanation:

        D
        

        If f(t) is the rate of change of Carol’s money, then the amount of money Carol has, g(t), is an antiderivative of f. Which antiderivative? That is,

        
            
                
            

        

        To answer the question, how much money Carol starts with needs to be known, which the question states is $5,000. This is the initial condition; it be can phrased in terms of g: g(0) = 5,000, which can be used to solve for C: g(0) = 5,000 = 100 · 03 + C ⇒ C = 5,000.
        

        This completes the equation for the amount of money Carol has t years after starting college: g(t) = 100t3 + 5,000. After four years of school, Carol has g(4) = 100 · 43 + 5,000 = $11,400—not enough to buy an SUV, but enough for a nice budget sedan. Therefore, (D) is correct.

        
            
                Practice Set

                
                
                
            
            
                
                	
                    
                    
                        A city's population began increasing at a rate of p(t) = 900t2 – 400t in 2000. If the population is 100,000 at the start of 2005, what will the population be at the start of 2010 ?

                    
                    
                        	186,000

                        	280,000

                        	347,500

                        	380,000

                    

                    
                

                	
                    
                    
                        Steve is a recent college graduate who has decided to start saving for a down payment on his first home. Steve receives a sign-on bonus for his new job of $20,000, to which he will begin adding money at the rate of f(t) = 50t + 400 dollars/month, where t is in months. How many months will it take Steve to reach his goal of having $50,000 for a down payment?

                    
                    
                        	24

                        	28

                        	32

                        	36

                    

                    
                

                	
                    
                    
                        From the months of October through May, cases of pneumonia seen at a town's hospital increase at the rate of n(t) = 8t3, where t is in months. If the hospital has had 300 cases from October 1st through January 1st, how many cases can the hospital expect to see by May 1st?

                    
                    
                        	2,744

                        	2,882

                        	4,802

                        	4,940

                    

                    
                

                	
                    
                    
                        Charles is retiring from his career as a professor and is considering moving his retirement fund. Charles's current account accrues money monthly at the rate of r(t) = 4,000t, where t is time in months, and he is projected to have $350,000 in 6 months. He is considering moving his money into a different account that will accrue money only once every 3 months at the rate of s(u) = 9,000u2, where u is time in 3-month blocks. Which account would give Charles more money at the end of a 12-month period from now?

                    
                    
                        	His current account would have more money.

                        	The new account would have more money.

                        	The accounts would have the same amount of money.

                        	Impossible to answer without being provided with his current money.

                    

                    
                

                	
                    
                

            

        
    
        
        
        
            Answers
                and Explanations

            
                
                    	C
                        
                            If p(t) is the rate of change of the population, then the total population, q(t), is an antiderivative of p.

                            
                                
                                    
                                

                            

                            The initial condition given in this question is that the population is 100,000 at the start of 2005; in terms of q: q(5) = 100,000.

                            
                                
                            

                            This completes the equation for the total population of the city: q(t) = 300t3 – 200t2 + 67,500. Evaluating for the population in 2010 yields:

                             q(10) = 300(10)3 – 200(10)2 + 67,500 = 347,500.

                            Choice (C) is correct.

                        
                    

                    	B
                        
                            If f(t) is the rate of change of Steve's money, then the amount of money saved, g(t), is an antiderivative of f.

                            
                                
                                    
                                

                            

                            The initial condition given in this question is that Steve starts with a sign-on bonus of $20,000; in terms of g: g(0) = 20,000.

                            
                                
                            

                            This completes the equation for the total money saved: q(t) = 25t2 + 400t + 20,000. To determine how many months it will take Steve to reach $50,000, evaluate the equation g(t) = 50,000:

                            
                                
                            

                            

                            Solving this quadratic equation gives values of t = –43.6 and t = 27.6. However, only 27.6 is in the domain of t > 0. This matches (B), which states that it would take Steve 28 months to reach his $50,000 goal.

                            
                            

                        
                    

                    	D
                        
                            If n(t) is the rate of new cases of pneumonia seen at the hospital each month, then p(t), the total cases of pneumonia seen at the hospital, is an antiderivative of n(t).

                            
                                
                                    
                                

                            

                            The initial condition given in this question is that the hospital has had 300 cases by January 1st, which is 3 months into the season. In terms of p this is: p(3) = 300.

                            
                                
                            

                            This completes the equation for the total cases of pneumonia: p(t) = 2t4 + 138. To determine how many cases the hospital will have seen, evaluate the equation p(7) = 2(7)4 + 138 = 4,940 cases. Choice (D) is correct.

                            

                        
                    

                    	A
                        
                            If r(t) is the rate of change of Charles's money, then the amount of money saved, R(t), is an antiderivative of r.

                            
                                
                                    
                                

                            

                            The initial condition given in this question is that Charles's current account will have $350,000 in 6 months. In terms of R this is: R(6) = 350,000.

                            
                                
                            

                            This completes the equation for the money in Charles's current account: R(t) = 2,000t2 + 278,000. To determine how much Charles would have in 12 months, evaluate the equation R(12) = 2,000(12)2 + 278,000 = 566,000 dollars.

                            To evaluate how much Charles would have after a year in the new account, obtain the antiderivative, S(u), of the new account s.

                            
                                
                            

                            The constant C will have the same value of 278,000 because that's  the amount Charles has now (when t = 0). Note that one year will only be u = 4 because u is in 3-month blocks. Evaluate the equation S(4) = 3,000(4)3 + 278,000 = 470,000 dollars. Therefore, (A) is correct.

                        
                    

                

            
        
    
        
        11.3 U-Substitution and Algebraic Functions

        To answer a question like this:

        
            
                	
                    
                        
                            
                        

                    
                    
                        	
                            
                        

                        	
                            
                        

                        	
                            
                        

                        	
                            
                        

                    

                

            

        
        
        You need to know this:

        Substitution

        
            	There is a method, called u-substitution, which works like the chain rule in reverse.

            	It allows simplification of complicated antiderivatives and transforms them into something that can be computed directly.
            

            	
                
                

            

        

        Manipulating constants

        
            	Not all substitution problems are a straight application of the chain rule in reverse.

            	If the antiderivative is off by a constant factor, then that constant may be factored out of the antiderivative.

        

        
            AP Expert Note

            You can only pull constants out of the integrand, not functions.

        
        You need to do this:

        
            	Think of solving indefinite integrals by this method as the “Substitution Game.”

            	The only rules of the game are that all of the x’s must disappear and there must be a du in the new integral.

            	The goal of the game is to wind up with an integral that you can compute directly.

        

        Answer and Explanation:

        B
        

        The presence of a function within the root indicates the chain rule would be used when taking the derivative of the antiderivative function. Begin by evaluating if the function within the root is able to be substituted out. Set u = x2 – 1, then obtain the derivative du = 2x dx. Factor 6x into 3(2x) and then move the constant 3 out of the integral, as seen below.

        
            
        

        The function with respect to u can be integrated directly. Finish the problem by substituting x2 – 1 back in for u to obtain (B).

        
            
                Practice Set

                
                
                
            
            
                
                	
                    
                    
                        
                            
                        

                    
                    
                        	
                            
                        

                        	
                            
                        

                        	
                            
                        

                        	
                            
                        

                    

                    
                

                	
                    
                    
                        
                        
                        

                    
                    
                        	
                            
                        

                        	
                            
                        

                        	
                            
                        

                        	
                            
                        

                    

                    
                

                	
                    
                    
                        
                        
                        

                    
                    
                        	
                            
                        

                        	
                            
                        

                        	
                            
                            

                        

                        	
                            
                        

                    

                    
                

                	
                    
                    
                        
                            
                        

                    
                    
                        	
                            
                        

                        	
                            
                        

                        	
                            
                        

                        	
                            
                        

                    

                    
                

                	
                    
                

            

        
    
        
        
        
            Answers
                and Explanations

            
                
                    	A
                        
                            There is a quantity inside the parentheses that is being multiplied by another term, so this integral is a good candidate for u-substitution. Start by moving the extra term next to the dx:

                            
                                
                            

                            Now, let
                                 (the quantity inside the parentheses), which in turn means  . 
                            

                            You already have exactly what you need to rewrite the integral in terms of u:

                            
                                
                            

                            Now integrate by raising the exponent by 1 and dividing the expression by the new exponent. The result is .

                            Finally, write the expression back in terms of x to arrive at  making (A) the correct choice.

                        
                    

                    	C
                        
                            There is a quantity inside the radical and an "extra" x, so this integral is a good candidate for u-substitution. Start by rewriting the function without the radical (using a fractional exponent) and moving the "extra" x next to the dx:

                            
                                
                            

                            Now, let
                                 (the quantity under the radical symbol), which in turn means . 
                            

                            You already have the x, but not the –2, so multiply the integrand by –2. To offset this, multiply the entire integral by
                                 (because
                                 and you haven't actually changed the integral). You now have: 

                            
                                                             
                            

                            Now integrate to get:

                            
                                
                            

                            Finally, write the expression back in terms of x to arrive at  Choice (C) is correct.

                        
                    

                    	A
                        
                            There is a quantity raised to a power in the denominator and an extra x in the numerator, so this integral is a good candidate for u-substitution. Start by rewriting the function without the denominator (using a negative exponent) and moving the "extra" x next to the dx:

                            
                                
                            

                            Now, let
                                 (the quantity inside the parentheses), which in turn means . 
                            

                            You already have the x, but not the 6, so multiply the integrand by 6. To offset this, multiply the entire integral by
                                 (because
                                 and you haven't actually changed the integral). You now have: 

                            
                                                             
                            

                            Now integrate to get:

                            
                                
                            

                            Finally, write the expression back in terms of x to arrive at
                                 Choice (A) is correct.

                        
                    

                    	D
                        
                            The substitution u = x2 would blow the rules of the substitution game, since there would be no 2x dx to sub out. What about u = x − 1 ?
                            

                            
                                
                                    
                                

                            

                            Well, that takes care of the
                                
                                and the dx, but what about the x2? This is where the rules (or lack of rules) can help. If u = x − 1, then u + 1 = x. So we can replace x2 with (u + 1)2 in what is called a backsubstitution. That is:

                            
                                
                                    
                                

                            

                            This expression can be integrated, but first rewrite

                            
                                
                                    
                                

                            

                            Compute this integral directly.

                            
                                
                                    
                                

                            

                            Now we substitute back and arrive at (D).

                            
                                
                                    
                                

                            

                        
                    

                

            
        
    
        
        11.4 Trig Functions

        To answer a question like this:

        
            
                	
                    
                        
                            
                        

                    
                    
                        	2 sin x

                        	2 cos x

                        	2 tan x

                        	2 sec2 x tan2 x

                    

                

            

        
        
        You need to know this:

        
            
                

                
                
                
                    
                        	Because the derivative is...
                        	The indefinite integral is...
                    

                
                
                    
                        	
                            
                            

                        
                        	
                            
                            

                        
                    

                    
                        	
                            
                            

                        
                        	
                            
                            

                        
                    

                    
                        	
                            
                            

                        
                        	
                            
                            

                        
                    

                
            

        

        You need to do this:

	
		Build up a library of basic functions and their direct antiderivatives.

            	For other, more complicated functions, develop more advanced techniques, such as substitution.

	

        
	
        Answer and Explanation:

        C
        

        Integration of trigonometric functions requires the same memorization as taking their derivatives. Recognizing the derivatives of basic trig functions is key to being able to take their antiderivatives. As seen in the table, sec2 x is the derivative of tan x, so factor out the 2 and take the antiderivative of sec2 x.

        

        
            
        

        Thus, (C) is correct.

        
            
                Practice Set

                                 
                
                
            
            
                
                	
                    
                    
                        
                            
                        

                    
                    
                        	
                            
                        

                        	
                            
                        

                        	
                            
                        

                        	
                            
                        

                    

                    
                

                	
                    
                    
                        If tan2 x is an antiderivative of f(x), which of the following cannot be an antiderivative of f(x) ?

                    
                    
                        	sec2  x
                        

                        	tan2  x + 3

                        	
                            
                        

                        	
                            
                        

                    

                    
                

                	
                    
                    
                        Let G′(x) = g(x) and g(x) = sin x + cos x. Which of the following could be G(x) + 1 ?

                    
                    
                        	sin x + cos x + 1

                        	sin x − cos x + 2

                        	cos x − sin x − 1

                        	−sin x − cos x − 2

                    

                    
                

                	
                    
                    
                        
                            
                        

                    
                    
                        	cos(2x + 1) + C

                        	−cos(2x + 1) + C

                        	−2cos(2x + 1) + C

                        	
                            
                        

                    

                    
                

                	
                    
                

            

        
    
        
        
        
            Answers
                and Explanations

            
                
                    	D
                        
                            Integrate each term individually. Then look carefully for a match among the answer choices.

                            
                                
                            

                            Choice (D) is correct.

                        
                    

                    	D
                        
                            Two antiderivatives of the same function must differ by a constant. You can use trig identities to assess each answer option.

                            
                                	A:   sec2 x = tan2 x + 1 is an antiderivative of f(x).

                                	B:   tan2 x + 3 is an antiderivative of f(x).

                                	C:   
                                    is an antiderivative of f(x).

                            

                            By process of elimination, (D) is correct; you can also see this directly using trig identities:
                                
                                .

                        
                    

                    	B
                        
                            Since G′(x) = g(x) and g(x) = sin x + cos x:

                            
                                
                            

                            It follows that G(x) + 1 = sin x − cos x + C + 1. If C = 1, then (B) would agree with G(x) + 1 = sin x − cos x + 2.
                        
                    

                    	D
                        
                            You know that
                                , so eliminate A. Now, think about the derivatives of the other answer choices, and which one could possibly yield sin(2x + 1). Because of the chain rule, you can differentiate (D) to get:

                            
                                
                            

                            So, (D) must be correct.

                        
                    

                

            
        
    
        
        11.5 Exponential and Logarithmic functions

        To answer a question like this:

        
            
                	
                    
                        
                            
                        

                    
                    
                        	
                            
                        

                        	
                            
                        

                        	
                            
                        

                        	
                            
                        

                    

                

            

        
        
        You need to know this:

        
            
                

                
                
                    
                        	Because the derivative is...
                        	The indefinite integral is...
                    

                
                
                    
                        	
                            
                        
                        	
                            
                        
                    

                    
                        	
                            
                            

                        
                        	
                            
                            

                        
                    

                    
                        	
                            
                            

                        
                        	
                            
                            

                        
                    

                
            

        

        Building the library

        
            	Just as was seen with trigonometric functions, exponential and logarithmic functions require a degree of memorization.

            	Look for these patterns in indefinite integral problems, but remember to use substitution and constant manipulation where needed to get the function in the appropriate form.

        

        You need to do this:

        
            	Get the equation in the appropriate form, bx, to integrate.

            	Recall ln is simply taking the log base e of a number. Therefore, ln 6 is a real number of constant value and as such can be moved out of the integral.

        

        Answer and Explanation:

        A
        

        
            
        

        When the appropriate form of the integral and the solution for that integral are known, the problem can be quickly solved to obtain (A).

        

        
            
                Practice Set

                
                
                
            
            
                
                	
                    
                    
                        Let H(x) be an antiderivative of h(x) and h(x) = ex + x. It follows that H(x) + x =

                    
                    
                        	xex−1 + x2 + C

                        	ex + x2 + C

                        	
                            
                        

                        	
                            
                        

                    

                    
                

                	
                    
                    
                        
                            
                        

                    
                    
                        	
                            
                        

                        	
                            
                        

                        	
                            
                        

                        	
                            
                        

                    

                    
                

                	
                    
                    
                        Which of the following is an antiderivative of f(x) = ln x ?

                    
                    
                        	
                            
                        

                        	F(x) = x ln x
                        

                        	F(x) = x ln x − x
                        

                        	
                            
                        

                    

                    
                

                	
                    
                    
                        
                            
                        

                    
                    
                        	
                            
                        

                        	
                            
                        

                        	
                            
                        

                        	
                            
                        

                    

                    
                

                	
                    
                

            

        
    
        
        
        
            Answers
                and Explanations

            
                
                    	D
                        
                            Because H(x) is an antiderivative of h(x), it follows that:

                            
                                
                            

                            
                                
                            

                            Thus, . That's (D).
                        
                    

                    	A
                        
                            Because the quantity inside the parentheses is natural log, and because, this integral is a good candidate for u-substitution. Let u = ln x, which means 
                                . This is already part of the integrand, so you're ready to write the integral in terms of u: 

                            
                                
                            

                            Now integrate: 

                            
                                
                            

                            Replacing u with ln x gives , which is (A).

                            Don't forget—if you're not sure how to integrate, you can always take the derivative of each of the answer choices.

                        
                    

                    	C
                        
                            You do not need to compute the antiderivative of f(x) to answer this question. By definition, F(x) is an antiderivative of f(x) if
                                . This means you can differentiate the answer choices to determine which is the desired antiderivative.

                            
                                	A:    Eliminate A.

                                	B:    Eliminate B.
                                

                                	(C):   
                                

                                	D:    Eliminate D.
                                

                            

                            The correct answer is therefore (C).

                        
                    

                    	C
                        
                            Use properties of indefinite integrals to rewrite the given integral as:

                            
                                
                            

                            The antiderivative of ex is ex, because
                                
                                , so:

                            
                                
                            

                            The antiderivative of x−2 is −x−1 because  so:

                            
                                
                            

                            Combining these two indefinite integrals and writing the sum of the two constants as a single constant yields:

                            
                                
                            

                            This matches (C).

                        
                    

                

            
        
    
        
        Rapid Review

        
            If you take away only three things from this chapter:

            
                	
                    
                        
                            

                            
                            
                                
                                    	Because the derivative is...
                                    	The indefinite integral is...
                                

                            
                            
                                
                                    	
                                        
                                            
                                                
                                            

                                        

                                    
                                    	
                                        
                                            
                                                
                                            

                                        

                                    
                                

                                
                                    	
                                        
                                            
                                                
                                            

                                        

                                    
                                    	
                                        
                                            
                                                
                                            

                                        

                                    
                                

                                
                                    	
                                        

					   
                                                        
                                                    


                                        

                                    
                                    	
                                        
                                            
					   
                                                        
                                                    


                                        

                                    
                                

                                
                                    	
                                        
                                            
                                                
                                            

                                        

                                    
                                    	
                                        
                                            
                                                
                                            

                                        

                                    
                                

                                
                                    	
                                        
                                            
                                                
                                            

                                        

                                    
                                    	
                                        
                                            
                                                
                                            

                                        

                                    
                                

                                
                                    	
                                        
                                            
                                                
                                            

                                        

                                    
                                    	
                                        
                                            
                                                
                                            

                                        

                                    
                                

                                
                                    	
                                        
                                            
                                                
                                            

                                        

                                    
                                    	
                                        
                                            
                                                
                                            

                                        

                                    
                                

                            
                        

                    

                

                	An initial condition is information that allows for the determination of C in the indefinite integral
                     .

                	The rules of the substitution game say that any x disappears, and that there must be a du. Where applicable, replace any additional x values with u values through backsubstitution (i.e., u = x − 1, then u + 1 = x).

            

        
    
        
        
        
            
                Test What You Learned

                
                
                
            
            
                	
    
        
            
                
                    	x
                    	F(x)
                

            
            
                
                    	1
                    	
                        
                    
                

                
                    	4
                    
                    	10
                

            
        

    



                	
                    
                    
                    
                        Let f(x) = F'(x). The table above lists some values of x and F. If , which of the following represents F(x) ?

                    
                    
                        	
                            
                        

                        	
                            
                        

                        	
                            
                        

                        	
                            
                        

                    

                    
                

                	
                    
                    
                        Which of the following is an antiderivative of  ?

                    
                    
                        	
                            
                        

                        	
                            
                        

                        	
                            
                        

                        	
                            
                        

                    

                    
                

                	
                    
                    
                        
                            
                        

                    
                    
                        	
                            
                        

                        	
                            
                        

                        	
                            
                        

                        	
                            
                        

                    

                    
                

                	
                    
                    
                        Which of the following is an antiderivative of  ?

                    
                    
                        	
                            
                        

                        	
                            
                        

                        	
                            
                        

                        	
                            
                        

                    

                    
                

                	
                    
                    
                        
                            
                        

                    
                    
                        	
                            
                        

                        	
                            
                        

                        	
                            
                        

                        	
                            
                        

                    

                    
                

                	
                    
                

            

        
    
        
        
        
            Answer
                Key

            Test What You Already Know

            
                	B    Learning Objective: 11.1

                	C    Learning Objective: 11.2

                	B    Learning Objective: 11.3

                	D    Learning Objective: 11.4

                	B    Learning Objective: 11.5

            

        
        Detailed solutions can be found in the Answers and Explanations section at the back of this book.

        

        

    
        
        
        
            Answer
                Key

            Test What You Learned

            
                	D    Learning Objective: 11.2

                	B    Learning Objective: 11.1

                	A    Learning Objective: 11.4

                	B    Learning Objective: 11.3

                	C    Learning Objective: 11.5

            

        
        Detailed solutions can be found in the Answers and Explanations section at the back of this book.

        

        

    
        
        Reflection

        Test What You Already Know score: _________

        Test What You Learned score: _________

        Use this section to evaluate your progress. After working through the pre-quiz, check off the boxes in the �Pre� column to indicate which Learning Objectives you feel confident about. Then, after completing the chapter, including the post-quiz, do the same to the boxes in the �Post� column. Keep working on unchecked Objectives until you�re confident about them all!

        
            




	Pre
	Post
	



	◻	◻  	11.1 Use integration rules and algebraic manipulation to find antiderivatives of polynomial, radical, and rational functions



	◻	◻  	11.2 Find the antiderivative of a function subject to an initial condition


	◻	◻  	11.3 Use u-substitution to find antiderivatives of polynomial, radical, and rational functions


	◻	◻  	11.4 Integrate trigonometric functions and inverse trigonometric forms




	◻	◻  	11.5 Integrate exponential and logarithmic functions







        
        For More Practice

        Complete more practice online at kaptest.com. Haven’t registered your book yet? Go to kaptest.com/booksonline to begin.

    
        
        
            Chapter 12

            The Definite Integral

            Learning Objectives

            In this chapter, you will review how to:

            
                	12.1 Apply the First and Second Fundamental Theorems of Calculus to definite integrals

                	12.2 Use Riemann sums to approximate definite integrals

                	12.3 Use properties to evaluate definite integrals

                	12.4 Evaluate a definite integral using u-substitution

                	12.5 Rewrite a definite integral in an equivalent form

            

        
    
        
        
        
            
                Test What You Already Know

            
            
                	
                    
                        
                            
                        

                    
                    
                        	
                            
                        

                        	
                            
                        

                        	
                            
                        

                        	
                            
                        

                    

                

                	
                    

                        
                            
                                
                                    	x
                                    
                                    	0
                                    	3
                                    	6
                                    	9
                                    	12
                                    	15
                                

                                
                                    	f(x)
                                    	7
                                    	20
                                    	30
                                    	18
                                    	24
                                    	35
                                

                            
                        



                    
                

                	
                    
                        The table above provides data points for the continuous function f(x). Use a right Riemann sum with 5 subdivisions to approximate the area under the curve of f(x) on the closed interval [0, 15].  

                    
                    
                        	127

                        	134

                        	381

                        	402

                    

                

                	
                    
                        
                            
                        

                    
                

                	
                    
                        For the function f defined above, what is the value of  ?

                    
                    
                        	9

                        	54

                        	63

                        	70

                    

                

                	
                    
                        
                            
                        

                    
                    
                        	
                            
                        

                        	
                            
                        

                        	
                            
                        

                        	
                            
                        

                    

                    
                    

                

                	
                    
                        
                             can also be written as:

                    
                    
                        	
                            
                        

                        	
                             

                        	
                            
                        

                        	
                            
                        

                    

                

                	
                

            

        
        Answers to this quiz can be found at the end of this chapter.

        

        

    
        
        12.1 The Fundamental Theorems of Calculus

        To answer a question like this:

        

        
            
                	
                    
                        For x > 0, if 
                            which of the following gives f'(x) ?

                    
                    
                        	
                            
                        

                        	
                            
                        

                        	
                            
                        

                        	
                            
                        

                    

                

            

        
        
        You need to know this: 

        First Fundamental Theorem of Calculus

        
            	
                If f is continuous on the closed interval [a, b] and F is any antiderivative of f, then

                
                    
                        
                    

                

            

            	The FTC provides a connection between derivatives and integrals—it works like a bridge between the two legs of calculus.

            	Graphically, this would be the area under the curve from a to b, an accumulation function for that interval.

        

        Second Fundamental Theorem of Calculus

        

        
            	
                The function   is differentiable and  that is, 
                

            

            	The difference between the function defined here and the accumulation function is that now there is a concrete way of computing G(x): G(x) = F(x) − F(a) where F(x) is an antiderivative of f(x).

        

        You need to do this:

        
            	This question is an application of the Second Fundamental Theorem taken one step further, combining the SFT and the chain rule.

            	This isn't computing the definite integral from a constant to a variable, but from a variable to a function.

            	Set
                
                and rewrite G(x) = H(u(x)). By the chain rule, G′(x) = H′(u(x)) · u′(x). According to the Second Fundamental Theorem, H′(u) = f(u), so G′(x) = f(u) · u′(x).

        

        
            AP Expert Note

            Think of derivatives and integrals in terms of a staircase: think of computing derivatives as going down a stair and computing integrals as going up a stair.

        
        Answer and Explanation:

        B
        

        To find f'(x), you need to take the derivative of f(x). It follows from the Second Fundamental Theorem that:

        
            
        

        That's a perfect match for (B).

        
            
                Practice Set

                
                
                
            
            
                	

    
        
            
                
                    	x
                    
                    	0
                    	1
                    	2
                    	3
                

                
                    	f(x)
                    
                    	−1
                    	0
                    	1
                    	−2
                

                
                    	F(x)
                    
                    	4
                    	3
                    	A
                    	8
                

            
        

    



                	
                    
                   
                  
Suppose f(x) is a continuous function and f is the derivative of the function F(x). Given the table of values above, what is  ?

                    
                    
                        	–2

                        	5

                        	8

                        	19

                    

                    
                

                	
                    
                    
                        Find the derivative of 
                        

                    
                    
                        	cos(x4)

                        	cos(x2)

                        	2x cos(x2)

                        	2x cos(x4)

                    

                    
                

                	
                    
                    
                        Let  Then f′(2) =

                    
                    
                        	−2

                        	0

                        	3

                        	6

                    

                    
                

                	
                    
                    
                        Let  
                        

                    
                    
		                               	−3.256

                        	−2.991


                        	−2.770

                        	−1.919

                    

                    
                

                	
                    
                

            

        
    
        
        
        
            Answers
                and Explanations

            
                
                    	B
                        
                            Because you are given that F is the antiderivative of f, the First Fundamental Theorem of Calculus tells you:

                            
                                
                            

                            Filling in the values for F(3) and F(1) from the table yields:

                            
                                
                            

                            That's (B).

                        
                    

                    	D
                        
                            Set
                                
                                Therefore, 
                            

                            By the Second Fundamental Theorem of Calculus, f′(x) = cos(x2). Applying the chain rule yields:

                            
                                
                            

                            Choice (D) is correct.

                        
                    

                    	C
                        
                            Using the Second Fundamental Theorem of Calculus yields:

                            
                                
                            

                            Choice (C) is correct.

                        
                    

                    	C
                        
                            Use the Second Fundamental Theorem of Calculus along with the chain rule to find F'(x). Then use the Derivative function on your graphing calculator to find F"(1).

                            
                                
                            

                            Choice (C) is correct.

                        
                    

                

            
        
    
        
        12.2 Riemann Sums and Definite Integrals

        To answer a question like this:

        

        
            
                	
                    
                        
                            
                                
                                    
                                        	x
                                        	2
                                        	3
                                        	8
                                        	10
                                        	14
                                    

                                    
                                        	f(x)
                                        	3
                                        	7
                                        	9
                                        	5
                                        	1
                                    

                                
                            

                        

                        The table above gives values for a continuous function f(x). Which of the following gives a left Riemann approximation using 4 subintervals of
                             ?

                    
                    
                        	68

                        	71

                        	72

                        	76

                    

                

            

        
        
        You need to know this:

        Numerical approximation rules:

        
            	Riemann sums are approximations of the area under the curve by the rectangles determined by points along the closed interval [a, b] in n equal pieces each of length
                
                . 

            	The height of each rectangle can be measured using the height of its left edge (left Riemann sum), its right edge (right Riemann sum), or the average of the two (midpoint Riemann sum).

            	Instead of approximating the area under the curve using a sum of rectangles, n trapezoidal regions, denoted by Tn, can be used in what is known as trapezoidal approximation.

            

        

        Nature of the approximations:

        

        
            	A left Riemann sum will underestimate portions of the curve that are increasing and overestimate portions that are decreasing. A right Riemann sum will overestimate portions of the curve that are increasing and underestimate portions that are decreasing.

            	A trapezoidal approximation will always lie under the curve if the curve is concave down (and therefore be an underestimate)
                
                and above the curve if it is concave up (and therefore be an overestimate).

            

        

        You need to do this:

        
            	Left Riemann sum: 
            

            	Right Riemann sum: 
            

            	Midpoint Riemann sum: 
            

            	
                Trapezoidal approximation:

                
                    
                        
                    

                

            

        

        Answer and Explanation:

        D
        

        To calculate a left Riemann sum, choose the left endpoint for each interval and multiply by the width of the interval. Based on the table of values, this gives:

        
            
        

        Choice (D) is correct.

        
            
                Practice Set

                
                
                
            
            
                	

    
        
            
                
                    	x
                    
                    	0
                    	2
                    	4
                    	6
                    	8
                

                
                    	f(x)
                    	7
                    	4
                    	11
                    	5
                    	5
                

            
        

    



                	
                    
                   
                    
                        Let f be a continuous function on the closed interval [0, 8]. If the values of f at five points are given in the table above, the trapezoidal approximation of
                            
                            using four subintervals of equal length is

                    
                    
                        	36

                        	42

                        	48

                        	52

                    

                    
                

                	
    
        
            
                
                    	x
                    	2
                    	5
                    	8
                    	11
                    	14
                

                
                    	f(x)
                    	3
                    	7
                    	9
                    	5
                    	1
                

            
        

    



                	
                    
                    
                    
                        Which of the following gives a midpoint Riemann approximation using 2 subintervals of
                            
                            where f has values as given in the table above?

                    
                    
                        	68

                        	71

                        	72

                        	76

                    

                    
                

                	


    
        [image: The graph of y equals f of x starts at the origin and increases very quickly, then more slowly. It passes through 1 comma 1 point 8 and 3 comma 2 point 5.]
    




                	
                    
                   
                    
Consider the function y = f(x) whose graph is shown above, for which f′(x) > 0 and f′(x) > 0 for all x > 0. Which of the following will overestimate the value of 
                            ?

                        
                            	A left Riemann sum

                            	A right Riemann sum

                            	A trapezoidal approximation

                        

                    
                    
                        	I only

                        	II only

                        	III only

                        	II and III only

                    

                    
                

                	
    
        
            [image: The graph starts at negative 5 comma 1 and increases nonlinearly to 0 comma 3. The graph then decreases to 5 comma 2 and continues to decreases to 10 comma 0. The graph then increases to 15 comma 1.]
        
    



                	
                    
                    
                    
                        The graph of a differentiable function f over the closed interval [−5, 15] is shown above. Find the trapezoidal approximation of the area under the curve using four equal subintervals.

                    
                    
                        	24

                        	26

                        	28

                        	30

                    

                    
                

                	
                    
                

            

        
    
        
        
        
            Answers
                and Explanations

            
                
                    	D
                        
                            The formula for a trapezoidal approximation of
                                
                                with n subintervals is:

                            
                                
                            

                            where
                                
                                . Therefore:

                            
                                
                            

                            That's (D).

                        
                    

                    	C
                        
                            To calculate a midpoint Riemann sum, choose the midpoint for each interval and multiply by the width of the interval. This yields:

                            
                                
                            

                            Choice (C) is correct.

                        
                    

                    	B
                        
                            
                                
                                refers to the area between y = f(x)  and the x-axis on the  closed interval
                                [1, 3].

                            You know that the function is increasing, because f′(x) > 0, so a left approximation will lie under the curve and therefore underestimate the area, while a right approximation will lie above the curve and overestimate as shown below:

                            
                                
                                    [image: The left graph shows a rectangle with a base from x equals 1 to x equals 3 and a height of f of x when x equals 1. The right graph shows a rectangle with a base from x equals q to x equals 3 and a height that is equal to f of x when x equals 3.]
                                
                            

                            Therefore, statement I is false and statement II is true. This means you have only to consider the trapezoidal approximation. A trapezoidal approximation will always lie under the curve if the curve is concave down, and above the curve if it is concave up. Here, you know that f″(x) < 0;
                                therefore, the curve is concave down and the trapezoidal approximation will underestimate the area as shown below:

                            
                                
                                    
                                
                            

                            Therefore, statement III is false, making (B) the correct answer.

                        
                    

                    	D
                        
                            Use the formula for the fourth trapezoidal approximation:

                            
                                
                            

                            where
                                . Here,  and:

                            
                                
                                    
                                        
                                            	Sampling point
                                            	x0
                                            
                                            	x1
                                            
                                            	x2
                                            
                                            	x3
                                            
                                            	x4
                                            
                                        

                                        
                                            	xi
                                            
                                            	−5
                                            	0
                                            	5
                                            	10
                                            	15
                                        

                                        
                                            	f(xi)
                                            	1
                                            	3
                                            	2
                                            	0
                                            	1
                                        

                                    
                                

                            

                            where you read the values f(xi) from the graph provided. Thus:

                            
                                
                            

                            Choice (D) is correct.

                        
                    

                

            
        
    
        
        12.3 Properties of Definite Integrals

        To answer a question like this:

        

        
            
                	
                    
                        Suppose
                            ,
                            
                            
                            , and
                            
                            . What is
                            
                            ?

                    
                    
                        	–2

                        	2

                        	3

                        	5

                    

                

            

        
        
        You need to know this:

        Because the definite integral is defined in terms of a limit of Riemann sums, the rules for manipulation of limits come into play when evaluating definite integrals. For these theorems, assume that the functions f and g are basically continuous, meaning that they are continuous except for a few point or jump discontinuities.

        
            	
                
            

            	
                 
            

            	
                
            

            	
                
            

        

        Area under the x-axis is negative

        

        
            	Because the definite integral is defined as the area of a sum of rectangles whose heights are the value of the function at various points, the definite integral considers any area that lies under the x-axis to be negative.

            	If part of the curve is above the x-axis and part of the curve is below the x-axis, then the positive and negative areas will partially or totally cancel each other out.

            

        

        You need to do this:

        
            	Use properties of the definite integral to solve this problem.

            	Like with limits and indefinite integrals, constants in the definite integral can be manipulated.

            	Because the definite integral is defined in terms of the area under the curve, it makes sense that areas can be added. If f is integrable on the closed interval [a, b] and c is some point between a and b, then the function evaluated from a to b will be the same as a to c + c to b.

            	In fact, because of the way definite integrals are defined, this statement is true even if c is not between a and b.

            

        

        Answer and Explanation:

        C
        

        Using properties of the definite integral:

         
            
        

        Using the additivity of the definite integral:

        
            
                
            

        

        You are given that
            ,
            and you found above that
            
            . Substitute these values into the equation above and solve:

        
            
                
            

        

        That's (C).

        
            
                Practice Set

                
                
                
            
            
                
                	
                    
                    
                        If
                            
                            and
                            
                            then
                            
                        

                    
                    
                        	−16

                        	−6

                        	6

                        	16

                    

                    
                

                
                	
                  
    Let f be a continuous function with the following properties:

    
        
            
        

    


                    
                    
                        Which of following statements is true?

                    
                    
                        	A = −B
                        

                        	C = D
                        

                        	A = C
                        

                        	All three statements are true.

                    

                    
                

                	
                    
                    
                        Let a < b < c < d and let a continuous function f have the following properties:

                        
                            
                        

                        

                        Then, 
                            
                        

                    
                    
                        	−2

                        	2

                        	7

                        	8

                    

                    
                

                	
                    
                   
                        The function f, continuous for all real numbers x, has the following properties:

                        
                            	
                                
                            

                            	
                                
                            

                        

                 
                    
                        What is the value of k if
                             ?

                    
                    
                        	−11

                        	−3

                        	3

                        	11

                    

                    
                

                	
                    
                

            

        
    
        
        
        
            Answers
                and Explanations

            
                
                    	D
                        
                            Because 
                                it follows that:

                            
                                
                            

                            Given
                                
                                it follows that
                                
                                This means that
                                
                                So
                                , which is (D).

                        
                    

                    	B
                        
                            Using the properties of the definite integral, you can express each of A, B, and C in terms of D.

                            
                                
                                    
                                

                            

                            
                                
                                    
                                

                            

                            
                                
                                    
                                

                            

                            It follows that (B) is correct.

                        
                    

                    	D
                        
                            Using the properties of the definite integral, you can piece together a path from c to d using the other given integrals.  

                            
                                
                            

                            Choice (D) is correct.

                        
                    

                    	D
                        
                            Because f is continuous and
                                
                                and
                                
                                it follows that:

                            
                                
                            

                            By substitution,
                                , so
                                
                                Now, consider
                                
                                which means that
                                
                                and by substitution 3k = 33. Finally, k = 11, which is (D).

                        
                    

                

            
        
    
        
        12.4 U-Substitution and Definite Integrals

        To answer a question like this:

        
            
                	
                    
                        
                            
                        

                    
                    
                        	0

                        	
                            
                        

                        	2

                        	
                            
                        

                    

                

            

        
        
        You need to know this:

        When substituting with definite integrals, there are two options available for solving the problem.

        Substitute back to original variable

        
            	With this method, use substitution to find the antiderivative of the original function, substitute back, and plug in the original limits of integration.

        

        Change of variables

        

        
            	With definite integrals, there is also the option of putting everything, including the limits of integration, in terms of u and getting rid of the xs completely.
            

        

        
            AP Expert Note

            Both methods are equally valid. Choose whichever is more comfortable or quicker for the problem (i.e., if the limits of x readily convert to u).

        
        You need to do this:

        
            	After making the appropriate u-substitution, select either to substitute back to the original variable after finding the antiderivative or convert the limits of integration to u terms as well.

        

        Answer and Explanation:

        C

        Rewrite and rearrange the original integral. Make the u-substitution
            
        

        
	
            
        

        Substitute back to the original variable: Write the limits of integration as x = 0 and
            
            as a reminder that the values refer to x and not to u. Compute the antiderivative of cos u (it is sin u) and then substitute back.

        
        

        Change variables: Use the equation relating x and u to change the limits of integration to be in terms of u. Because
            , the lower limit of integration x = 0 becomes
            . The upper limit of integration
            
            becomes
            . When substituting u and du into the original integral, also replace the limits of integration with their corresponding u-values. The integral becomes:

        
            
        

        This matches choice (C).

        
            
                Practice Set

                                 
                
                
            
            
                
                	
                    
                    
                        
                            
                        

                    
                    
                        	1

                        	
                            
                        

                        	
                            
                        

                        	
                            
                        

                    

                    
                

                	
                    
                    
                        
                            
                        

                    
                    
                        	–1

                        	0

                        	1

                        	π

                    

                    
                

                	
                    
                    
                        
                            
                        

                    
                    
                        	
                            
                        

                        	1

                        	
                            
                        

                        	
                            
                        

                    

                    
                

                	
                    
                    
                        
                            
                        

                    
                    
                        	
                            
                        

                        	ln (e + 1)

                        	ln (2e + 2)

                        	ln 2

                    

                    
                

                	
                    
                

            

        
    
        
        
        
            Answers
                and Explanations

            
                
                    	C
                        
                            This integral involves two different trig functions, so it is a good candidate for u-substitution. If u = sin x, then du = cos x dx. Rewrite the integral as:

                            
                                
                            

                            
                                
                            

                            Choice (C) is correct.

                        
                    

                    	A
                        
                            To perform a substitution with change of variables on this problem, substitute u = ex + π, du = ex dx, the lower limit  with   , and the upper limit  with  .

                            
                                
                            

                            This matches choice (A).

                        
                    

                    	C
                        
                            This integral involves two different trig functions, so it is a good candidate for u-substitution. Start by pulling the 2 out of the integrand:

                            
                                
                            

                            Now, let
                            , which means
                            . Rearrange the integral so that:
                            
                                
                            

                            Next, change the bounds of integration. When
                                 
                                So
                                 When
                                  So u = 1.

                            
                                
                                
                                    
                                

                                
                                    
                                

                            

                            That's (C).

                        
                    

                    	A
                        
                            Let 
                            

                            Change the bounds of integration so:

                            
                                
                            

                            Rewrite the integral:

                            
                                
                            

                            Choice (A) is correct.

                        
                    

                

            
        
    
        
        12.5 Equivalent Forms of Definite Integrals

        To answer a question like this:

        
            
                	
                    
                        Which of the following definite integrals has the same value as  ?

                    
                    
                        	
                            
                        

                        	
                            
                        

                        	
                            
                        

                        	
                            
                        

                    

                

            

        
        
        You need to know this:

        Finding equivalent forms

        
            	This is nothing new! Finding equivalent forms is an application of the various rules of definite integrals.

            	Often, but not always, a changing of variable is involved.

            	Sometimes the problem requires solving the integral in the question and comparing it to the solutions of the integrals in the answer choices.

        

        
            AP Expert Note

            Equivalent forms meshes the ability to solve definite integrals of all forms (exponentials, logarithmics, trigonometrics, etc.) with the application of the rules of definite integrals (changing variables substitution, back substitution, manipulating constants, additive properties).

        
        You need to do this:

        
            	Compare the definite integral in the question to the integrals in the answer choices. Note the use of x in the question and u in the answer choices.

            	Determine what rule of definite integrals needs to be applied. To get from everything being in terms of x to everything being in terms of u, a change of variables needs to take place.

            	Solve in terms of u for x, dx, and the upper and lower limits of  integration.

        

        
            AP Expert Note

            Sometimes comparing answer choices can provide insight into the potential pitfalls encountered when solving. Will the limits remain 1 to 2, or become 1 to 8? Will the constant  or 3 be factored out?

        
        Answer and Explanation:

        B
        

        
            
        

        The solution above shows the application of changing variables substitution to the integral from the question. Note how u was put in place of x3. Recall, du = u' dx = 3x2 dx. The integral is multiplied by 

             , effectively 1, to provide the necessary constant for substitution. The  is taken out of the integral. The limits must also undergo the variable change u = x3, so x = 1 becomes u = 1 and x = 2 becomes u = 8. This matches choice (B).

        
            
                Practice Set

                
                
                
            
            
                
                	
                    
                    
                        Which of the following definite integrals is equivalent to
                             ?

                        
                            	
                                
                            

                            	
                                
                            

                            	
                                
                            

                        

                    
                    
                        	I only

                        	II only

                        	I and II only

                        	I and III only

                    

                    
                

                	
                    
                    
                        If f is a function such that  , then which of the following must also be true?

                    
                    
                        	
                            
                        

                        	
                            
                        

                        	
                            
                        

                        	
                            
                        

                    

                    
                

                	
                    
                    
                        If the substitution
                            
                            is used, then
                            
                            is equivalent to

                    
                    
                        	
                            
                        

                        	
                            
                        

                        	
                            
                        

                        	
                            
                        

                    

                    
                

                	
                    
                    
                        The u-substitution
                            
                            transforms the indefinite integral
                            
                            into which of the following indefinite integrals?

                    
                    
                        	
                            
                        

                        	
                            
                        

                        	
                            
                        

                        	
                            
                        

                    

                    
                

                	
                    
                

            

        
    
        
        
        
            Answers
                and Explanations

            
                
                    	D
                        
                            To answer this question, you need to compare the horizontal shifts in the function to the shifts in the limits of integration. In option I, the function is shifted right 2 units and the limits of integration are also shifted right 2 units, so option I is equivalent to the given integral. In II, the function is shifted right 2 units, but the limits of integration are shifted left 2 units, so II is not equivalent. (Eliminate B and C.) In III, the function is shifted left 3 units and the limits of integration are also shifted left 3 units, so III is true. This means (D) is the correct answer.
                        
                    

                    	D
                        
                            Because u = 6x, du = 6 dx ⇒  du = dx. Convert x = 2 to u = 12 and x = 4 to u = 24.

                            
                                
                            

                            Thus, choice (D) is correct.

                        
                    

                    	B
                        
                            You're given that . The initial integral is written in terms of x, so rewrite x in terms of u (by squaring both sides of the equation and solving for x). This yields u2 = x + 1 ⇒ x = u2 − 1. Now, find dx so you can substitute that as well:

                            
                                
                            

                            Converting the bounds of integration yields:

                            
                                
                            

                            Finally, put all the pieces together:

                            
                                
                            

                            A perfect match for (B).

                        
                    

                    	D
                        
                            This is an example of a sneaky substitution. If
                                  then .

                            Remembering the rules of substitution, you can rewrite the original integral to squeeze in a du:

                            
                                
                            

                            An additional term of
                                 was introduced, but that’s okay; you can swallow it up with a u.

                            Transform the integral to:

                            
                                
                            

                            The correct answer is (D).

                        
                    

                

            
        
    
        
        Rapid Review

        
            If you take away only siX things from this chapter:

            
                	
                    First Fundamental Theorem of Calculus: If f is continuous on the closed interval [a, b] and F is any antiderivative of f, then
                    

                

                	
                    Second Fundamental Theorem of Calculus: The function   is differentiable and that is, 
                        

                    

                

                	Approximation of definite integrals by taking a left Riemann sum, a right Riemann sum, a midpoint Riemann sum, and a trapezoidal approximation. 
                

                	
                    Properties of definite integrals:

                    
                        	
                            
                        

                        	
                            
                        

                        	
                            
                        

                        	
                            
                        

                    

                

                	There are two methods for u-substitution with definite integrals: substituting back to the original variable or changing variables.

                	Equivalent forms meshes the ability to solve definite integrals of all forms (exponentials, logarithmics, trigonometrics, etc.) with application of the rules of definite integrals (changing variables substitution, back substitution, manipulating constants, additive properties).

                

            

        
    
        
        
        
            
                Test What You Learned

                
                
                
            
            
                	

    
        
            
                
                    	x
                    
                    	0
                    	2
                    	8
                    	10
                

                
                    	g(x)
                    	2
                    	7
                    	1
                    	4
                

            
        

    



                	
                    
                   
                    
                        Given the above data points for the continuous function g(x), approximate the value of  using trapezoids with 3-subintervals.

                    
                    
                        	30

                        	38

                        	40

                        	68

                    

                    
                

                	
                    
                    
                        If is substituted into the definite integral,  can be rewritten as:

                    
                    
                        	
                            
                        

                        	
                            
                        

				
                            
                        

                        	
                            
                        

                        
                    

                    
                    
                    

                

                	
                    
                    
                         Given , , and , what is the value of  ?

                    
                    
                        	–7

                        	–3

                        	2

                        	14

                    

                    
                

                	
                    
                    
                        
                        

                        

                    
                    
                        	12

                        	22

                        	30

                        	42

                    

                    
                

                	
                    
                    
                        The function f is continuous and . What is the value of  ?

                    
                    
                        	2.5

                        	5

                        	10

                        	25

                    

                    
                

                	
                    
                

            

        
    
        
        
        
            Answer
                Key

            Test What You Already Know

            
                	A    Learning Objective: 12.1

                	C    Learning Objective: 12.2

                	C    Learning Objective: 12.3

                	D    Learning Objective: 12.4

                	B    Learning Objective: 12.5

            

        
        Detailed solutions can be found in the Answers and Explanations section at the back of this book.

        

        

    
        
        
        
            Answer
                Key

            Test What You Learned

            
                	B    Learning Objective: 12.2

                	C    Learning Objective: 12.5

                	B    Learning Objective: 12.3

                	C    Learning Objective: 12.1

                	A    Learning Objective: 12.4

            

        
        Detailed solutions can be found in the Answers and Explanations section at the back of this book.

        

        

    
        
        Reflection

        Test What You Already Know score: _________

        Test What You Learned score: _________

        Use this section to evaluate your progress. After working through the pre-quiz, check off the boxes in the �Pre� column to indicate which Learning Objectives you feel confident about. Then, after completing the chapter, including the post-quiz, do the same to the boxes in the �Post� column. Keep working on unchecked Objectives until you're confident about them all!
	

        
	   
            





	Pre
	Post
	



	◻	◻  	12.1 Apply the First and Second Fundamental Theorems of Calculus to definite integrals


	◻	◻  	12.2 Use Riemann sums to approximate definite integrals


	◻	◻  	12.3 Use properties to evaluate definite integrals


	◻	◻  	12.4 Evaluate a definite integral using u-substitution


	◻	◻  	12.5 Rewrite a definite integral in an equivalent form






        
        For More Practice

        Complete more practice online at kaptest.com. Haven’t registered your book yet? Go to kaptest.com/booksonline to begin.

    
    

        

            Chapter 13

            Geometric Applications of Integration

            
            
            Learning Objectives

            In this chapter, you will review how to:

            
                	13.1 Find (or use) the area under a given curve

                	13.2 Find the area between or bounded by curves

                	13.3 Find volumes of solids with known cross sections

                	13.4 Find volumes of solids of revolution using discs and/or washers

            

        
    
        
        
        
            
                Test What You Already Know

            
            
                	
                    
                        
                            
                                [image: F of x starts at 0 comma negative 1, then increases linearly through 1 comma 0 to 2 comma 1. The graph is horizontal to 3 comma 1, then decreases linearly through 4 comma 0 to 5 comma negative 1. The graph then increases linearly through 6 comma 0 to 7 comma 1, and then is horizontal to 8 comma 1.]
                            
                        

                    
                

                	
                    
                        The graph of f is shown above. What is the value of  ?

                    
                    
                        	–1

                        	0

                        	1

                        	2

                    

                

                	
                    
                        What is the area of the region bounded by the graph of , the line
                             , and the x-axis? 

                    
                    
                        	1

                        	2

                        	4

                        	8

                    

                

                	
                    
                        The base of a solid region is bordered in the first quadrant by the x-axis, the y-axis, and the line
                            
                            Cross-sections perpendicular to the x-axis are squares. What is the volume of the solid?

                    
                    
                        	8

                        	10

                        	12

                        	16

                    

                

                	
                    
                        An urn has a shape determined by revolving the curve
                             from x = 0 to x = 6 about the x-axis, where x and y are measured in inches. What is the volume, in cubic inches, of the urn?

                    
                    
                        	58.304

                        	68.816

                        	216.193

                        	679.191

                    

                

                	
                

            

        
        Answers to this quiz can be found at the end of this chapter.

        

        

    
        
        13.1 Area Under a Curve

        To answer a question like this:

        
            
                	
                    
                        
                            
                                [image: The graph of f of x starts at negative 5 comma 0, then increases nonlinearly to approximately negative 2 point 5 comma 4, then decreases nonlinearly to the origin.  The graph continues to decreases nonlinearly to approximately 1 point 5 comma negative 1 point 5, then increases to 3 comma 0.]
                            
                        

                        Part of the graph of a function f is shown above. The area of the region between f and the x-axis on the closed interval [–5, 0] is 16. The area of the region between f and the x-axis on the closed interval [0, 3] is 3. What is the value of
                            
                            ?

                    
                    
                        	–13

                        	10

                        	13

                        	19

                    

                

            

        
        
        You need to know this:

        Because the definite integral is defined as the area of a sum of rectangles whose heights are the value of the function at various points, the definite integral considers any area that lies under the x-axis to be negative.

        
            
                [image: The graph of y equals negative x, starting at the origin, with the area above the line but below the x axis shaded.  Essentially, this is the fourth quadrant cut into two triangles, with the upper triangle shaded.]
            
        

        Consider the figure above.  Its height, given by f(10), is negative.
            
            You can compute its area:  that is,  .

        You need to do this:

        If part of the curve is above the x-axis and part of the curve is below the x-axis, then the positive and negative areas will partially or totally cancel each other out.

        
            
                [image: The graph of y equals x to the third, with the area between the function and the x axis shaded.  Thus, to the left of x equals 0, the shaded area is below the x axis, and to the right of 0, the shaded area is above the x axis.]
            
        

        The curve y = x3 is symmetric around the y-axis. Since all odd functions have the same rotational symmetry, this finding can be generalized into a time-saving tip! The integral of any odd function over an interval that is symmetric about the y-axis (–3 to 3, –1 to 1, etc.) will be 0. Thus, the same holds true for y = x5, y = x7, and even y = x.

        
        

        Answer and Explanation:

        C
        

        A definite integral is used to find the sum of an infinite number of infinitely small terms.  When you are using an integral to find the area under a curve, you are adding the areas of an infinite number of extremely thin rectangles, area = (length)(width) = (y)(dx). The integral from x = –5 to x = 0 is positive because the graph is above the x-axis, making the y-values positive. The integral from x = 0 to x = 3 is negative because the graph is below the x-axis, making the y-values negative.

        
            
        

        Choice (C) is correct.

        
            
                Practice Set

                
                
                
            
            
                
                	
                    
                    
                        What is the value of the definite integral   ?

                    
                    
                        	−24

                        	−18

                        	24

                        	36

                    

                    
                

                	
    
        
            [image: The graph of f of x starts just to the right of negative 3 comma 0 and decreases nonlinearly to negative 1 comma negative 2. The graph then increases nonlinearly, crossing the x axis at 1, and increasing to a maximum of 4 comma 4. The graph then decreases nonlinearly to 7 comma 0.]
        
    



                	
                    
                    
                    
                        Given the graph of f shown above, which of the following statements are true?

                        
                            	
                                
                                    
                                

                            

                            	
                                
                                    
                                

                            

                            	
                                
                                    
                                

                            

                        

                    
                    
                        	I only

                        	I and II only

                        	II and III only

                        	I, II, and III

                    

                    
                

                	
                    
                    
                        
                            
                        

                    
                    
                        	−5

                        	5

                        	
                            
                        

                        	13

                    

                    
                

                	
    
        
            [image: Hours is given on the x axis and gallons is on the y axis. The graph starts at 0 comma 175, decreases to 3 comma 130, the increases to approximately 12 comma 275. The graph then decreases nonlinearly to approximately 21 comma 125, then increases to 24 comma 190.]
        
    



                	
                    
                    
                    
                        The rate of production of olive oil, in gallons per hour, at a processing facility on a given day is given by the graph shown above. Which value best approximates the total number of gallons of olive oil produced in the 24-hour period? 

                    
                    
                        	1800

                        	2400

                        	3600

                        	4800

                    

                    
                

                	
                    
                

            

        
    
        
        
        
            Answers
                and Explanations

            
                
                    	C
                        
                            The definite integral is the area under the curve, where the area above the x-axis is positive and the area below the x-axis is negative. The graph of this function, shown below, has two regions: a small triangle below the x-axis and a large triangle above the x-axis.

                            
                                
                                    [image: The graph of y equals 2x minus 2, starting at 0 comma negative 2. The graph crosses through 1 comma 0, then continues increasing. The triangle below the x axis, with vertices at the origin, 0 comma negative 2, and 1 comma 0, is shaded, along with the triangle bounded by the x axis and the line to the right of x equals 1.]
                                
                            

                            The area of the small triangle is
                                
                                ; the area of the big triangle is
                                
                                . Count the area of the small triangle as negative, so:

                            
                                
                                    
                                

                                The answer is (C).

                            

                        
                    

                    	D
                        
                            This problem requires that you compare integral values from the graph. 

                            
                                	I. True.
                                    is approximately 1.8 units less than
                                    
                                    because the region
                                    
                                

                                	II. True. To start, recognize that
                                    
                                    and
                                    
                                    are opposites. From the graph, it is clear that
                                    , so
                                    
                                    A negative number is always smaller than a positive number.

                                	III. True. 
                                    as compared to
                                     .

                            

                            All three statements are true. The answer is (D).

                        
                    

                    	D
                        
                            
                                
                                    [image: The graph of the absolute value of 2x minus 4. The graph starts at negative 1 comma 6 and decreases linearly to 2 comma 0. The graph then increases linearly to 4 comma 4. The area below the function and above the x axis is shaded.]
                                
                            

                            This integral can be interpreted as the area shown in the figure above. Find the sum of the areas of the two triangles. 

                            
                                
                            

                            The answer is (D).

                        
                    

                    	D
                        
                            The solution is the area under the rate curve between 0 and 24 hours. To approximate this area, draw a rectangle that is close in value to the area under the curve as shown below.

                            
                                [image: The same graph given in the question, with a horizontal line at 200 and a vertical line at 24 included, giving a rectangle with dimensions 200 by 24.]
                            
                            The area of the rectangle is 200 • 24 = 4,800. The answer is (D).

                            
                            

                        
                    

                

            
        
    
        
        13.2 Area Between or Bounded by Curves

        To answer a question like this:

        
            
                	
                    
                        The area bounded by the curves y = x2 + 6 and y = −3x + 1 between x = −1 and x = 4 equals

                    
                    
                        	69.033

                        	69.167

                        	69.333

                        	70.000

                    

                

            

        
        
        You need to know this:

        Area between two curves

        
            	The definite integral can be used to find the area between two curves, either between specified limits of integration or between points where the curves intersect.

            	The area between two curves is the integral of the length of the typical cross section.

            

            	Sometimes the curves switch places on the interval of integration; when this happens, break the integral into pieces. Sum the absolute values of the pieces.

            

        

        Area bounded by two curves

        

        
            
                [image: The graph of f of y is a line with a positive slope, and g of y  is a nonlinear function that decreases from left to right. The x axis is vertical, with points c and d labeled on the x axis. F of y increases from c to d, stopping at d, and g of y starts at d and decreases to c.]
            
        

        
            	A typical question on the AP exam asks for the area of the region bounded by given curves; often a graph of the curves is provided as part of the problem setup. This is a twist on finding the area between curves.

            	
                The area of this region can also be found with a single integral expression by using horizontal cross-sectional segments that sweep through the region from bottom to top. Rewrite the original curves from y = f(x) and y = g(x) to x = f(y) and x = g(y), and travel through the region from the horizontal boundaries y = c to y = d. The basic setup is as follows: .

            

        

        You need to do this:

        
            	To compute the area between two curves between x = a and x = b, evaluate the integral
                 (function on top – function on bottom) dx .

            	It doesn’t matter if one or both of the curves lies under the x-axis; the computation remains the same.

            

            	The area between two curves is always positive, while the definite integral is a signed area.

            	The area between a curve and the x-axis is given by the integral
                
                

            

        

        
            AP Expert Note

            It should be noted here that sometimes there isn't a choice regarding the horizontal or vertical setup, so it’s important to know them both.

        
        Answer and Explanation:

        B
        

        You should first determine the graphical relationship between the two curves, y = x2 + 6 and y = −3x + 1. Using your graphing calculator, you can quickly see that y = x2 + 6 is always above y = −3x + 1 on the closed interval [−1, 4].

        
            [image: A quick sketch of the functions y equals x squared plus 6 and y equals negative 3 x plus 1. The area below the first function and above the second function is shaded.]
        

        Therefore, the area in question is found by computing the value of:

        
            
        

        This can be done by hand or by calculator, but the calculator may save you time. To evaluate the integral on the calculator, enter the simplified integrand into Y= and use the Integrate function [Calc, #7]. You’ll also need to enter the limits of integration (here, the lower limit is –1 and the upper limit is 4). The result is approximately 69.167, or (B).

        
            
                Practice Set

                
                
                
            
            
                
                	
                    
                    
                        What is the area enclosed by the curve y = e2x and the lines x = 1 and y = 1 ?

                    
                    
                        	
                            
                        

                        	
                            
                        

                        	
                            
                        

                        	
                            
                        

                    

                    
                

                	

    
        
            [image: The graph of x equals 2 minus y and the graph of x equals y squared minus 4. There are points at 0 comma 2 and 5 comma negative 3, and the area to the left of the line and between the two curves of x equals y squared minus 4 is shaded.]
        
    



                	
                    
                   
                    
                        Which of the following gives the area of the shaded region above?

                    
                    
                        	
                            
                        

                        	
                            
                        

                        	
                            
                        

                        	
                            
                        

                    

                    
                

                	
                    
                    
                        There are two regions enclosed by the curves y = ln x and y = −(x − 1)(x − 2)(x − 4). What is the sum of the areas of the two regions?

                    
                    
                        	1.47

                        	1.53

                        	1.77

                        	2.17

                    

                    
                

                	
                    
                    
                        Find the area between the curves f(x) = x2 − 3x + 2 = (x − 1)(x − 2) and g(x) = −(x2 − 3x + 2) = −(x − 1)(x − 2) on the interval from x = 0 to x = 2.

                    
                    
                        	0

                        	1

                        	
                            
                        

                        	2

                    

                    
                

                	
                    
                

            

        
    
        
        
        
            Answers
                and Explanations

            
                
                    	B
                        
                            
                                
                                    [image: The graph of f of x equals e to the 2 x, along with the line x equals 1 and y equals 1, both of which are dashed lines. The area below the exponential function, above y equals 1 and to the left of x equals 1 is shaded.]
                                
                            

                            The graph of the region is shown above. The shaded region is bounded above by y = e2x and below by the line y = 1. The area of the region is given by

                            
                                
                            

                            The answer is (B).

                        
                    

                    	D
                        
                            The area of the shaded region is bounded to the right by x = 2 − y and to the left by x = y2 − 4. For −3 ≤ y ≤ 2, you know that 2 − y ≥ y2 − 4, so it follows that the area of the shaded region is given by

                            
                            The answer is (D).

                            
                            

                        
                    

                    	C
                        
                            This is a calculator problem, so let Y1 = ln x and Y2 = −(x − 1)(x − 2)(x − 4). The graphs intersect at points where x = 1, 2.389, and 3.719. The area of the region to the left is
                                
                                and to the right
                                
                                The sum of the areas is

                            
                                
                            

                            or with the absolute value function you get

                            
                                
                            

                            The answer is (C).

                            Note: Chapter 15.3 goes through using a graphing calculator to solve definite integrals, or you can visit the online PDF More Advanced Calculator Techniques, available in your Online Resources.

                        
                    

                    	D
                        
                            Start by sketching the graphs of these curves on the same set of axes. They are each a parabola that intersects the x-axis at x = 1 and x = 2. The parabola f(x) opens up and the parabola g(x) opens down.

                            
                                
                                    [image: The graph of f of x, which is a parabola that is decreasing and crosses the x axis 1, then increases and crosses the x axis at 2. The graph of g of x is increasing and crosses the x axis at 1, then decreases and crosses the x axis at 2.]
                                
                            

                            The area between the curves is the integral of the typical cross section, i.e., the top curve minus the bottom curve. From x = 0 to x = 1, the curve f(x) is on top; from x = 1 to x = 2, g(x) is on top. The area is therefore given by two integrals:

                            
                                
                            

                            Notice that g(x) = −f(x). You can therefore simplify the calculation:

                            
                                
                            

                            The answer is (D).

                            
                            

                        
                    

                

            
        
    
        
        13.3 Volumes of Solids with Known Cross Sections

        To answer a question like this:

        
            
                	
                    
                        Suppose R is the region in the following plane, bounded by the curves f(x) = ex − 5, g(x) = (x − 1)3, and the y-axis, and R is the base of a solid.

                        
                            
                                [image: The graph of g of x, which is the quantity x minus 1 to the third power, and f of x, which is e to the x power minus 5. The area below g of x and above f of x is shaded and labeled as R.]
                            
                        

                        If each cross section of the solid perpendicular to the x-axis is an isosceles right triangle with one leg in the base, what is the volume of the solid?

                    
                    
                        	5.271

                        	5.461

                        	5.681

                        	5.841

                    

                

            

        
        
        You need to know this:

        

        Expand upon the idea of the area between two curves as being swept out by the typical cross section to thinking of volumes the same way. Think of a volume of a solid as being swept out by the typical cross section, i.e., an area. Just as the area between two curves is the integral of (the length of) the typical cross section, the volume of a solid is the integral of (the
            
            area
            
            of) the typical cross section.

        
            
                
            
        

        The solids above show cross sections that move along the x-axis
            
            and cross sections that move along the y-axis. If the cross sections are moving along the x-axis, that is, if the cross sections are perpendicular to the x-axis, then integrate in the x-direction for the area of the typical cross section expressed as a function of x. If the cross sections are moving along the y-axis, integrate in the y-direction for the area of the typical cross section expressed as a function of y.

        You need to do this:

        
            	Let S be a solid, bounded region in space.

            	If the area can be expressed as a cross section of S in a plane perpendicular to the x-axis as A(x) and if S is bounded by x = a and x = b, then the volume of the solid S is
                .

            	If the area can be expressed as a cross section of S in a plane perpendicular to the y-axis as A(y) and if S is bounded by y = a and y = b, then the volume of the solid S is
                .

        

        Answer and Explanation:

        A
        

        
            
                [image: The length of the base is defined as g of x minus f of x, or the quantity x minus 1 cubed minus the quantity e to the x power minus 5. There is a vertical line drawn from g of x to f of x at x equals one half, and an isosceles right triangle is drawn from this vertical line. To the right, another picture of this triangle is drawn, along with the area of a cross section of an isosceles right triangles, which is one half times l squared.]
            
        

        Looking at the graph of the region R,
            
            cross sections of R perpendicular to the x-axis are bounded by the curve g(x) = (x − 1)3 above and f(x) = ex − 5 below. These are the legs of the isosceles right triangles that form the cross sections of the solid. Therefore, the length of the leg in terms of x is l = (x − 1)3 − (ex − 5), so the area of the typical cross section is given by:

        
            
                
            

        

        The left boundary a of the region is x = 0 and the right boundary of the region is the point where the curves g(x) = (x − 1)3 and f(x) = ex − 5 intersect. Use a graphing calculator to determine this point of intersection: ≈ 1.667. Set up the definite integral expressing the volume of the solid and use a graphing calculator to compute the definite integral:

        
            
                
            

        

        This matches choice (A).

        
            
                Practice Set

                
                
                
            
            
                
                	
                    
                    
                        The region R is the base of a solid. R is bounded by the parabola  and the line  . Each cross section of the solid perpendicular to the y-axis is a square. Which integral would give the volume of the solid?

                    
                    
                        	
                            
                        

                        	
                            
                        

                        	
                            
                        

                        	
                            
                        

                    

                    
                

                	
                    
                    
                        The function
                             and the x and y-axes define the base of a solid with height 3. Find the volume of the solid.

                        

                    
                    
                        	104

                        	144

                        

                        	168

                        

                        	232

                        

                    

                    
                

                	
                    
                    
                        The base of a solid is the region bounded by  and the line , and each cross section perpendicular to the x-axis is an equilateral triangle. The volume of the solid is

                    
                    
                        	0.051

                        	0.231

                        	0.408

                        	5.33

                    

                    
                

                	
                    
                    
                        The region R is defined by
                             and
                            . R is the base of a solid S. Cross sections perpendicular to the x-axis are circles with diameters defined by R. What is the volume of the solid S ?

                    
                    
                        	3.632

                        	7.265

                        	11.412

                        	22.823

                    

                    
                

                	
                    
                

            

        
    
        
        
        
            Answers
                and Explanations

            
                
                    	C
                        
                            
                                
                                    [image: The graph of y equals one third times x squared and y equals 3. There is a rectangle under the line y equals three that connects the y axis to the parabola. This rectangle has sides of length x, which is the difference in the x coordinates between the y axis and parabola, and 2 times x.]
                                
                            

                            Start by drawing a graph of the two functions.

                            You see that the functions intersect at x = –3 and x = 3 on the range from y = 0 to y = 3 . The cross sections are perpendicular to the y-axis, so the square cross sections are defined by the difference between the x-values of the function
                                 at the same y-value. This means you will be integrating with respect to y. Because of symmetry, you can take the volume of the solid in the first quadrant and multiply it by 2 to get the total volume. The area of each rectangle (half of the square cross sections) will be: 

                            
                                
                                Set up the integral of this area from y = 0 to y = 3 and multiply it by 2 to find the total volume of the solid.

                                
                                    
                                

                                The answer is (C).

                            

                        
                    

                    	A
                        
                            
                                
                                    [image: The graph of f of x equals negative x squared plus x plus 12, which is a parabola that is decreasing and crosses the x axis at 4. A line is drawn between a point on the parabola and the x axis, and a rectangle with a height of 3 is drawn off of this line. To the right, there is a drawing of a rectangle with height 3 and base f of x.]
                                
                            

                            First, draw the figure.

                            

                            The base of this solid is bound by f(x) in the first quadrant. The function gives x as the independent variable, so you should take vertical cross sections. This means you will be integrating from 0, the y-axis, to 4, the intercept of f(x) and the x-axis. Volume is base times height, and the height of this solid is a constant 3, so you can just multiply the integral, which gives you the base, by 3 to find the volume of the solid.

                            
                                
                                The answer is (A).

                            

                        
                    

                    	B
                        
                            
                                
                                    [image: The graphs of y equals square root of x and y equals one half x.  A line is drawn connecting the top function, y equals square root of x, to the bottom function, y equals one half x. An equilateral triangle is drawn from this line. To the right, the area of an equilateral triangle cross section is given, which is the square root of 3 divided by 4 times b squared.]
                                
                            

                            Start by drawing a graph of the two functions.

                            You see that the functions intersect at x = 0 and x = 4 and that
                                 is above
                                 . The cross sections are perpendicular to the x-axis, so the base of those triangles is defined by the difference between the y-values of the functions at the same x-value. The area of an equilateral triangle is half the base times the height, so each cross section has an area: 

                            
                                
                                Use your calculator to integrate this area from x = 0 to x = 4 to find the volume of the solid.

                                
                                    
                                

                                The answer is (B).

                            

                        
                    

                    	C
                        
                            
                                
                                    [image: The top function is y equals 3 times sine of x and the bottom function is y equals the sine of 3 times x divided by 2. The two functions are connected by a vertical line at a given value of x, and the diameter of the circle is defined as the top function minus the bottom function.]
                                
                            

                            First, draw the region. You can use your calculator.

                            
                            

                            The functions intersect at x = 0 and x =
                                , so you will be integrating the area of the cross sections from 0 to
                                . The vertical difference between the functions is the diameter of each cross section, so half of each difference is the radius. The area of each of the circular cross sections is then:                          
                            

                            
                                
                                Use your calculator to evaluate the integral:

                                
                                    
                                

                                The answer is (C).

                            

                        
                    

                

            
        
    
        
        13.4 Volumes of Solids of Revolution

        To answer a question like this:

        
            
                	
                    
                        The region bounded by y = x2, x = 1, x = 2, and the x-axis is revolved around the x-axis. What is the volume of the resulting solid?

                    
                    
                        	15.354

                        	17.916

                        	19.478

                        	21.241

                    

                

            

        
        
        You need to know this:

        Solids of revolution

        
            	Created when a region is rotated around a line, usually the x-axis, the y-axis, or a line parallel to one of these axes.
            

            	The cross sections are always circles or washers (i.e., a circle with a hole in the middle).
            

            	Find the radius of the circle to find the area of the typical cross section. Substitute the radius length into
                
                .

            

        

        Revolving around a line parallel to the x-axis

        

        
            	A solid of revolution is obtained when a curve is revolved around any line, not just the x-axis.
            

            	
                The typical cross section here is not a circle; it is a washer, or, if
                    
                    you prefer, a donut. The area of a washer is the area of the outer circle minus the area of the inner circle.
                    
                    Call the radius of the outer circle R and the radius of the inner circle r. The area of the washer is:.

            

            	It is also important to be able to find the volume of a solid that is generated when a plane region is revolved about a vertical line (the y-axis, or any line parallel to the y-axis).

        

        You need to do this:

        
            	Draw a picture of the region R that is being rotated.

            	Consider drawing a picture of the solid of revolution if it helps with visualization.

            	Draw the typical cross section.

            	Determine its shape (circle or washer).

            	Determine the radius of the circle (or, for a washer, the radii of the outer and inner circle).

            	Determine a formula for A(x), the area of the typical cross section in terms of x.

            	Determine the boundaries of the region R, x = a, and x = b.

            	Compute the definite integral of A(x) with limits a and b.

        

        Answer and Explanation:

        C

        Graph the solid to get a sense of what the solid of revolution looks like. It isn’t necessary to draw the three-dimensional solid. Because this is a solid of revolution and there is no hole in the middle, the typical cross section is a circle. The radius of the typical cross section is x2:

        
            
                [image: The region bounded by the graphs of y equals x squared, x equals 1, and x equals 2 is sketched.  In the next graph, this region is shaded, with a line connecting the graph of y equals x squared to the x axis being labeled "radius equals x squared. In the third graph, the cross section of the solid of revolution is shown, along with the area of a typical cross section, which is pi times r squared, which in this case is pi times the quantity x squared, squared, which is pi times x to the fourth power.]
            
        

        
            
        

        The boundaries of the solid are x = 1 and x = 2, so the volume of the solid is:

        
            
                
            

        

        This matches choice (C).

        
            
                Practice Set

                
                
                
            
            
                
                	
                    
                    
                        Which integral represents the volume of the solid of revolution determined by rotating the region bounded by the graphs of f(x) = x 3 and g(x) = 4x about the x-axis?

                    
                    
                        	
                            
                        

                        	
                            
                        

                        	
                            
                        

                        	
                            
                        

                    

                    
                

                	
                    
                    
                        The region R is defined by the x-axis, y-axis, and the line
                             Find the volume of the solid obtained by rotating R about the x-axis.

                        

                    
                    
                        	6π

                        	9π

                        	18π

                        	21π

                    

                    
                

                	
                    
                    
                        The region R is defined by the curves
                             and
                             . Which integral represents the volume of the solid obtained by rotating R about the line
                                 ?

                    
                    
                        	
                            
                            

                        

                        	
                            
                        

                        	
                            
                        

                        	
                            
                        

                    

                    
                

                	
                    
                    
                        What is the volume of the solid formed when the region bounded by
                             , x = 0, and y = 4 is revolved about the y-axis?

                    
                    
                        	2.449

                        	4.544

                        	6.706

                        	7.069

                    

                    
                

                	
                    
                

            

        
    
        
        
        
            Answers
                and Explanations

            
                
                    	D
                        
                            First, draw the region. The graph of f(x) is a cubic in standard position. It is below the graph of g(x), which is a line through the origin with a slope of 4. The graphs intersect at x = 0 and x =
                                2 (set the equations equal to each other to find where they intersect). The graph looks like the following:

                            
                                
                                    [image: The graph of f of x equals x squared and g of x equals 4x. The region below f of x, but above g of x, is shaded. To the right of the graph, a washer is drawn, illustrating this solid of revolution.]
                                
                            

                            Use the
                                washer method to find the volume. Each washer will have an area of π((4x)2
                                − (x3)2), and the regions go from x
                                = 0 to x =
                                2. The problem asks only for the integral, so set up the integral to find the volume, but do not evaluate it.

                            
                                
                            

                            This integral matches choice (D).

                        
                    

                    	C
                        
                            
                                
                                    [image: The triangle formed in the first quadrant by the two axes and the graph of y = 3 minus one half time x is shaded. A circle is drawn next to the graph to illustrate a cross section of the solid of revolution formed by this region.]
                                
                            

                            Each cross-section is a circle with radius  and the area of a circle is given by A = πr2. The line intersects the x-axis at x = 6, so evaluate the integral below:

                            
                                
                            

                            That's (C).

                        
                    

                    	B
                        
                            
                                
                                    [image: The graphs of y equals x squared and y equals seven halves times x are shown, with the region above y equals x squared, but below y equals seven halves times x, shaded. To the right, a cross section of a washer that represents a cross section of the solid of revolution formed by this region, is shown. ]
                                
                            

                            First, graph both curves and the line in your calculator, so you can refer to the graph as you set up your integral.

                            This is a "washer" problem, where the volume is the sum of infinitely many rings or "washers" bounded by the curves. Because the region is being rotated around the line  , the inner diameter of each washer is 
                                 and the outer diameter of each washer is 
                                 . This means the area of each washer is 
                                 , or  . To find the volume, integrate this area from x = 0, where the curves first intersect, to x =  , where the curves intersect and close the region. The question is asking you just for the integral:  . The answer is (B).

                        
                    

                    	D
                        
                            
                                
                                    [image: The line y equals 4 and the graph of y equals the square root of the quantity x minus 1 divided by 2 is shows. The region below y equals 4 and above the parabola is shaded. A circle, which illustrates a cross section of the solid of revolution formed by this region, is shown to the right.]
                                
                            

                            First, draw the graphs of the curve and lines in the problem. For a quick view on a graphing calculator, plot the lines y = 4 and y = 2x2 + 1.

                            Because the question asks to rotate this region around the y-axis, the discs forming this region are horizontal. Therefore, the discs formed when the region is rotated are bound by x = 0 and
                                  and the discs stack from y = 1 to y = 4. The area of each disc is
                                 , so to find the volume, integrate that area from 1 to 4 with respect to y:

                            
                                
                                The answer is (D). Note: Chapter 15.3 reviews using a graphing calculator to evaluate a definite integral.

                            

                        
                    

                

            
        
    
        
        Rapid Review

        
            If you take away only five things from this chapter:

            
                	The definite integral considers any area that lies under the x-axis to be negative. If part of the curve is above the x-axis and part of the curve is below the x-axis, then the positive and negative areas will partially or totally cancel each other out.

                	While the definite integral is signed, the area between two curves is always positive. The area between two curves is given by   (function on top – function on bottom) dx .
                

                	The area bounded by two curves is determined using horizontal cross sections. Rewrite the original curves from y = f (x) and y = g(x) to x = f(y) and x = g(y), from the horizontal boundaries y = c to y = d. The area bounded by the curves is given by       (function on right – function on left) dy .

                	The volume of solids can be expressed as a definite integral of their area with respect to the x- or y-axis as either     or 
                     .

                

                	Solids of revolution are created when a region is rotated around a line, usually the x-axis, the y-axis, or a line parallel to one of these axes. This creates a circular cross section, which can be used to solve for the volume of the solid with 
                    
                    . If the cross section is a washer, then integrate using the area given by:.

            

        
    
        
        
        
            
                Test What You Learned

                
                
                
            
            
                
                	
                    
                    
                        
                        
                        

                    
                    
                        	11.5

                        	12

                        	12.5

                        	13

                    

                    
                

                	
                    
                    
                        The area of the region bounded by the graph of 
                            and the x-axis from x = 2 to x = 3 is

                    
                    
                        	38

                        	45

                        	54

                        	70

                    

                    
                

                	
                    
                    
                        The base of a solid is the region bounded by the parabola x2 = 8y and the line y = 4, and each
                            
                            cross section perpendicular to the y-axis is an equilateral triangle. The volume of the solid is

                    
                    
                        	32

                        	
                            
                        

                        	
                            
                        

                        	
                            
                        

                    

                    
                

                	

    
        
            [image: The graph of f is increasing, crossing the x axis at a. F continues to increases until x equals 2, then decreases, then increases to x equals b minus 1. The graph then decreases quickly, crossing the x axis at b.]
        
    



                	
                    
                   
                    
                        The shaded region shown above is rotated about the line y = −3. Which of the integrals is guaranteed to yield the volume of the resulting solid?

                    
                    
                        	
                            
                                
                            

                        

                        	
                            
                                
                            

                        

                        	
                            
                                
                            

                        

                        	
                            
                                
                            

                        

                    

                    
                

                	
                    
                

            

        
    
        
        
        
            Answer
                Key

            Test What You Already Know

            
                	D    Learning Objective: 13.1

                	B    Learning Objective: 13.2

                	D    Learning Objective: 13.3

                	C    Learning Objective: 13.4

            

        
        Detailed solutions can be found in the Answers and Explanations section at the back of this book.

        

        

    
        
        
        
            Answer
                Key

            Test What You Learned

            
                	A    Learning Objective: 13.1

                	A    Learning Objective: 13.2

                	D    Learning Objective: 13.3

                	D    Learning Objective: 13.4

            

        
        Detailed solutions can be found in the Answers and Explanations section at the back of this book.

        

        

    
        
        Reflection

        Test What You Already Know score: _________

        Test What You Learned score: _________

        Use this section to evaluate your progress. After working through the pre-quiz, check off the boxes in the “Pre” column to indicate which Learning Objectives you feel confident about. Then, after completing the chapter, including the post-quiz, do the same to the boxes in the “Post” column. Keep working on unchecked Objectives until you're confident about them all!






	Pre
	Post
	



	◻
	◻
	13.1 Find (or use) the area under a given curve



	◻
	◻
	13.2 Find the area between or bounded by curves



	◻
	◻
	13.3 Find volumes of solids with known cross sections



	◻
	◻
	13.4 Find volumes of solids of revolution using discs and/or washers








        For More Practice

        Complete more practice online at kaptest.com. Haven't registered your book yet? Go to kaptest.com/booksonline to begin.

    
        
        
            Chapter 14

            Further Applications of Integration

        
        
            Learning Objectives

            In this chapter, you will review how to:

            
                	14.1 Find the average value of a function

                	14.2 Determine the net change of a function over an interval

                	14.3 Use integration to solve problems involving motion along a line

                	14.4 Solve differential equations with given initial conditions

                	14.5 Solve problems involving exponential growth and decay

                	14.6 Match a slope field with its corresponding differential equation

            

        
    
        
        
        
            
                Test What You Already Know

            
            
                	
                    
                        
                            
                                [image: Time in hours is on the  x axis and rainfall in inches per hour is on the y axis. The graph of r of t starts at 0 comma .05 and increases nonlinearly to a maximum at 12 comma 0.3. The graph then decreases 24 comma .19]
                            
                        

                    
                

                	
                    
                        For a 24-hour period, the graph of the rate of rainfall r(t), in inches per hour, is shown. Which statement is false?

                    
                    
                        	The rain fell hardest in the middle hours of the 24-hour period.

                        	During the 24-hour period, the total rainfall in inches is
                            
                        

                        	During the 24-hour period, the total rainfall is between 1 and 7 inches.

                        	During the 24-hour period, the average rate of rainfall is
                            
                            in/hr.

                    

                

                	
                    
                        
                            
                                [image: The graph of f prime starts at 0 comma 3 and is a horizontal line to 2 comma 3. The graph decreases linearly, crossing the x axis at 4, to 5 comma negative 1. The graph then increases linearly to 6 comma 0.]
                            
                        

                    
                

                	
                    
                        The graph of the derivative of f, f′, is shown above. If f(0) = 7, what is f(6) ?

                    
                    
                        	9

                        	12

                        	14

                        	15

                    

                

                	
                    
                        A particle moves along the x-axis so that its acceleration at any time t is given by a(t) = 9t2 − 12t. At time t = 0, the velocity v of the particle is 15 units/sec. What is the velocity when t = 3 ?

                    
                    
                        	27 units/sec

                        	36 units/sec

                        	42 units/sec

                        	45 units/sec

                    

                

                	
                    
                        At every point (x, y) on a curve, the slope of the curve is 4x3y. If the curve contains the point (0, 4), then its equation is 

                    
                    
                        	y = 4ex4

                        	y = ex4 + 3

                        	y = ln(x + 1) + 4

                        	y = x4 + 4

                    

                

                	
                    
                        Timmy is investing his first $100. Account 1 offers him a bonus $100 for signing up and has a growth constant of 0.005/day. Account 2 offers a $50 sign-up bonus and has a growth constant of 0.008/day. How many days will it take for the value of account 2 to surpass that of account 1?

                    
                    
                        	87 days

                        	96 days

                        	114 days

                        	152 days

                    

                

                	
                    
                        
                            
                                [image: A slope field is given in which slopes are very steep, approaching positive infinity near x equals 2.5. Slopes then flatten out, approaching 1, as x approaches 0. After 0, the slopes get steeper again, approaching positive infinity near x equals 2.5.]
                            
                        

                    
                

                	
                    
                        Which of the following could be a path through the slope field created by the differential equation
                             ?

                    
                    
                        	y = 2 tan x + 1

                        	y = tan(0.5x)

                        	y = 2 tan(0.5x) + 3

                        	y = tan(0.5x) + 2

                    

                

                	
                

            

        
        Answers to this quiz can be found at the end of this chapter.

        

        

    
        
        14.1 Average Value of a Function

        To answer a question like this:

        
            
                	
                    
                        For t ≥ 0, the height of a particle is given by h(t) = 3 sin (4t) − 2t + 1. What is the average height of the particle on the interval 1 ≤ t ≤ 4 ?

                    
                    
                        	–5.632

                        	–3.924

                        	–1.531

                        	–0.792

                    

                

            

        
        You need to know this:

        To find the average of a list of numbers, add the numbers to get their total and divide that total by the number of numbers in the list:

        
            
                
            

        

        To find the average value of a function on a
            
            closed interval [a, b], find the area under the graph of the function (that’s the “total” in the average) and divide by the length of the interval b − a. That is, if f is continuous on the closed interval [a, b], then the average value of f is given by:

        
            
                
            

        

        
            AP Expert Tip

            Questions relating to the average value of a function appear regularly on the AP exam.

        
        Interpret this definition as saying, there is some point C such that the area of the rectangle with base b − a and height C is the same as the area under f(x) on [a, b].

        You need to do this:

        
            	Assign the appropriate function and limit values
                
                to the average value integral:
                
            

            	Use your graphing calculator to integrate the function h(t) on the closed interval [1, 4].

        

        Answer and Explanation:

        
            
            B 

        The average value of a function f on
            
            the closed interval [a, b]
            
            is defined by:
            
        

        Therefore,

        
            
        

        Thus, choice (B) is correct.

        
            
                Practice Set

                  
            
            
                
                	
                    
                    
                        What is the average value of f(x) = ekx on the closed interval [0, k] ?

                    
                    
                        	
                            
                        

                        	
                            
                        

                        	
                            
                        

                        	
                            
                        

                    

                    
                

                	
                    
                    
                        What is the average value of y = tan2 x over the interval from x = 0 to
                             ?

                    
                    
                        	
                            
                        

                        	
                            
                        

                        	
                            
                        

                        	
                            
                        

                    

                    
                

                	


    
        [image: The graph of f consists of four line segments. The first line segments starts at negative 3 comma 3 and extends to negative 1 comma 1. The second line segment is from negative 1 comma 1 to 0 comma 2. The third line segment is from 0 comma 2 to 1 comma 0, and the fourth line segment is from 1 comma 0 to 3 comma 1.]
    



                	
                    
                   
                    
                        The function f is continuous on the closed interval [–3, 3]. The graph of f shown above consists of four line segments. What is the average value of f on the closed interval [–3, 3] ?

                    
                    
                        	1

                        	
                            
                        

                        	
                            
                        

                        	
                            
                        

                    

                    
                

                	
                    
                    
                        If the average value of
                            
                            on the closed interval [3, k] is 8, what is k ?

                    
                    
                        	8

                        	24

                        	147

                        	151

                    

                    
                

                	
                    
                

            

        
    
        
        
        
            Answers
                and Explanations

            
                
                    	D
                        
                            Use the average value formula: . 

                            Then evaluate the integral and simplify the result:

                            
                                
                            

                            Distribute the and that's a perfect match for (D).

                        
                    

                    	C
                        
                            To find the average value, evaluate

                            
                                
                            

                            Recall that

                            
                                
                            

                            Now use substitution and the Fundamental Theorem of Calculus to evaluate the integral:

                            
                                
                            

                            The answer is (C).

                        
                    

                    	B
                        
                            Use geometry to find the value of , then use the formula for average value of a function.

                            To find the area between f and the x-axis, break the shapes into geometric regions that are easy to find the areas of, such as rectangles and triangles. Alternatively, you can try counting squares and half-squares in the graph to arrive at an estimate of the area between f and the x-axis. Remember to count areas below the x-axis as negative.

                            In this case, counting or using triangles and rectangles both yield an area of 7.5. So the average value is

                            
                                
                            

                            That simplifies to , making (B) the correct answer.

                        
                    

                    	C
                        
                            The average value of
                                
                                over [3, k] is given by
                                
                                Evaluate the integral and use the FTC:

                            
                                
                            

                            Next, simplify the left-hand side of the equation and solve for k:

                            
                                
                            

                            So (C) is the correct answer.

                        
                    

                

            
        
    
        
        14.2 Net Change over an Interval

        To answer a question like this:

        
            
                	
                    
                        Let
                            
                            where the graph of f(t) is shown below.

                        
                            
                                [image: F of t increases linearly from the origin to 1 comma 3. There is a horizontal line from 1 comma 3 to 3 comma 3, followed by a decreasing line from 3 comma down through 4 comma 0 and continuing below the x axis.]
                            
                        

                        Suppose f(t) gives the rate of change of the water level in Lake Esmerelda where the height of the water is described in meters above sea level and the time t is given in months. If the level of the lake is 110 m above sea level at the starting time, what is the level of the lake at time t = 5 months?

                    
                    
                        	115 m

                        	117.5 m

                        	119 m

                        	120.5 m

                    

                

            

        
        You need to know this:

        The total change in a quantity over a time period is the definite integral of its rate of change over that time period. Use the definite integral to think about change thus far or to evaluate how much of a total quantity has accumulated at a certain point in time.

        Suppose f is a function that gives the rate of change of some quantity. The total change in the quantity over the time period t = a to t = b is the definite integral
            
            . Use the definite integral to answer questions about how much stuff has accumulated so far. If f is a function describing the rate of change of some quantity, then we can define a function G(x):   .

        You need to do this:

        
            	The function G(x) is the area under the curve f(t) from some specified starting time a to time x.

            	 It tells how much stuff accumulates from the starting time to time x. Functions like these are called accumulation functions.

            	Over intervals where f is negative, nothing will be accumulating—the quantity will be decreasing.

        

        Answer and Explanation:

        B 

        
            
                [image: The first graph is f of t, with the triangle bounded by the line from the origin to 1 comma 3, the line x equals 1, and the x axis. The second graph adds a rectangle bounded by the horizontal line y equals 3, the line x equals 2, and the x axis.]
            
        

        G(1) is the area shown on the left, which is a triangle with area
            
            . To compute G(2), add the area of the adjacent rectangle. The area of this rectangle is 1 · 3 = 3, so the total shaded area is the area of the triangle plus the area of the rectangle:
            
            . Continuing in this way, compute
            
            ;
            
            . When computing G(5), subtract the area that lies below the x-axis.

        
            
                [image: The graph of f of t with the area below f of t and above the x axis shaded for x between 0 and 4, and the area below the x axis and above f of t shaded for x between 4 and 5.]
            
        

        
             This matches choice (B), 117.5 m.
        

        
            
                Practice Set

                                   
            
            
                
                	
                    
                    
                        Suppose gasoline is being added to a tank at a rate of  liters per minute, where t is the number of minutes past 3:00 pm. If the tank contained 250 liters of gasoline at 3:00 pm, how much water is in the tank at 3:15 pm? Round your answer to the nearest liter.

                    
                    
                        	454 liters

                        	1,776 liters

                        	2,592 liters

                        	3,046 liters

                    

                    
                

                	
                    
                    
                        If the rate of change of a quantity over the closed interval [0, 2] is given by, then the net change of the quantity over the interval [0, 2] is

                    
                    
                        	
                            
                        

                        	
                            
                        

                        	
                            
                        

                        	
                            
                        

                    

                    
                

                	
                    
                    
                        Water flows into a pond at a rate of
                            
                            gallons/hour and flows out at a rate of 400 gallons/hour. After 1 hour there are 10,000 gallons of water in the pond. How much water is in the pond after 9 hours?

                    
                    
                        	10,000

                        	11,000

                        	12,000

                        	14,000

                    

                    
                

                	
                    
                    
                        A cup of coffee is heated and then placed outside to cool off at time t = 0 minutes. The temperature of the coffee is changing at a rate of  (–t2e-0.25t ) °F per minute, for t > 0. At t = 10 minutes, the temperature of the coffee is 140 °F. What is the temperature of the coffee at time t = 20 minutes?

                    
                    
                        	27.955 °F

                        	81.608 °F

                        	86.347 °F

                        	100.869 °F

                    

                    
                

                	
                    
                

            

        
    
        
        
        
            Answers
                and Explanations

            
                
                    	A
                        
                            Total change from one time to another is equal to the accumulation of small changes during that time. Here, the function r(t) is a rate of change of gasoline in the tank, and the question asks for the ending amount after 15 minutes. Add the amount that has accumulated during the 15 minutes to the amount at 3:00: 

                            
                                
                            

                            Use your calculator to evaluate the integral and arrive at the total amount in the tank at 3:15.

                            
                                
                            

                            That makes (A) the correct answer.

                        
                    

                    	C
                        
                            The definite integral of the rate of change of a quantity over an interval gives the net change of that quantity over that interval, so find the antiderivative of f '(x) first. Using u-substitution with u = x3 +1, and du = 3x2 dx, the result is:

                            
                                
                            

                            That matches
                                (C).

                        
                    

                    	C
                        
                            The total rate of change of the volume of water in the pond is r(t) = Rate in − Rate out.
                            

                            In this problem, you are told that the rate in is
                                
                                gallons/hr and the rate out is 400 gallons per hour. Therefore, 
                                
                            

                            Let A(t) be the amount of water in the pond at time t. Then A is an antiderivative of r. Approach this problem as an accumulation function. Because you are given the volume of water at t = 1 and you are asked to find the volume of water at t = 9, you can set the problem up as A(9) = A(1) + change in volume on 1 ≤ t ≤ 9. The change in the volume of water is given by the definite integral

                            
                                
                            

                            so:

                            
                                
                            

                            That makes (C) the correct answer.

                        
                    

                    	C
                        
                            Let f(t) be the temperature function at time t. The net change in temperature from t = 10 to t = 20 is equal to . Solve for f(20):

                            
                                
                            

                            Use your calculator for the definite integral, and use the fact that f(10) = 140 to arrive at
                                choice (C).

                        
                    

                

            
        
    
        
        14.3 Motion Along a Line

        To answer a question like this:

        
            
                	
                    
                        A particle moves along the x-axis with initial position x(0) = 1. The velocity of the particle at time t ≥ 0 is given by
                            . What is the position of the particle at time t = 15 ?

                    
                    
                        	4.429

                        	4.929

                        	5.429

                        	5.929

                    

                

            

        
        You need to know this:

        Particle traveling along a straight line

        
            	Typically, information is given about the particle’s velocity and questions ask about the particle’s position and its acceleration.

            	Use derivatives to go from a particle's position function, x(t), to its velocity and acceleration functions, v(t)  and a(t), respectively. Use v(t) = x'(t) and a(t) = v'(t) = x"(t).

            

            	The definite integral of the velocity function can give either the total distance a particle travels or its displacement.

            

        

        
            AP Expert Note

            These types of problems are another application of the definite integral. They can be presented numerically with data tables, graphically, or algebraically with functions.

        
        You need to do this:

        
            	Use integration to work in reverse!

            	If given a velocity or acceleration function, take the integrals to work backwards to a position function.

            	v(t) =  a(t) dt and x(t) =  v(t) dt

        

        Answer and Explanation:

        C 

        Velocity is the rate of change of position, so by thinking of the change in position as the accumulated change in the velocity, find the change in the particle’s position using a calculator to compute the definite integral:

        
            
        

        The position of the particle at time t = 15 is the particle’s position at the start plus the change in position over the time period. It was given that the particle’s position at time t = 0 is x(0) = 1. Therefore, the position of the particle at time t = 15 is its initial position plus its change in position over the time period 0 ≤ t ≤ 15: x(15) = 1 + 4.429 = 5.429. This matches (C).

        
            
                Practice Set

                                   
            
            
                
                	
                    
                    
                        The velocity of a particle is given by v(t) = 2t − 3 cos(t2) − 3, for t ≥ 0. If the position of the particle at time t = 2 is −4, then what is the position of the particle at time t = 3 ?

                    
                    
                        	−3.057

                        	−2.724

                        	1.276

                        	9.418

                    

                    
                

                	
                    
                    
                        A particle moves along the x-axis with a velocity given by v(t) = 2 + sin t. When t = 0, the particle is at x = −2. Where is the particle when t = π ?

                    
                    
                        	π − 2

                        	π − 1

                        	π

                        	2π

                    

                    
                

                	
                    
                    
                        A particle moves along the x-axis so that its acceleration at any time t is given by a(t) = 6t − 18. At time t = 0, the velocity v of the particle is 24 units/sec and at the time t = 1, the position x of the particle is 20. Which statement is false?

                    
                    
                        	v(t)= 3t2 − 18t + 24 for all t ≥ 0.

                        	The particle is moving to the left when 2 < t < 4.

                        	The starting position of the particle is x(0) = 4.

                        	
                            The total distance traveled by the particle for 0 ≤ t ≤ 4 is 
                            

                        

                    

                    
                

                	
                    
                    
                        A jogger's acceleration is given by a(t) = −kt where k is a positive constant. At time t = 0, the jogger is running at a velocity of 192 meters per minute. If the jogger comes to a stop in 8 minutes, what is her total distance covered in meters?

                    
                    
                        	960

                        	1,024

                        	1,440

                        	1,820

                    

                    
                

                	
                    
                

            

        
    
        
        
        
            Answers
                and Explanations

            
                
                    	B
                        
                            The position at t = 3 is the initial position (−4) plus the change from the initial position. Use your calculator to find the value:

                            
                                
                            

                            So (B) is the correct answer.

                        
                    

                    	D
                        
                            The position of the particle x(t) is an antiderivative of the velocity function, so start by computing the indefinite integral of the velocity:

                            
                                
                            

                            Next, use the initial condition to determine C. Since x(0) = –2, 

                            
                                
                            

                            So x(t) = 2t – cos t – 1. Finally, evaluate the position function at time t = π:

                            
                                
                            

                            That's a match for (D).

                        
                    

                    	D
                        
                            All of the statements are true except (D). The total distance traveled by the particle for 0 ≤ t ≤ 4 is
                                
                                and not
                                , which represents the displacement (or "net change") for 0 ≤ t ≤ 4.
                            

                            Note: the particle changes direction at t = 2. 

                        
                    

                    	B
                        
                            This problem requires two antidifferentiations with resolution of the constants along the way. First, because   it follows that   Next, solve for C with the initial condition v(0) = 192 to get 
                            

                            Given v(8) = 0, substitute
                                
                                −32k + 192 = 0, so k = 6.

                            This means 
                            

                            Finally, evaluate the definite integral of the velocity function to obtain the jogger's total distance.

                            
                                
                            

                            That makes (B) the right answer.

                        
                    

                

            
        
    
        
        14.4 Differential Equations

        To answer a question like this:

        
            
                	
                    
                        If
                            
                            with the initial condition y(0) = 1, then y =

                    
                    
                        	
                            
                        

                        	
                            
                        

                        	
                            
                        

                        	
                            
                        

                    

                

            

        
        You need to know this:

        Differential equations

        
            	Equations containing derivatives are differential equations.

            	In a differential equation, information is given about the rate of change of a function and you are asked to find the function.

            	Because solutions to differential equations involve taking antiderivatives, their solutions contain constants.

            

            	When given initial conditions that allow for determination of the constants, the solution is called a particular solution to the differential equation.

            

            	If not given the initial conditions, then the solution is expressed with unknown constants, termed a general solution.

            

        

        You need to do this:

        
            	The most basic type of differential equation tells that the rate of change of a function is f(x).

            	In the language of differential equations, this is 
                .

            	Take the integral to obtain the amount the rate applies to.

            	If initial conditions are given, apply them to the antiderivative to obtain the constant C.

            

        

        Answer and Explanation:

        A 

        The question provides the differential equation  , which rearranges to the form . 

        From here, antidifferentiate the equation on each side and rearrange to solve for y:  

        Next, apply the initial condition from the question y(0) = 1 to solve for the constant:  . This means
             , matching choice (A).

        
            
                Practice Set

                                   
            
            
                
                	
                    
                    
                        Consider the differential equation
                            
                            If y = 4 when x = 0, what is the value of y when x = 1 ?
                        

                    
                    
                        	
                            
                        

                        	
                            
                        

                        	
                            
                        

                        	
                            
                        

                    

                    
                

                	
                    
                    
                        If
                            
                            and y = 8 when x = 0, then y =

                    
                    
                        	tan x + 8

                        	8etan x

                        	etan x + 7

                        	ex tan x + 8

                    

                    
                

                	
                    
                    
                        Consider the differential equation
                            
                            If y = 10 when x = 1, find an equation for y.

                    
                    
                        	y = ex − x2
                        

                        	y = 10 + ex − x2
                        

                        	y = 10 · ex − x2
                        

                        	y = x − x2 + 10
                        

                    

                    
                

                	
                    
                    
                        If
                            
                            and y(0) = 5, then y(4) =

                    
                    
                        	5 + e
                        

                        	10 + e
                        

                        	5e
                        

                        	10e
                        

                    

                    
                

                	
                    
                

            

        
    
        
        
        
            Answers
                and Explanations

            
                
                    	A
                        
                            To solve this differential equation, use the technique of separation of variables:

                            
                                
                            

                            Use the initial condition y(0) = 4 to find C by plugging the information into the solution above:

                            
                                
                            

                            With this value of C, you have  .

                            Now substitute x = 1 into the equation, and solve for y:

                            
                                
                            

                            The initial condition (or a quick glance at the answer choices) tells you that you want the positive square root. So (A) is correct.

                        
                    

                    	B
                        
                            Use the separation of variables technique.

                            
                                
                            

                            Now antidifferentiate:

                            
                                
                            

                            Since y = 8 when x = 0, eC = 8, and the answer is y = 8etan x. That's (B).

                        
                    

                    	C
                        
                            To solve this differential equation, use the technique of separation of variables:

                            
                                
                            

                            Notice that after separating the variables, the equation is of the form
                                
                                , which means the answer will involve an exponential function and a multiplicative constant. Integrate both sides of the equation to find:

                            
                                
                            

                            Now use the initial condition y(1) = 10 to find A:

                            
                                
                            

                            Because A = 10, the equation is y = 10 · ex − x2. That's (C).

                        
                    

                    	C
                        
                            Use the technique of separation of variables to solve this differential equation:

                            
                                
                            

                            Notice that after separating the variables, the equation is of the form
                                
                                , so the solution will involve an exponential function and a multiplicative constant.

                            
                                
                            

                            Use the initial condition that when x = 0, y = 5 to find A:

                            
                                
                            

                            Now evaluate the function when x = 4:

                            
                                
                            

                            So (C) is correct.

                        
                    

                

            
        
    
        
        14.5 Exponential Growth and Decay

        To answer a question like this:

        
            
                	
                    
                        A bandana falls off a tall building. At time t ≥ 0, the velocity of the bandana satisfies the differential equation
                            
                            with initial condition v(0) = 0. Use separation of variables to find an expression for v in terms of t when t is measured in seconds.

                    
                    
                        	
                            
                        

                        	
                            
                        

                        	
                            
                        

                        	
                            
                        

                    

                

            

        
        You need to know this:

        Exponential growth

        
            	The Calculus AB syllabus specifically mentions equations of the type y' = ky, where the rate of change of a quantity is proportional to the amount present.

            	This type of equation models phenomena such as radioactive growth and decay, absorption of medicine in the bloodstream, and investments.

            	This type of problem is an example of a separable differential equation.

            

        

        Identifying exponential-growth type problems

        

        
            	Sometimes it’s easy to identify an exponential-growth or decay problem.

            	If given a differential equation of the form
                
                , it’s clear, but things aren’t always this simple.

            

            	Any question that has the form
                
                after variables are separated is likely to have an exponential solution—i.e., the solution will be of the form y = Aeg(x).

            

        

        You need to do this:

        
            	Write the equation as
                
                . Separate the variables and integrate both sides to find:
                
                     .
                

            

            	To solve this equation for y, you have to be careful. Because
                ,
                
                .

            	
                That is
                    
                    . Because y is always positive, drop the absolute value signs. Use the laws of exponents to write:

                y = ekx+C ⇒ y = ekx · eC .

            

            	Rewrite ec as some other constant A and find the solution y = Aekx.

            

        

        Answer and Explanation:

        D 

        Start by separating the variables:
            
            . Integrate both sides of the equation,
            
            . Integrating the left side requires a u-substitution, where :

        
            
                
            

        

        It’s easier to bring the
            
            to the other side of the equation before integrating, mostly to help keep track of the constant:

        
            
                
            

        

        Substitute back to get: −10v − 32 = Ae−10t. Keeping in mind the rule to find the constant before solving for v: use the information v(0) = 0:. Fill this information into the equation and solve for v:

        
            
                
            

        

        This matches choice (D).

        
            
                Practice Set

                  
            
            
                
                	
                    
                    
                        If A(t) is the amount of money in an account at time t, which of the following differential equations describes linear growth in the amount of money in the account?

                    
                    
                        	
                            
                        

                        	
                            
                        

                        	
                            
                        

                        	
                            
                        

                    

                    
                

                	
                    
                    
                        The population of a country doubles every 20 years. If the population (in millions) of the country was 100 in 2002, what will the population be in 2014 to the nearest million?

                    
                    
                        	132 million

                        	151 million

                        	167 million

                        	180 million

                    

                    
                

                	
                    
                    
                        Zoologists tracking a population of rhinos noted a severe decline in the local population starting in 2015 after a sudden spike in poaching. If the population of rhinos was 1,272 in January 2015 and the rate of decline of the population is modeled by r(t) = –200e–0.16t rhinos per year, in what year will the population fall below 100 ?

                    
                    
                        	2019

                        	2027

                        	2032

                        	2040

                    

                    
                

                	
                    
                    
                        During its growth phase, the population P of a bacterial colony grows according to the differential equation  , where k is a constant and t is measured in minutes. If the population of the colony doubles every 23 minutes, what is the value of k ?

                    
                    
                        	0.030 per minute

                        	0.079 per minute

                        	0.230 per minute

                        	0.816 per minute

                    

                    
                

                	
                    
                

            

        
    
        
        
        
            Answers
                and Explanations

            
                
                    	D
                        
                            Linear growth means that the rate of change is constant. Only choice (D) has a rate of change,  , which is constant, so (D) is correct.

                        
                    

                    	B
                        
                            

                            Interpret the given information as “The rate of growth of the population is proportional to its size and y(20) = 2y(0).” That is
                                
                                The information y(20) = 2y(0) will enable us to find k—the growth constant. Solve this differential equation using the technique of separation of variables:

                            
                                
                            

                            When t = 0, the population of the town is y(0) = Aek•0 = A, so y(20) = 2y(0) = 2A. Use this information to find k:

                            
                                
                            

                            That is, .

                            
                            

                            Set t = 0 to be the year 2002, and use the given information y(0) = 100 to find A.. The population at time t is therefore given by
                                
                                (where t = 0 is the year 2002). Find the population in 2014; that is y(12):  . The population in the year 2014 will be approximately 151 million people, choice (B).

                            

                        
                    

                    	C
                        
                            Unlike the other questions, this question has provided the complete exponential equation. The negative constant (–0.16) indicates it is a formula for exponential decay, which makes sense because the rate of decline of the rhinos will decrease with their decreasing population. This question also does not involve differential equations; however, it will still require integration. The exponential decay formula only provides how much the population will decrease in a given year. It must undergo antidifferentiation to obtain the population after an interval of t years.

                            
                                
                            

                            Next, solve for C given the initial condition R(0) = 1272:

                            
                                
                            

                            This completes the equation modeling the population of rhinos as R(t) = 1250e–0.16t + 22. Setting this equation equal to 99 (when the population falls below 100) yields:

                            
                                
                            

                            The passage of 17.4 years from January 2015 would land midway through 2032, matching choice (C).

                        
                    

                    	A
                        
                            The generic differential equation   will give the generic formula for exponential growth,   , when integrated. While there seems to be a relative lack of information in this question compared to the prior examples, it is sufficient to solve for k. First, we know that when t = 0, P will be equal to A. Second, we know that the colony doubles every 23 minutes, so when t = 23, P will equal 2A. Putting this into the equation yields: 

                            
                                
                            

                            Therefore, the growth constant is 0.030 per minute, choice (A).

                        
                    

                

            
        
    
        
        14.6 Slope Fields

        To answer a question like this:

        
            
                	
                    

                        
                            [image: This slope field indicates slopes approaching negative infinity for large negative values of x. As x approaches 0, the slopes becomes flatter, approaching 0. To the right of 0, the slopes are flat but positive, and as x becomes larger, the slopes approach positive infinity.]
                        


                        The above slope field describes which of the following differential equations?

                    
                    
                        	
                            
                        

                        	
                            
                        

                        	
                            
                        

                        	
                            
                        

                    

                

            

        
        You need to know this:

        Slope fields

        
            	One way to visualize solutions of differential equations of the type
                 is by drawing a short line segment with slope f(x, y) through each point (x, y) in the plane.

            	While this can’t be done actually for every point, a sampling of many points will suffice.

            	Following this procedure we see a pattern of lines.

            

            	This pattern is called a slope field (or direction field or vector field) of the differential equation
                
                .

            

        

        
            AP Expert Note

            In general, finding solutions to differential equations requires using the tools for integration, but using slope fields allows for the visualization of solutions to equations of the type discussed here.

        
        You need to do this:

        Slope fields appear on the AP exam in a few different ways and may ask you to:

        
            	Sketch a slope field for a given differential equation.

            	Sketch a solution curve through a given point
                
                in a slope field.

            	Match a slope field to a differential equation.

            	Match a slope field to a solution of a differential equation.

        

        Answer and Explanation:

        B 

        This question requires that we match a given slope field to the appropriate differential equation. A solution of a differential equation is a function whose graph follows the slope field. Sketch a solution by starting at one point on the graph and connecting line segments that flow into each other—a kind of calculus “connect-the-dots.”

        


        
            
        


        Note the wide parabolic shape of the connected lines. The derivative of a parabolic should be in terms of x to the first power, eliminating choices A and D. Choice C would be parabolic, but narrower than the standard parabolic y = x2. Choice (B) appropriately matches the slope field, being the derivative of a parabolic that is wider than the standard parabolic y = x2.

        
            
                Practice Set

                                   
            
            
                	

    
        [image: The graph is a slope field in which the slopes are very steep and negative in the second quadrant, and very steep and positive in the third quadrant. As x approaches 0, the slopes become flatter, approaching the graph of y equals negative x in the second quadrant and approaching the graph y equals x in the third quadrant. The slopes fields in the first and fourth quadrants are the slope fields from the second and third quadrants, respectively, reflected about the y axis.]
    




                	
                    
                    
                    
                        A slope field for which of the following differential equations is shown above?

                    
                    
                        	
                            
                        

                        	
                            
                        

                        	
                            
                        

                        	
                            
                        

                    

                    
                

                	


    
        [image: In this slope field, the slopes above the X axis are steeply negative, but flatten out approaching the X axis for positive values of Y, and the slopes are steeply positive and flatten out near the X axis for negative values of Y. The slopes become steeper as X approaches the origin.  For positive values of X, the slope field for negative values of X is reflected about the Y axis.]
    



                	
                    
                   
                    
                        The above slope field describes which of the following differential equations?

                    
                    
                        	
                            
                        

                        	
                            
                        

                        	
                            
                        

                        	
                            
                        

                    

                    
                

                	

    
        [image: For large values of Y, the slopes are very steep, approaching positive infinity. As Y approaches 0, the slopes become flatter, approaching 0. For small negative values of Y, the slopes are slightly negative, but as Y becomes larger negative numbers, the slopes approach negative infinity.]
    



                	
                    
                    
                    
                        A slope field for which of the following differential equations is shown above?

                    
                    
                        	
                            
                        

                        	
                            
                        

                        	
                            
                        

                        	
                            
                        

                    

                    
                

                	

    
        [image: For large negative values of x, the slopes are positive, but flatten out, then become negative, then flatten out again at the Y axis. The slopes become steeper and positive, then flatten out, then become steeper and negative.]
    



                	
                    
                    
                    
                        The above slope field describes which of the following differential equations?

                    
                    
                        	
                            
                        

                        	
                            
                        

                        	
                            
                        

                        	
                            
                        

                    

                    
                

                	
                    
                

            

        
    
        
        
        
            Answers
                and Explanations

            
                
                    	A
                        
                            The task here is to find a differential equation whose solutions are curves on the slope field. The easiest way to identify the correct answer is to look for distinguishing characteristics of the slope field. In this case, the slopes are always positive in the first and third quadrants, and always negative in the second and fourth quadrants. In addition, slopes are 0 when x = 0 and y is any nonzero value, but when y = 0 the slopes appear to be vertical (undefined). Now look at the answer choices for the differential equation that has those characteristics: choice (A) meets the description perfectly.

                            Alternatively, because this is a multiple choice test, you can also use the process of elimination to find the right answer. Choose "easy" values of x and y to plug into the answer choices. For instance, plugging in x = 1, y = 1 would rule out B, because 12 – 12 is 0 and the slope is clearly not 0 at the point (1, 1). Similarly, plugging in x = 1, y = –1 allows you to eliminate D, and plugging in x = 0, y = 0 would eliminate C. After eliminating three answer choices, choice (A) must be correct.

                        
                    

                    	A
                        
                            In this slope field, notice that for line segments close to the x-axis (where y = 0), the slope is 0, while for line segments close to the y-axis (where x = 0), the slope is vertical (undefined). This means the correct answer is (A), where y appears in the numerator and x appears in the denominator.

                            Another way to solve is to eliminate the choices you can rule out quickly
                                and solve the remaining answer choices to see what the graphs of the solutions would look like. If you start with choice (A), you'd solve:

                            
                                
                            

                            Solutions are in the form of parabolas with varying coefficients—exactly what is shown in the slope field. So choice (A) is correct. 

                        
                    

                    	C
                        
                            When given a slope field and asked to match it to a differential equation, the quickest way to find the answer is to look for aspects of the slope field that stand out. Here, the slope field has line segments that are the same in horizontal bands. This means that for any y-value, the slope is constant, so look for the differential equation that does not depend on x. Only
                                choice (C) fits this criterion, so it is correct.

                            Alternatively, you could plug in some "easy" numbers for x and y into each of the answer choices to find the slope, then look at the graphs to see whether the slope field has approximately that value at that x and y value. If you use this method, it may take a bit of time to eliminate the answer choices until you find the correct one.

                        
                    

                    	D
                        
                            In this case, looking at the characteristics of the slope field should suggest that you are looking for a trigonometric function. However, all of the answer choices have trig functions in them! So you will need to go a little farther.

                            One thing to notice is that the slopes are constant for a given x, no matter what y-value the line segment is at. This suggests that the slope does not depend on y, so you can rule out choices A and C. Check the remaining two answer choices by plugging in an x-value, like x = 0.

                            Choice B yields cos(02), which equals 1, while choice (D) produces 3 sin 0, which equals 0. Because the slope at all points where x = 0 appears to be 0, choice (D) is the right answer.

                        
                    

                

            
        
    
        
        Rapid Review

        
            If you take away only five things from this chapter:

            
                	The average value integral:
                    
                

                	Accumulation functions are defined by  , where the function G(x) is the area under the curve f(t) from some specified starting time to x.

                	If given a velocity or acceleration function, take the integrals v(t) =  a(t) dt and x(t) =  v(t) dt to work backwards to a position function.

                	The most basic type of differential equation tells us that the rate of change of a function is
                    
                    

                

                	A differential equation of the form
                      will be an exponential equation and the solution will be of the form y = Aeg(x).

                

            

        
    
        
        
        
            
                Test What You Learned

                
                
                
            
            
                
                	
                    
                    
                        If the graph of y = f(x) contains the point (0, 2),
                            
                            and f(x) > 0 for all x, then f(x) =

                    
                    
                        	
                            
                        

                        	
                            
                        

                        	
                            
                        

                        	
                            
                        

                    

                    
                

                	
    
        
            [image: The graph of a of t starts at 0 comma 20 and increases linearly to 5 comma 32. From there, the graph is a horizontal line to 20 comma 32. There are dashed vertical lines at x equals 5 and x equals 20.]
        
    



                	
                    
                    
                    
                        The acceleration of an airplane from the moment of liftoff (t = 0) to 20 minutes into the flight is shown above. If the speed at liftoff is 900 ft/min, what is the speed of the plane after 20 minutes?

                    
                    
                        	610 ft/min

                        	900 ft/min

                        	1,510 ft/min

                        	1,800 ft/min

                    

                    
                

                	
                    
                    
                        A wilderness preserve has been working to increase the population of tigers in their region. When they began their work in 2007, the tigers only numbered 34. As the population has increased, it continues to go up at an increasing rate. If in 2017 there are 212 tigers, which of the following is the appropriate formula for the tiger population in terms of time t in years?

                    
                    
                        	P = e0.183t + 34

                        	P = 34e0.183t

                        	P = e0.624t + 34

                        	P = 34e0.624t

                    

                    
                

                	
                    
                    
                        A particle is moving along the x-axis with a velocity given by the function v(t) = 4t3 –
                            
                            6t + 7. When t = 1 the particle is at x = 2. Where is the particle when t = 4 ?

                    
                    
                        	233

                        	236

                        	248

                        	251

                    

                    
                

                	
                    
                    
                        Which of the following is a slope field for the differential equation
                            
                            ?

                    
                    
                        	
                            
                                [image: ]
                            
                        

                        	
                            
                                
                            
                        

                        	
                            
                                
                            
                        

                        	
                            
                                [image: ]
                            
                        

                    

                    
                

                	
                    
                    
                        What is the average value of the function f(x) = 4 – sin x from x = 0 to x = 3π ?

                    
                    
                        	
                            
                        

                        	4

                        	12π – 1

                        

                        	
                            
                        

                    

                    
                

                	
                    
                

            

        
    
        
        
        
            Answer
                Key

            Test What You Already Know

            
                	D    Learning Objective: 14.1

                	D    Learning Objective: 14.2

                	C    Learning Objective: 14.3

                	A    Learning Objective: 14.4

                	B    Learning Objective: 14.5

                	C    Learning Objective: 14.6

            

        
        Detailed solutions can be found in the Answers and Explanations section at the back of this book.

        

        

    
        
        
        
            Answer
                Key

            Test What You Learned

            
                	C    Learning Objective: 14.4

                	C    Learning Objective: 14.2

                	B    Learning Objective: 14.5

                	A    Learning Objective: 14.3

                	A    Learning Objective: 14.6

                	A    Learning Objective: 14.1

            

        
        Detailed solutions can be found in the Answers and Explanations section at the back of this book.

        

        

    
        
        Reflection

        Test What You Already Know score: _________

        Test What You Learned score: _________

        Use this section to evaluate your progress. After working through the pre-quiz, check off the boxes in the “Pre” column to indicate which Learning Objectives you feel confident about. Then, after completing the chapter, including the post-quiz, do the same to the boxes in the “Post” column. Keep working on unchecked Objectives until you're confident about them all!






	Pre
	Post
	



	◻
	◻
	14.1 Find the average value of a function



	◻
	◻
	14.2 Determine the net change of a function over an interval



	◻
	◻
	14.3 Use integration to solve problems involving motion along a line



	◻
	◻
	14.4 Solve differential equations with given initial conditions



	◻
	◻
	14.5 Solve problems involving exponential growth and decay



	◻
	◻
	14.6 Match a slope field with its corresponding differential equation







        For More Practice

        Complete more practice online at kaptest.com. Haven't registered your book yet? Go to kaptest.com/booksonline to begin.

    
    
 Part 3
Graphing Calculators and Free Response Questions
        

            Chapter 15

            Problems that Require Graphing Calculators

            
            
            Learning Objectives

            In this chapter, you will review how to:

            
                	15.1 Plot the graph of a function within a given viewing window and find the zeros and/or relative extrema

                	15.2 Calculate the derivative of a function numerically

                	15.3 Calculate the value of a definite integral numerically

            

        
    
        
        
        15.1 Graphing Functions and Finding Critical Points

        To answer a question like this:

        
            
                	
                    
                        Find the minimum value of the function f(x) = ln(x) + sin(x) on the closed interval
                            
                        

                    
                    
                        	0

                        	0.466

                        	0.682

                        	1.145

                    

                

            

        
        
        You need to know this:

        Using a graph utility to evaluate a function

        
            	Often there is a need to determine the value of a function at a specific point while working a problem. For example, evaluate the function f(x) = x2 + 1 at x = 3.

            	One way to approach this task is to ignore the powerful capabilities of the calculator and use just the regular, non-algebraic computing power of your calculator (or, for that matter, your brain). Type 32 + 1  ENTER on the main screen. The answer 10 appears.

            

            	However, there are fancier techniques that involve entering the function into the Y= screen. TI-83: On the Y= screen enter the function Y1 = x2 + 1.
            

            	
                TI-83: View the graph of the function in a reasonable window, say [0, 4] × [0, 20]. On the CALC (2nd  TRACE) menu, choose value by pressing 1 or ENTER. You will be prompted for an x-value. Type
                    
                    
                    3
                    
                    
                    ENTER. The answer y = 10 appears at the bottom of the screen.

                
                    
                        [image: This is a screen shot of the graph of y equals x squared plus 1 on the TI-83 calculator.  The cursor is at x equals 3 and y equals 10.]
                    
                

            

        

        Other graphing calculator methods such as the Y-VARS technique, table technique, nderiv, and fnInt are covered in the PDF More Advanced Calculator Techniques, available in your Online Resources.

        You need to do this:

        
            	The Intermediate Value Theorem states that a continuous function attains a maximum and a minimum value on a closed interval.

            

            	Graph the function on the window of the given interval.

            	Evaluate the graph's endpoints and any other potential critical points for the minimum.

            	Evaluate the function for the associated y-value of the minimum.

        

        
            AP Expert Note

            All graphing calculators approved for use on the AP exam are able to evaluate a derivative at a point and compute a definite integral; make sure you are familiar with these utilities on your calculator.

        
        Answer and Explanation:

        

        B
        

        
            [image: A screen shot of y equals ln of x plus sine of x, which is a curve that increases then decreases. At the bottom, the coordinates x equals .7854 and y equals .46554594 are shown.]
        
        TI-83: On the Y= screen enter Y1 = ln(x) + sin(x) and view the graph in the window From looking at the graph, it can be seen that the minimum value of this function occurs at the left endpoint. Use the value utility to find the y-value of the left endpoint.

        
        

        On the CALC (2nd TRACE) menu, scroll down to 1:value and press ENTER. When prompted for an x-value, enter
            
            or .7854
             . Press ENTER. The y-value .4655…appears at the bottom of the screen, corresponding to choice (B).

        
            
            
        

        
            
                Practice Set

                
                
                
            
            
                
                	
                    
                    
                        Find the maximum value of the function f(x) = ln(x) + sin(x) on the closed interval
                            
                        

                    
                    
                        	0.466

                        	1.145

                        	1.588

                        	1.605

                    

                    
                

                	
                    
                    
                        The function f is given by  . What are the values for which the function f defined above is decreasing?

                    
                    
                        	x < 1.782

                        	–0.510 < x < 0.510

                        	–1.241 < x < –0.510 and 0.510 < x < 1.241

                        	x < –1.241, –0.510 < x < 0.510, and x > 1.241

                    

                    
                

                	
                    
                    
                        The derivative of the function f is given by  .  At what value(s) of x does f have a relative maximum on the interval 0 < x < 4 ?

                    
                    
                        	1.080

                        	1.677

                        	2.419

                        	1.080 and 2.419

                    

                    
                

                	
                    
                    
                        A particle is moving along the y-axis, according to the equation y (t) = ln t − 2 sin t for
                            
                            . Find the position of the particle at the instant that the acceleration is zero.

                    
                    
                        	−1.661

                        	1.277

                        	8.415

                        	9.817

                    

                    
                

                	
                    
                

            

        
    
        
        
        
            Answers
                and Explanations

            
                
                    	D
                        

                            
                                [image: ]
                            


                            TI-83: Begin with the same setup as in the previous question. On the Y= screen enter Y1 = ln(x) + sin(x) and view the graph in the window From looking at the graph it can be seen that the maximum value of this function occurs around the midpoint of the window. On the CALC (2nd TRACE) menu, scroll down to 4:maximum and press ENTER. The screen will prompt with "Left Bound?" Pick a point to the left of the maximum and press ENTER. Then set a Right Bound with a point to the right of the maximum and press ENTER. Last, the screen will prompt "Guess?" Select a point at approximately the maximum and press ENTER. The y-value 1.6055213 appears at the bottom of the screen, making choice (D) correct.

                        
                    

                    	C
                        

                            
                                [image: Using plain text and in 140 characters or less, describe this image for visually-impaired readers. If image is decorative, delete this text.]
                            


                            The function f is decreasing for all x such that f′(x) < 0. Use the power rule to take the derivative of each term. The result is
                                . This equation is not easily factored, so use your calculator to find the zeros. After inputting the equation for the derivative on the Y= screen, go to the CALC (2nd TRACE) menu, scroll down to 2:zero and press ENTER, set a left bound, right bound, and guess. Repeat this process for each of the four zeros and then examine the graph to determine where it is less than zero (below the x-axis). Based on the graph, f'(x) < 0 when –1.241 < x < –0.510 and when 0.510 < x < 1.241. Choice (C) is correct.

                        
                    

                    	B
                        
                            Relative extrema may occur when the first derivative of a function is equal to 0 or where it does not exist. Here, when given f' (which happens to be defined everywhere), the first task is to determine where f' = 0. Do this on your calculator by graphing the equation and using the Zero function. The interval is given from 0 < x < 4, so restrict the window accordingly—this makes it much easier to see what’s going on. The graph looks something like this:

                            
                                
                                    [image: The graph of f prime of x starts at 0 comma negative 2, then increases, crossing the x axis at 1.080. The graph continues to increase, then decreases crossing the x axis at 1.677. The graph continues to decreases, then increases, crossing the x axis at 2.419. The graph continues to increases, then decreases, but does not cross the x axis. The graph then increases again, then decreases and stops, not crossing the x axis again.]
                                
                            

                            
                                A relative maximum occurs where a function changes from increasing (when f' is positive, or above the x-axis) to decreasing (when f' is negative, or below the x-axis). Based on the graph, this happens at x = 1.677, so (B) is correct.

                        
                    

                    	A
                        
                            Start by graphing the original function. Sometimes just seeing the function is enough to get the answer, and this is one of those cases. A look at the graph shows that it resembles a straight line around −1.7. Because the slope of a straight line is constant, acceleration equals 0 at this point.

                            Alternatively, use the graphing utility to find the zero of the graph. Enter the function
                                
                                on the Y= screen. View the graph in an appropriate window. Use the zero utility on the CALC (2nd TRACE) menu to find the coordinates of the zero.

                            
                                
                                    [image: A screen shot of the graph of the quantity negative 1 divided by x squared plus 2 times the sin of x. The screen is displaying a zero of the function, with coordinates x equals 0.82502892 and y equals 0.]
                                
                            

                            Now immediately press QUIT (2nd MODE) to return to the main screen. Enter ln(x) − 2 sin x, press ENTER. The calculator evaluates this function at the x-value of the zero you just found, yielding –1.661. Thus, choice (A) is correct.

                        
                    

                

            
        
    
        
        
        15.2 Finding a Derivative at a Point

        To answer a question like this:

        
            
                	
                    
                        If
                            
                            , then f′(1) =

                    
                    
                        	1.486

                        	1.498

                        	2.068

                        	2.168

                    

                

            

        
        
        You need to know this:

        Evaluating a derivative at a point using nDeriv

        
            	TI-83: The utility to evaluate a derivative at a point is called nDeriv, and it is found on the MATH menu. Press 8 or scroll with the arrow keys to find it. The syntax for the nDeriv command is nDeriv(function,variable,value).

            

        

        
            	For example, to evaluate the derivative of f(x) = x2 + 1 at x = 3 go to the nDeriv utility by pressing MATH 8. The prompt “nDeriv” appears.
                
                    
                
            

            	Enter (X2 + 1,X,3) ENTER. The answer 6 appears.

        

        
        

        Other graphing calculator methods for solving a derivative at a point such as the Y-VARS technique and graphing utility method are covered in the PDF More Advanced Calculator Techniques, available in your Online Resources.

        You need to do this:

        
            	All of the graphing calculators allowed on the exam will evaluate a derivative at a point.

            	Check your owner’s manual to see exactly where to find this utility on your calculator.

            

            	To use this utility, tell the calculator the function, the variable, and the point at which the derivative is to be evaluated.

        

        
            AP Expert Note

            Before calculating the function, make sure your calculator is in radian mode.

        
        Answer and Explanation:

        A
        

        

        Use the calculator’s utility for evaluating a derivative at a point.

        TI-83 (left)/TI-89 (right):
        

        
            
                
            
        

        Notice that the syntax is different for the TI-83 and the TI-89. If you forget to include the vertical “when” bar, the TI-89 will return an expression rather than a number.

        The provided answer is f′(1) ≈ 1.486, matching choice (A).

        
            
                Practice Set

                
                
                
            
            
                
                	
                    
                    
                        Let f(x) = cos(ln x2). What is the value of f'(π), accurate to three decimal places?

                    
                    
                        	–2.351

                        	–0.479

                        	0.694

                        	1.863

                    

                    
                

                	
                    
                    
                        If
                            
                            , then
                            
                        

                    
                    
                        	–1.564

                        	–0.428

                        	1.395

                        	2.771

                    

                    
                

                	
                    
                    
                        What is the slope of the curve y = 4cos x − e at its first positive x-intercept?

                    
                    
                        	–2.610

                        	–1.884

                        	2.348

                        	3.195

                    

                    
                

                	
                    
                    
                        The position of a swinging pendulum t seconds after its release is defined by the function  . What is the instantaneous velocity of the pendulum at t = 5 ?

                    
                    
                        	–6.489

                        	–2.519

                        	4.733

                        	8.298

                    

                    
                

                	
                    
                

            

        
    
        
        
        
            Answers
                and Explanations

            
                
                    	B
                        
                            This question is a prime example of when it is much faster to solve for a derivative at a point using the nDeriv utility. Press MATH 8, enter (cos(ln(X2)),X,π) and get –0.479, choice (B).

                        
                    

                    	D
                        
                            This is another problem that the graphing calculator can solve quickly with the nDeriv utility. Press MATH 8, enter (tan–1(cos(4X)),X,π/3) and get 2.771, matching choice (D).

                        
                    

                    	A
                        
                            This slope question has a slight twist, but it can be solved exactly as the previous two questions. You just don't know the value of x at which you need to evaluate the derivative. The equation is not easily solvable, so use the Zero function on your calculator to find the first positive x-intercept of the graph, which is x  = 0.76505. To find the slope at this value of x, find the value of the derivative at x  = 0.76505 using the nDeriv feature of your calculator. This gives y′ at x  = 0.76505 is –2.610, which is (A). It is a good idea to use many decimal places when rounding in the middle steps of a problem because your final answer will need to be correct to 3 decimal places. Use the Store function on your calculator to save all nine or more decimal places.

                        
                    

                    	C
                        
                            Recall from Chapter 9.4 that the instantaneous rate of change of a function at a point is the slope of the tangent line at that point (or the derivative evaluated at that point). Because velocity is the derivative of position, this question is still just asking for the derivative at a point. This question can be answered with the same approach as those above, the nDeriv utility. Evaluating the function f (5) using nDeriv yields 4.733, choice (C).

                        
                    

                

            
        
    
        
        
        
        15.3 Evaluating a Definite Integral

        To answer a question like this:

        
            
                	
                    
                        You are given the functions y1 = cos−1 x and y2 = 2x2. Region C is bounded by the y-axis and the graphs of y1 and y2. Region D is bounded by the x-axis and the graphs of y1 and y2. Find the area of region D.

                    
                    
                        	0.269

                        	0.326

                        	0.382

                        	0.461

                    

                

            

        
        You need to know this:

        Evaluating a definite integral using fnInt

        
            	TI-83: The utility for computing a definite integral is called fnInt, and it is found on the MATH menu. Press 9 or scroll with the arrow keys to find it. The syntax for the fnInt command is fnint(function,variable,lower,upper).
            

            	For example, to compute the definite integral of
                
                , go to the fnInt utility by pressing MATH 9. The prompt “fnInt” appears.
                
                    [image: ]
                
            

            	Enter (x2 + 1, x,0,4) ENTER. The answer 25.33333 appears.

            

        

        
        

        Other graphing calculator methods for computing a definite integral such as the Y-VARS technique and graphing utility method are covered in the PDF More Advanced Calculator Techniques, available in your Online Resources.

        You need to do this:

        
            	Graph the functions. Find the appropriate boundaries of region D.

            	Integrate each function over the interval that it lies as a boundary of region D (Note: this will require finding the intersection of the two functions as well as each function and the x-axis).

            	The sum of these two integrals will give the area of region D.

        

        Answer and Explanation:

        C
        

        Your first task is to determine the graphical relationship between the two curves, y1 = cos−1 x  and y2 = 2x2. Graph these functions on the same set of axes, using the window [−.2, 1.5] × [−.2, 2]:

        
        

        
            
                [image: A graph of two different curves, one of which starts above the x axis and decreases to the right until it meets the x axis, and another curve which starts at the origin and increases to the right.]
            
        

        

        TI-83: After graphing the functions, press TRACE. The curve y1 = cos−1 x lies on top to the left of the point of intersection; y2 = 2x2 lies on top to the right of the point of intersection. Therefore, the left curve bounding region D is y2 = 2x2 and the right curve bounding region D is y1 = cos−1 x.

        The curve y2 = 2x2 intersects the x-axis at x = 0 and the curve y1 = cos−1 x intersects the x-axis at x = cos 0 = 1. Therefore, the area in question is found by computing the value of

        
            
        

        where A = 0.65463568, the intersection point of the two curves (this can be found by pressing CALC (2nd TRACE) 5 (for the intersect option). 

        To evaluate the integral on the calculator, pull up the fnInt option on the MATH menu. Enter each integral with the appropriate syntax and sum the two values together. On the TI-83 this should look like: fnInt(2X2,X,0,0.655) + fnInt(cos–1X,X,0.655,1), giving the result, approximately 0.382, or (C).

        
            
                Practice Set

            
            
                	
                    
                        Suppose G(x) is an antiderivative of
                            
                            and G(−2) = −1. Then, G(5)=

                    
                    
                        	−3.485

                        	−1.002

                        	0.371

                        	0.818

                    

                

                	
                    
                        If the area under the curve
                            
                            over the closed interval [k, 30] is 50, what is k ?

                    
                    
                        	19.609

                        	19.981

                        	20.013

                        	20.683

                    

                

                	
                    
                        A particle is moving along the x-axis with a velocity of v(t) = 2 sin t + cos t − 2 for t ≥ 0 in minutes. What is the total distance traveled after five minutes?

                    
                    
                        	8.024

                        	8.415

                        	9.526

                        	9.817

                    

                

                	
                    
                        
                            
                                [image: The graphs of f of x equals the cosine of the quantity x minus 0.4 and g of x equals x squared. The Region R, which is shaded, consists of the area below f of x and above g of x.]
                            
                        

                    
                

                	
                    
                        Consider the region R enclosed by the graphs of f(x) = cos(x − 0.4) and g(x) = x2, shown above. Find the volume generated by revolving the region R about the line y = 0.

                    
                    
                        	3.339

                        	4.128

                        	12.285

                        	15.493

                    

                

                	
                

            

        
    
        
        
        
            Answers
                and Explanations

            
                
                    	D
                        
                            The antiderivative of
                                
                                is
                                
                                . By the Fundamental Theorem of Calculus, if G′(x) = g(x), then so  . Go to the fnInt utility by pressing MATH 9 and enter (cosX/ex,X,–2,5) ENTER. Evaluating the integral from –2 to 5 gives 1.818. Given that G(−2) = −1, solve for G(5): G(5) + 1 ≈ 1.818 ⇒ G(5) ≈ 0.818. This matches choice (D).

                        
                    

                    	B
                        
                            One approach here would be to use the calculator’s solver utility to solve the equation
                                
                                for k. Go to the solver utility by pressing MATH B. The image below shows the appropriate syntax. This should yield k = 19.981.

                            
                                
                                    
                                
                            

                            If the above approach isn't working out or if you prefer to stick with using the fnInt method, this problem can also be solved by working backwards. Plug each of the answer choices in for k in the integral
                                
                                and see which one gives 50. Choice (B) yields the appropriate result.

                        
                    

                    	D
                        
                            The total distance traveled is given by the definite integral of the speed function (the absolute value of the velocity function.) That is,
                                
                                . Use the fnInt method (your calculator will take the absolute value of a function; check your owner’s manual about how to do this on your calculator). TI-83: The absolute value function is found on the MATH menu or in the catalog.

                            
                                
                                    
                                
                            

                            This matches
                                (D).

                        
                    

                    	A
                        
                            To find the volume of the solid of revolution, integrate the area of the typical cross section. First, draw the solid of revolution and the typical cross section.

                            
                                
                                    [image: This is an illustration of a cross section of the solid of revolution. The radius of the large circle is cosine of the quantity x minus 0.4, and the radius of the small circle is x squared. Thus, the area of the cross section will be pi times the difference of f of x and g of x.]
                                
                            

                            To compute the volume of the solid of revolution of the region R about the line y = 0, integrate the area of the typical cross section. In this case, the typical cross section is a washer. The boundaries of the definite integral are the intersection points of the curves; x = −0.6839 and x = 0.9291. Thus,

                            
                                
                            

                            Use the utility of the graphing calculator to compute the value of the definite integral: 3.339. This matches
                                (A).

                        
                    

                

            
        
    
        
        
        Rapid Review

        
            If you take away only four things from this chapter:

            
                	Use a graph utility to evaluate a function by entering the function into the Y= screen. From there use the CALC (2nd TRACE) menu to find zeros, minimums, or maximums.

                	The utility to evaluate a derivative at a point is called nDeriv, and it is found on the MATH menu. Press 8 or scroll with the arrow keys to find it.

                	The utility for computing a definite integral is called fnInt, and it is found on the MATH menu. Press 9 or scroll with the arrow keys to find it.

                

                	The online PDF More Advanced Calculator Techniques, available in your Online Resources, reviews several additional methods for evaluating functions, derivatives, and integrals.

            

        
    
        
        
        Reflection

        
        Use this section to evaluate your progress. After working through each practice set, check off the boxes to indicate which Learning Objectives you feel confident about. Keep working on unchecked Objectives until you're confident about them all!



	


	
Practice Set
 


	
◻
15.1 Plot the graph of a function within a given viewing window and find the zeros and/or relative extrema


	
◻
15.2 Calculate the derivative of a function numerically


	
◻
15.3 Calculate the value of a definite integral numerically



   

	
        For More Practice

        Complete more practice online at kaptest.com. Haven't registered your book yet? Go to kaptest.com/booksonline to begin.

    
    

        

            Chapter 16

            Answering Free Response Questions

            
            Learning Objectives

            In this chapter, you will learn how to:

            
                	16.1 Show appropriate work that is organized, includes proper notation, and justifies your answers

                	16.2 Clearly identify your final answers

                	16.3 Use a scoring rubric to self-score your answers

            

        
    
        
        
        The Free Response Section

        Section II of the AP Calculus exam is worth 50% of your grade. The section consists of two parts, just like the multiple-choice section. Part A  contains two free-response questions for which you are allowed (and in fact, will most likely need) to use your graphing calculator. Part B contains four free-response questions for which you may not use your calculator.

        HOW free response QUESTIONS ARE STRUCTURED

        Each free response question typically has three or four parts. This means you won’t get one broad question, but rather an initial setup, which may include a table of values or a graph of some sort, followed by questions labeled (a), (b), (c), and so on. 

        There are six free response questions in all, and you're allowed a total of 90 minutes (30 minutes for the two calculator questions and 60 minutes for the four no-calculator questions). Do the math—that's 15 minutes per question. The timing alone should tell you that these questions are not meant to be quick, easy-to-answer questions. They require critical thinking, the use of proper notation, organization, and often justification for your answers. 

        Sometimes the question parts are related to each other, and sometimes they are independent. If you can't answer part (a), that doesn't necessarily mean that you can't answer any of the other parts, so don't give up! 

        USING A SCORING RUBRIC TO SELF-SCORE YOUR free response QUESTIONS

        Each of the six free response questions is worth the same amount. Based on past released tests, that amount is nine points. Those nine points can be distributed evenly across the parts of the question, or not. For example, if there are three parts to a question, each part may be worth three points. Or, one part may be worth two points, one worth three points, and one worth four points. It all depends on the level of complexity associated with each part of the question. 

        Each year, The College Board releases the official free response questions from the previous year's test, along with the scoring rubrics that were used to score the questions. It is a good idea to visit The College Board's website and download several free response questions. The more scoring rubrics you read through, the better an idea you will have about exactly what earns points. For example, the readers are looking for proper notation, organization, numerical answers accurate to three decimal places, clearly identified final answers, and justifications where requested.

        After each practice question in this chapter, you will find general notes and strategies for how to approach the question, followed by a scoring rubric that includes detailed solutions to each part of the question with corresponding points earned. Be sure to read through the entire scoring rubric—your goal is to not only master the content and arrive at the correct answer, but also to learn how to document your solution in such a way that you earn maximum points on Test Day. Remember, you get 15 minutes per question, so make sure you're using that time to clearly explain to a question reader how you arrived at your final answer.

        

        

    
        
        
        
            
                Sample Question 1

                
                
                
            
            
                	
                    A GRAPHING CALCULATOR IS REQUIRED TO ANSWER THIS QUESTION.

                

                        	
                           A particle moves along the x-axis so that its velocity at any time t ≥ 0 is given by v(t) = 5t2 − 4t + 7. The position of the particle, x(t), is 8 for t = 3.
                            

                            
                            
                            
                        

                	 
					
                        	
                            
                            
                                Write an equation for the position, x(t), of the particle at any time t ≥ 0.

                            
                            
                        

                        	
                            
                            
                                Find the total distance traveled by the particle from time t = 0 until time t = 2.

                            
                            
                        

                        	
                            
                           
                                Does the particle achieve a minimum velocity? Justify your answer.  And if so, what is the position of the particle at this time?

                            
                        

                    


                	
                    
                

            

        
    Answers
								and Explanations
Sample Question 1
	 
                            
                          
	

    
        
            
                	Solutions
                	Scoring Rubric
            

        
        
            
                	
                    
                
                	1:

                    
                    

                    1: correctly integrating

                    1: finding C and stating final x(t)

                
            

        
    



	
    
        
            
                
                    	Solutions
                    	Scoring Rubric
                

            
            
                
                    	Total distance = 
                        

                            v(t) is positive everywhere

                        
                        

                    
                    	1:
                        

                        1: noting v(t) is positive everywhere

                        1: correct to 3 decimal places or fraction form

                    
                

            
        

    


	
    
        
            
                
                    	Solutions
                    	Scoring Rubric
                

            
            
                
                    	
                        
                        

                            v"(t) = 10 > 0, so the velocity is at a minimum when
                            .

                        The position is :
                            
                        

                    
                    	1: correctly solving v' = 0

                        1: justifying that the result is a minimum

                        1: correctly evaluating x(t) at
                         to 3 decimal places
                

            
        

    



  
                            
                        

                            	
    
        Supplemental Information:

        Part (a): Integrate the velocity function to find position. Then solve for C by substituting  8 for x(t) and 3 for t.

        Part (b): Use the Integrate function on your calculator to evaluate
            . (See chapter 15 for a detailed explanation on how to use this function.) Note that you don't need to indicate that you used your calculator. If you leave your answer in decimal form, be sure to include three decimal places for full credit.

        Part (c): Find the (potentially) minimum velocity by setting v′(t) = 0 and solving for t. Justify that this value of t is indeed a minimum by considering v"(t) or evaluating v"(t) for a value to the left and right of t. Note that it isn’t enough to just compute the zero of v′. You also need to explain, however briefly, why v actually attains a minimum. That is what is meant by “justify.”

    


                            
                        

        
        
        
            
                Sample Question 2

                
                
                
            
            
                	
                    NO CALCULATOR IS ALLOWED ON THIS QUESTION.

                

                        
                        	
                            
                                
                                    [image: The graph of f of x starts with a line segment from negative 3 comma negative 1 to negative 1 comma 3. A curve down to 1 comma 1 is next, followed by a line crossing through 2 comma 0 to 3 comma negative 1. There is a line up to 4 comma 0, then down to 5 comma negative 1.]
                                
                            

                            The graph of y = f(x) is shown above. It consists of line segments and a quarter-circle centered at (−1, 1). Let
                                
                            

                            
                            Part (c): The function g has a horizontal tangent where the slope of the tangent is 0.

                            
                        


                	

                        	
                            
                            
                                Find g(−1) and g(5).

                            
                            
                        

                        	
                            
                            
                                Find an equation of the tangent line to g at the point where x = −1.

                            
                            
                        

                        	
                            
                            
                                Find all values in −3 < x < 5 where g has a horizontal tangent line. Determine whether each value is a local maximum, local minimum, or neither. Justify your answers.

                            
                            
                        

                        	
                            
                            
                                Find the x-coordinate of all points of inflection of g. Justify your answer.

                            
                            
                        

                    


                	
                    
                

            

        
    Answers
								and Explanations

Sample Question 2


	 
                            	
    
        
            
                	Solutions
                	Scoring Rubric
            

        
        
            
                	
                    
                    

                    
                    

                
                	1: correct g(–1)

                    1: correct g(5)
            

        
    



    	
    
        
            
                
                    	Solutions
                    	Scoring Rubric
                

            
            
                
                    	
                        By the Second Fundamental Theorem of Calculus:

                        
                    
                    	1: finding m = 3

                        1: writing equation in point-slope form
                

            
        

    


	
    
        
            
                
                    	Solutions
                    	Scoring Rubric
                

            
            
                
                    	
                        
                        

                        A local minimum occurs when x = −2.5 because g′ (which is f ) changes from negative (below the x-axis) to positive (above the x-axis).

                        A local maximum occurs when x = 2 because g′ changes from positive to negative.

                        Neither a local maximum nor a local minimum occurs when x = 4 because g′ does not change sign.

                    
                    	1: solving g'(x) = 0 by finding x-intercepts on the graph

                        1: identifying local min, local max, and x-value that is neither

                        1: providing justification for each of the above

                    
                

            
        

    


	
    
        
            
                
                    	Solutions
                    	Scoring Rubric
                

            
            
                
                    	Inflection points occur when x = −1 and x = 4 because f′ changes from increasing to decreasing (relative maxima), which means g" changes signs. An inflection point also occurs when x = 3 because f′ changes from decreasing to increasing (relative minima), which means g" also changes signs there.
                    	1: identifying 3 inflection points

                        1: providing justification for each inflection point
                

            
        

    




                            
                            
                        

                            	
    
        Supplemental Information:

        Part (a): g(−1) represents the area between the function and the x-axis between x = 1 and x = −1. It may help to shade this area on the graph. Notice that the limits of integration are not from least to greatest, so you'll need to multiply the area by –1. Similarly, g(5) represents the area between the function and the x-axis between x = 1 and x = 5. Don't forget—the areas below the x-axis get a negative sign.

        Part (b): Be sure to justify how you find the slope of the tangent line. This could be via a sentence or simply using the proper notation, as shown below. (If you use a sentence, be brief and don't use pronouns.) Then, use the point-slope form of a line and y = g(–1) from part (a) to write the equation of the tangent line. It is important to note that the point-slope form of a line is a perfectly good form; you do not need to do extra work to write it in slope-intercept form.

    


                        

        
        
        
            
                Practice Set

            
            
                	
                    A GRAPHING CALCULATOR IS REQUIRED TO ANSWER QUESTIONS 1 AND 2.

                

                	
					
						Let R be the region bounded by the y-axis and the graphs of f(x) = 3 ln(x + 1) and
							.
						

						Part (d): Two possible answers are given. You need only give one of these answers.

					
    
        	
            
                Sketch and shade the region R.

            
        

        	
            
                Find the area of R.

            
        

        	
            
                Find the volume if R is rotated around the x-axis.

            
        

        	
            
                The vertical line x = k divides R into two regions of equal area. Set up, but do not solve, an integral equation that finds the value of k.

            
        

    




               
                	
                        
                            An online retailer has a warehouse that receives packages that are later shipped out to customers. The warehouse is open 18 hours per day. On one particular day, packages are received at the warehouse at a rate of
                                
                                packages per hour. Throughout the day, packages are shipped out at a rate of 
                                 packages per hour. For both functions, 0 ≤ t ≤ 18, where t is measured in hours. At the beginning of the workday, the warehouse already has 4,000 packages waiting to be shipped out.
                            

                            
                           
                            
                        
                
                
                        

                        	
                            
                            
                                What is the rate of change of the number of packages in the warehouse at time t = 4 ?

                            
                            
                        

                        	
                            
                            
                                To the nearest whole number, evaluate 
                                

                                What is the meaning of
                                     ?

                            
                            
                        

                        	
                            
                            
                                To the nearest whole number, how many packages are in the warehouse at the end of the 18-hour day?

                            
                            
                        

                        	
                            
                            
                                Over the 18-hour day, to the nearest whole number, what is the maximum number of packages in the warehouse and at what time did that occur?

                            
                            
                        

                    


                	
                    NO CALCULATOR IS ALLOWED FOR THE REMAINING QUESTIONS.

                

                	
                        
                            The point (4, 2) is on the graph of y = f(x) and the derivative of f(x) is 
                            

                            
                            
						
				
                        

                        	
                            
                            
                                Find the equation of the tangent line to y = f(x) at (4, 2) and use it to approximate the value of f(5).

                            
                            
                        

                        	
                            
                            
                                Find an expression for y = f(x) by solving the differential equation
                                    
                                    with the initial condition f(4) = 2.

                            
                            
                        

                        	
                            
                                A claim is made that y = g(x) is a another solution to the differential equation
                                    . The graph of g(x) is shown below. Give a reason why g(x) cannot be a solution as claimed.

                                
                                    
                                        [image: The graph starts from the left at just above y equals 3 and increases very slowly, then a little more quickly, to negative 1 comma 4. The graph then decreases quickly, through 0 comma 3, to 1 comma 2, then increases quickly, then more slowly, approaching y equals 3 as x becomes larger.]
                                    
                                

                            
                            
                        

                    


                    	
						
							
								
									
											x
											0
											3
											6
											9
											12
									

									
											f(x)
											17
											16
											14
											11
											6
									

								
							

						

						
					

                	Suppose a function f is continuous, decreasing, and concave down and has values shown in the table above.
					
				
                        	
                            
                            
                                Use the data to estimate f′(9). Show the computations that lead to your answer.

                            
                            
                        

                        	
                            
                            
                                Use the data to evaluate 
                                

                                Show the computations that lead to your answer.

                            
                            
                        

                        	
                            
                            
                                Use a right Riemann sum with four subintervals to find the average value of f over the interval 0 ≤ x ≤ 12. Is your estimate an overestimate or underestimate? Explain.

                            
                            
                        

                        	
                            
                            
                                The tangent line to f at x = 6 is used to approximate f(7). The secant line from x = 6 to x = 9 is also used to approximate f(7). Which calculation is an under-approximation of f(7) and which is an over-approximation of f(7)? Justify your answer.

                            
                        

                    


            

        
    
        
        
        
            Answers
                and Explanations

            
                
                    	 
                        
                            	
                                
                                    
                                        
                                            
                                                	Solutions
                                                	Scoring Rubric
                                            

                                        
                                        
                                            
                                                	
                                                    
                                                        
                                                            [image: There are two functions. F of x crosses through the origin and increases from right to left. G of x crosses through 0 comma 4 and decreases from right to left. The are under g of x and above f of x is shaded. The functions intersect at a point labeled x equals 2.034.]
                                                        
                                                    

                                                
                                                	1: graphing and shading correctly

                                                    1: identifying the x-value where the functions intersect
                                            

                                        
                                    

                                
                            

                            	
                                
                                    
                                        
                                            
                                                	Solutions
                                                	Scoring Rubric
                                            

                                        
                                        
                                            
                                                	
                                                    
                                                
                                                	1: setting up integral correctly

                                                    1: evaluating correctly to 3 decimal places
                                            

                                        
                                    

                                
                            

                            	
                                
                                    
                                        
                                            
                                                	Solutions
                                                	Scoring Rubric
                                            

                                        
                                        
                                            
                                                	Volume of a representative slice is: 
                                                    Volume when R is revolved about the x-axis is:

                                                     
                                                    

                                                
                                                	1: representing volume of a single slice

                                                    1:  representing volume of solid of revolution

                                                    1: evaluating correctly to 3 decimal places
                                            

                                        
                                    

                                
                            

                            	
                                
                                    
                                        
                                            
                                                	Solutions
                                                	Scoring Rubric
                                            

                                        
                                        
                                            
                                                	
                                                    
                                                    

                                                    OR

                                                    
                                                    

                                                
                                                	1: setting up integral correctly (either one)

                                                    1: including correct limits of integration in terms of k
                                            

                                        
                                    

                                
                            

                        

                    

                    	
                       Supplemental Information:

                        Part (a): The question states that the graph is bounded by 3 things. Make sure to find a region whose
                            only sides are those 3 things. Use your graphing calculator to graph the equations and then sketch a
                            quick graph on your paper.

                        Part (b): Solving f (x) = g(x), or using the graphing calculator’s Intersect function, yields a point of intersection
                            at x ≈ 2.0339565. Include this on your sketch so it’s clear why you’re integrating from 0 to 2.0339565. Also,
                            only round your final answers to 3 decimal places. Always use more than 3 decimal places (5 or more)
                            when computing the answers. Rounding early will often affect the accuracy of your final answer.

                        Part (c): Focus on using correct notation here. For example, be sure to include the limits of integration
                            and the dx.

                        Part (d): Two possible answers are given. You need only give one of these answers.

                    

                    	 
                        
                            	
                                
                                    
                                        
                                            
                                                	Solutions
                                                	Scoring Rubric
                                            

                                        
                                        
                                            
                                                	R(4) − S(4) = 600 – 799.808 ≈ −199.808 packages per hour
                                                	1: writing rate as R(4) – S(4)

                                                    1: evaluating correctly to 3 decimal places 
                                            

                                        
                                    

                                
                            

                            	
                                
                                    
                                        
                                            
                                                	Solutions
                                                	Scoring Rubric
                                            

                                        
                                        
                                            
                                                	
                                                    
                                                    

                                                    Between 3 and 12 hours after the warehouse opened, approximately 6,177 packages were shipped out.

                                                
                                                	1: evaluating integral and rounding correctly

                                                    1: adequately describing the meaning of the integral
                                            

                                        
                                    

                                
                            

                            	
                                
                                    
                                        
                                            
                                                	Solutions
                                                	Scoring Rubric
                                            

                                        
                                        
                                            
                                                	
                                                    
                                                
                                                	1: representing the number of packages using correct notation

                                                    1: evaluating and rounding correctly 
                                            

                                        
                                    

                                
                            

                            	
                                
                                    
                                        
                                            
                                                	Solutions
                                                	Scoring Rubric
                                            

                                        
                                        
                                            
                                                	Let P(x) represent the number of packages.

                                                    
                                                    

                                                    
                                                    

                                                    
                                                        
                                                            
                                                                
                                                                    	t
                                                                    	P(t)
                                                                

                                                                
                                                                    	0
                                                                    	4,000
                                                                

                                                                
                                                                    	5.526
                                                                    	2,895.783
                                                                

                                                                
                                                                    	12.111
                                                                    	4,394.908
                                                                

                                                                
                                                                    	18
                                                                    	3,007.591
                                                                

                                                            
                                                        

                                                    

                                                    The maximum number of packages is approximately 4,395 at time t ≈ 12.111 hours.

                                                
                                                	1: solving P' = 0 and identifying the two critical values

                                                    1: evaluating P at the endpoints and at the critical values

                                                    1: stating the time and number of packages that represent the maximum
                                            

                                        
                                    

                                
                            

                        

                    

                    	
                        
                            Supplemental Information:

                            Part (a): The units should be “packages per hour.” Both S(t) and R(t) are measured in packages per hour. Therefore, the rate of change of the number of packages is R(4) − S(4).

                            Part (b): Use the Integrate function on your graphing calculator.

                            Part (c): The number of packages in the warehouse at the end of the day is the initial amount (4,000) plus the total change in the number of packages. Be sure to use proper notation, including limits of integration, as you set up a representation of this sum. Use your calculator to evaluate the integral.

                            Part (d): 1) In the calculator section, you do not need to show any work for how you solved the P' equation; you just need to set up the equation. 2) You need to evaluate P at the endpoints (0 hours and 18 hours) and at the critical values. Organize the information neatly so the grader can see that you evaluated each one.  You could also show where P is increasing and decreasing and just evaluate P at t = 0 and 12.111.

                        
                    

                    	 
                        
                            	
                                
                                    
                                        
                                            
                                                	Solutions
                                                	Scoring Rubric
                                            

                                        
                                        
                                            
                                                	
                                                    
                                                
                                                	1: finding the correct slope

                                                    1:  writing the equation 

                                                    1: approximating the value of f(5)
                                            

                                        
                                    

                                
                            

                            	
                                
                                    
                                        
                                            
                                                	Solutions
                                                	Scoring Rubric
                                            

                                        
                                        
                                            
                                                	
                                                    
                                                    

                                                    
                                                    

                                                
                                                	1: correctly separating the variables

                                                    1: finding the indefinite integral

                                                    1: finding the correct value of C using the initial condition

                                                    1: writing the equation in the form y = f(x)
                                            

                                        
                                    

                                
                            

                            	
                                
                                    
                                        
                                            
                                                	Solutions
                                                	Scoring Rubric
                                            

                                        
                                        
                                            
                                                	Based on the given equation, when x = 0, . The graph of y = g(x) has a slope that is negative at x = 0. Hence, g(x) cannot be a solution to the differential equation.
                                                	1: stating g cannot be a solution

                                                    1: justifying
                                            

                                        
                                    

                                
                            

                        

                    

                    	
                        
                            Supplemental Information:

                            Part (a): The equation of the derivative is given (). Find the slope of the tangent line by plugging the point (4, 2) into this equation. Then, use point-slope form to write the equation of the tangent line. 

                            Part (b): Solve the differential equation by separating the variables. Don’t forget to find the value of the constant C. To write the equation in the form y = f(x), solve for y by making both sides of the equation powers of e. This will eliminate the natural log.

                        
                    

                    	 
                        	
    
        
            
                	Solutions
                	Scoring Rubric
            

        
        
            
                	
                    
                    

                    OR

                    
                    

                    OR

                    
                    

                
                	2: using (12, 6) and (6, 14)

                    OR

                    1: using (12, 6) and (9, 11) OR (9, 11) and (6, 14)
            

        
    



    
	
    
        
            
                
                    	Solutions
                    	Scoring Rubric
                

            
            
                
                    	Using the Fundamental Theorem of Calculus:

                        
                        

                    
                    	1: setting up integral correctly

                        1: evaluating integral correctly
                

            
        

    


	
    
        
            
                
                    	Solutions
                    	Scoring Rubric
                

            
            
                
                    	
                        
                        

                        For a decreasing function, a right Riemann sum is an underestimate of the integral. Therefore,
                        
                        underestimates the average value of f.

                    
                    	1: setting up integral correctly

                        1: evaluating integral correctly

                        1:  stating and explaining the nature of the estimate
                

            
        

    


	
    
        
            
                
                    	Solutions
                    	Scoring Rubric
                

            
            
                
                    	Because f is concave down and decreasing, the tangent line approximation of f(7) will be an over-approximation, and the secant line approximation of f(7) will be an under-approximation.
                    	1: correctly stating which is over and which is under

                        1: justifying
                

            
        

    




                    

                   
                    	
                        
                            Supplemental Information:

                            Part (a): Use the slope formula. Be sure to show all numbers used. The first estimate given in the solution is the best of the three options shown because the points used are closest to the x = 9.

                            Part (b): The integral of f' is f, so you can use the values in the table to evaluate the definite integral.

                            Part (c): You could also draw an estimate of the graph and the rectangles to explain your answer.

                            Part (d): You could also draw an estimate of the graph and the two lines to show the y-values at x = 7
                                for the actual value and the two approximations of f (7) to explain your answer.

                        
                    

                

            
        
    
         Part 4
Practice Tests
        How to Take the Practice Tests

        The next section of this book consists of three practice tests. Taking a practice AP exam gives you an idea of what it’s like to answer these test questions for a longer period of time, one that approximates the real test. You’ll find out which areas you’re strong in, and where additional review may be required. Any mistakes you make now are ones you won’t make on the actual exam, as long as you take the time to learn where you went wrong.

        The practice tests in this book each include 45 multiple choice questions (30 with calculator and 15 without) and six free response questions (2 with calculator and 4 without). You will have 105 minutes for the multiple choice questions, a 10-minute break, and 90 minutes to answer the free response questions. Before taking a practice test, find a quiet place where you can work uninterrupted for over three hours and make sure you have your calculator available. Time yourself according to the time limit at the beginning of each section. It’s okay to take a short break between sections, but for the most accurate results you should approximate real test conditions as much as possible. 

        As you take the practice tests, remember to pace yourself. Train yourself to be aware of the time you are spending on each question. Skim each section before you start, so you can quickly tackle the questions you feel the most comfortable with.  Then, you can tackle the more difficult problems. Try to be aware of the general types of questions you encounter, as well as being alert to certain strategies or approaches that help you to handle the various question types more effectively.

        After taking a practice exam, be sure to access your online resources and read the detailed answer explanations. These will help you identify areas that could use additional review. Even when you’ve answered a question correctly, you can learn additional information by looking at the answer explanation.

        Finally, it’s important to approach the test with the right attitude. You’re going to get a great score because you’ve reviewed the material and learned the strategies in this book.

    
        
        How to Compute Your Score

        The practice tests are composed of multiple choice questions and free response questions. The multiple choice questions are scored by an electronic scanner, while a team of trained reviewers scores the free response questions by hand. Questions are evaluated during the month of June and exam scores are sent out to students and colleges in July. If you haven’t received your score by September, contact the College Board.

        Scoring the Multiple Choice Questions

        To compute your score on the multiple choice portion of the practice tests, calculate the number of questions you got right on each test, then divide by 45 to get the percentage score for the multiple choice portion of that test.

        Scoring the Free Response Questions

        The readers have specific points that they want to see in each free response question. Show your work in an organized fashion, using proper notation. Make sure that you present the various components of your answer in the right order, and in an order that the readers can understand. In addition to these basic structural concerns, readers will be seeking specific pieces of information (such as correct units) in your answer. Each piece of information that they are able to find and check off in your answer helps you earn a better score, so make sure your answer to each part of the question is easy to locate.

        To figure out your approximate score for the free response questions, use the scoring rubric provided in the Answers and Explanations section that is available as part of your online resources. Look at the key points found in the sample response for each question. For each key point you include, add a point. After you’ve scored all six questions, divide the sum of all the points you earned by the total number of points available for all the free response questions to get the percentage score for the free response portion of that test.

        Calculating Your Composite Score

        Your score on the AP exam is a combination of your scores on the multiple choice section of the exam and the free response section. Each of these two sections is worth one-half of the exam score, so average your two scores. If your score is a decimal, then round up to a whole number.

        Remember, however, that your final score depends on how well all students taking the AP exam perform. If you do better than average, your score would be higher. The numbers here are just approximations.

        The approximate score range is as follows: 

        
            	
                5 =
                65–100% (extremely well qualified)
            

            	
                4 =
                50–64% (well qualified)
            

            	
                3 =
                40–49% (qualified)
            

            	
                2 =
                25–39% (possibly qualified)
            

            	
                1 =
                0–24% (no recommendation)
            

        

        If your score falls between 50 and 100, you’re doing great. Keep up the good work! If your score is lower than 49, there’s still hope. Keep studying and you will be able to obtain a better score on the exam before you know it.

        Good luck on the exam!

    
        
            AP CALCULUS AB Practice Test 1
        
        
            
                Section I, Part A

                                 
                
                
                
                
                
                
60  
Minutes
                
30
                
Questions
            
            
                

                A CALCULATOR MAY NOT BE USED ON THIS PART OF THE EXAM.

                Directions

                Solve each of the following problems, using the available space for scratch work. After examining the form of the choices, decide which is the best of the choices given and fill in the corresponding circle on the answer sheet. No credit will be given for anything written in the exam book. Do not spend too much time on any one problem.

                In this exam:

                
                    	Unless otherwise specified, the domain of a function f is assumed to be the set of all real numbers x for which f(x) is a real number.

                    	The inverse of a trigonometric function f may be indicated using the inverse function notation f−1 or with the prefix “arc” (e.g., sin−1 x = arcsin x). 

                

                

            
            
                
                	
                    
                    
                        
                        
                        

                    
                    
                        	0

                        	
                            
                        

                        	5

                        	nonexistent

                    

                    
                

                	
                    
                    
                        The graph of  
                            has vertical asymptotes at:

                    
                    
                        	x = 2

                        	x = −1 and x = 2

                        	y = 3

                        	x = 3

                    

                    
                

                	

	
        
            
                
                    	x
                    	f(x)

                    
                

            
            
                
                    	–1
                    	9
                

                
                    	0
                    
                    	7
                

                
                    	1
                    	5
                    
                

            
        

	




	
                    
                   
                    
                        Using only the table of values shown above, which of the following best describes f'(x)
                            and f"(x) over the open interval (–1, 1) ?

                    
                    
                        	f'(x) < 0; f"(x) < 0

                        	f'(x) < 0; f"(x) = 0

                        	f'(x) = 0; f"(x) < 0

                        	f'(x) > 0; f"(x) > 0

                    

                    
                

                	

    
        
            [image: The graph of f increases from the left, crossing the y axis at a negative value of y. The graph continues to increase to x equals 1, where there is a closed dot above the x axis. Above the closed dot, there is an open dot at x equals 1, and the graph decreases to negative infinity as x approaches 2. The graph decreases from positive infinity just after x equals 2 to an open dot at the point 3 comma 0. The graph continues to decrease, reaching a sharp point at x equals 4 below the y axis. The graph then increases from the sharp point.]
        
    



                	
                    
                   
                    
                        The graph of a function f is shown above. Which of the following statements about f is true?

                    
                    
                        	An infinite discontinuity occurs at x = 4.
                        

                        	A jump discontinuity occurs at x = 3.
                        

                        	A removable discontinuity occurs at x = 2.
                        

                        	A jump discontinuity occurs at x = 1.
                        

                    

                    
                

                	
                    
                    
                        The cost of producing x units of a certain item is C(x) = 2000 + 8.6x + 0.5x 2. What is the instantaneous rate of change of C with respect to x when x = 300 ?
                        

                    
                    
                        	297.2

                        	300.0

                        	308.6

                        	313.6

                    

                    
                

                	
                    
                    
                        Suppose that f is a continuous function and differentiable everywhere. Suppose also that f(2) = 1, f(5) = −4, f(−5) = −3. Which of the following statements must be true about f ?

                    
                    
                        
                            	f has exactly two zeros.

                            	f has at least two zeros.

                            	f must have a zero between 2 and −5.

                            	There is not enough information to determine anything about the zeros of f.

                        

                    
                    
                        	I only

                        	II only

                        	IV only

                        	II and III only

                    

                    
                

                	
                    
                    
                        Which of the following gives the derivative of the function f(x) = x 2 at the point (2, 4) ?

                    
                    
                        	
                            
                        

                        	
                            
                        

                        	
                            
                        

                        	
                            
                        

                    

                    
                

                	
                    
                    
                        If , then f'(x) is which of the following?

                    
                    
                        	5 sec x tan x − 3x2 sin x

                        	5 sec x tan x + 3x2 cos x + 17π 

                        	5 sec x + 5x sec x tan x + 3x2 cos x − x3 sin x

                        	5 sec x + 5x sec x tan x − 3x2 cos x + x3 sin x + 17π

                    

                    
                

                	
                    

    
        
    


                

                	
                    
                   
                    
                        Let g be the function given above. If g is continuous for all real numbers, what is the value of k ?

                    
                    
                        	–6

                        	–3

                        	0

                        	2

                    

                    
                

                	

    
        [image: The graph of f of x starts at negative 4 comma 0. The graph decreases until x equals negative 3, then increases to negative 1 comma 0. The graph continues to increase until x equals 1, then decreases to 3 comma 0. The graph decreases until x equals 4, then increases to 5 comma 0.]
    



                	
                    
                    
                    
                        The graph of f(x) appears above. Which of the following could be the zeros of the derivative function f′(x) ?

                    
                    
                        	x = −2, 2.5

                        	x = −3, 1, 4

                        	x = −2, −1, 2.5

                        	x = −4, −1, 3, 5

                    

                    
                

                	


    
        [image: The graph of g of x starts increasing from the left, crossing negative 2 comma 0. The graph continues to increases to 1 point 5, then decreases, crossing the x axis slightly past negative 1. The graph continues to decreases, then flattens out slightly to the right of the y axis. The graph then increases, passing through 2 comma 0.]
    



                	
                    
                   
                    
                        The graph of y = g(x) is shown above. Which of the following could be the graph of y = g′(x) ? 

                    
                    
                        	
                            
                                [image: G prime of x decreases linearly, crossing the x axis between negative 2 and negative 1. There is a sharp point just to the right of negative 1, then the graph increases linearly, crossing the x axis at x equals point 3 The graph increases until x equals 1.5, then decreases non linearly.]
                            
                        

                        	
                            
                                [image: G prime of x decreases linearly, passing through negative 2 comma 0. There is a sharp point between negative 2 and negative 1, then the graph increases linearly, crossing the x axis to the right of negative 1. The graph increases until x is between 0 and 1, then the graph is a horizontal line.]
                            
                        

                        	
                            
                                [image: G prime of x increases from left to right, crossing the x axis between negative 2 and negative 1. There is a sharp point just past negative 1, then the graph decreases linearly, crossing the x axis between 0 and 1. The graph makes a sharp point to the right of x equals 2, then increases nonlinearly.]
                            
                        

                        	
                            
                                [image: G prime of x increases linearly from the left, crossing the x axis at negative 2. The graph makes a sharp point between negative 2 and negative 1, then decreases, crossing the x axis to the right of negative 1. The graph makes another sharp point between 0 and 1, then becomes a horizontal line.]
                            
                        

                    

                    
                

                	


    
        [image: F of x is a curve that decreases to a point left of negative 1, then increases until x equals 0. The graph decreases, crossing the x axis to the right of 1, then increases and crosses the x axis again, further to the right.]
    



                	
                    
                   
                    
                        The graph of f(x) is given above. Which of the following is true about f"(x) ? 

                    
                    
                        	f"(x) < 0 for all values of x

                        	f"(x) > 0 for all values of x

                        	f"(x) > 0 for  x < 1 and f"(x) < 0  for x > 1

                        	f"(x) > 0 for x > 1 and f"(x) < 0 for −1 < x < 1

                    

                    
                

                	
                    
                    
                        What is the slope of the curve  when x = 2 ?

                    
                    
                        	–1

                        	1

                        	
                            
                        

                        	6

                    

                    
                

                	
    
        [image: The graph of f is a curve that increases quickly, then flattens to a closed dot at 1 comma 0. The graph decreases from positive infinity just after x equals 0, decreasing quickly before flattening out, reaching an open dot at 2 comma 1. There is a closed dot at 2 comma 3, and the graph increases, first slowly, then more quickly.]
    



                	
                    
                    
                    
                        The graph of a function f is given above. Which of the following statements about f is true?

                    
                    
                        	
                            
                        

                        	
                            
                        

                        	
                            
                        

                        	
                            
                        

                    

                    
                

                	
                    
                    
                        A 13-foot ladder is leaning against a 20-foot vertical wall when it begins to slide down the wall. During this sliding process, the bottom of the ladder is sliding away from the bottom of the wall at a rate of
                            
                            foot per second. At what rate is the top of the ladder sliding down the vertical wall when the top of the ladder is exactly 5 feet above the ground?

                    
                    
                        	−2 feet per second

                        	
                            
                            feet per second

                        	
                            
                            feet per second

                        	
                            
                            feet per second

                    

                    
                

                	
                    
                    
                        What is the solution to the differential equation 
                            , where  ?

                    
                    
                        	
                            
                                
                            

                        

                        	
                            
                                
                            

                        

                        	
                            
                        

                        	
                            
                        

                    

                    
                

                	
                    
                    
                        
                            
                        

                    
                    
                        	−4

                        	2

                        	6

                        	12

                    

                    
                

                	
                    
                    
                        
                        
                        

                    
                    
                        	0

                        	4

                        	16

                        	nonexistent

                    

                    
                

                	
                    
                    
                        
                        
                        

                    
                    
                        	
                            
                                
                            

                        

                        	
                            
                        

                        	
                            
                        

                        	
                            
                                
                            

                        

                    

                    
                

                	
                    
                    
                        
                        
                        

                    
                    
                        	
                            
                        

                        	
                            
                                
                            

                        

                        	
                            
                                
                            

                        

                        	
                            
                                
                            

                        

                    

                    
                

                	
                    
                    
                        
                        
                        

                    
                    
                        	 
                        

                        	
                            
                        

                        	
                            
                        

                        	
                            
                        

                    

                    
                

                	
                    
                    
                        Let g(x) = (arccos(x2))5. Then g′(x) =
                        

                    
                    
                        	
                            
                        

                        	
                            
                        

                        	
                            
                        

                        	
                            
                        

                    

                    
                

            

            
                	
                    
                    
                        
                        
                        

                    
                    
                        	
                            
                                
                            

                        

                        	
                            
                                
                            

                        

                        	
                            
                                
                            

                        

                        	
                            
                        

                    

                    
                

                	
                    
                    
                        What is the slope of the normal line to the curve x3 + xy2 = 10y at the point (2, 1) ?

                    
                    
                        	
                            
                        

                        	
                            
                        

                        	
                            
                        

                        	2

                    

                    
                

                	
                    
                    
                        
                        

                        
                        
                        

                    
                    
                        	ln(e6x + 1) + C
                        

                        	
                            
                                
                            

                        

                        	
                            
                                
                            

                        

                        	
                            
                                
                            

                        

                    

                    
                

                	
                    
                    
                        What is the volume of the solid of revolution determined by rotating the region bounded by the graphs of f(x) = x 2 and g(x) = 3x about the x-axis?

                    
                    
                        	9π
                        

                        	
                            
                        

                        	28π
                        

                        	
                            
                        

                    

                    
                

                	
                    
                    
                        Which of the following slope fields describes the differential equation
                            
                            ?

                    
                    
                        	
                            
                                [image: The slope field contains large positive slopes for large negative values of x, then flattens out. The slopes then become negative, then flatten out at the y axis. The slopes then increase, flatten out, and then decreases as x gets larger.]
                            
                        

                        	
                            
                                [image: The slopes are very large and positive for large values of y. The slopes becomes flatter, approaching 0 as y approaches 0. Below the x axis, slopes are slightly negative and become more steeply negative as y approaches negative infinity.]
                            
                        

                        	
                            
                                [image: The slopes are very steep and negative for large negative values of x. The slopes become flatter, approaching 0 as x approaches 0. To the right of 0, slopes are small and positive. As x gets larger, the slopes get more steep and remain positive.]
                            
                        

                        	
                            
                                [image: The slopes are 0 on the y axis. Slopes near the x axis are closed to infinity or negative infinity. As values of x and y move away from the axes, the slopes become closer to a diagonal line of slope 1.]
                            
                        

                    

                    
                

                	
                    
                    
                        
                            
                            is equivalent to:

                    
                    
                        	
                            
                        

                        	
                            
                        

                        	
                            
                        

                        	
                            
                        

                    

                    
                

                	
                    
                    
                        If
                            
                            , then
                            
                        

                    
                    
                        	e2(3e + 1)

                        	e(3e + 1)

                        	
                            
                        

                        	3e2 − 1

                    

                    
                

                	
                    
                    
                        Suppose f(x) = x sec x for  and g(x) = f –1(x). Given that the point
                             is on the graph of f(x), what is the value of  ?

                    
                    
                        	
                            
                        

                        	
                            
                        

                        	
                            
                            

                        

                        	
                            
                        

                    

                    
                

                	
                    
                

            

        
        
            END OF PART A OF SECTION I

            IF YOU FINISH BEFORE TIME IS CALLED, YOU MAY

                CHECK YOUR WORK ON PART A ONLY.

        
    
        
            AP CALCULUS AB Practice Test 1
        
        
            
                Section I, Part B

                                 
                
                
                
                
                
                
45
                
Minutes
                
15
                
Questions
            
            
                

                A GRAPHING CALCULATOR IS REQUIRED FOR SOME QUESTIONS ON THIS PART OF THE EXAM.

                Directions

                Solve each of the following problems, using the available space for scratch work. After examining the form of
                    the choices, decide which is the best of the choices given and fill in the corresponding circle on the answer sheet. No credit will be given for anything written in the
                    exam book. Do not spend too much time on any one problem.

                In this exam:

                
                    	The exact numerical value of the correct answer does not always appear among the choices given. When
                        this happens, select from among the choices the number that best approximates the numerical value.

                    	Unless otherwise specified, the domain of a function f is assumed to be the set of all real
                        numbers x for which f(x) is a real number.

                    	The inverse of a trigonometric function f may be indicated using the inverse function notation
                        f−1 or with the prefix “arc” (e.g., sin−1
                            x = arcsin x).

                

            
            
                	

    
        
    



                	
                    
                   
                    
                        What are the values for which the function f defined above is increasing?

                    
                    
                        	x < 3.75

                        	–2.673 < x < 1.839

                        	x < −2.673 and x > 1.839

                        	–4 < x < −1 and x > 3.75

                    

                    
                

                	
                    
                    
                        Let f(x) = sin(sin x). What is the value of , accurate to three decimal places?

                    
                    
                        	0.009

                        	0.538

                        	0.866

                        	1.000

                    

                    
                

                	
                    
                    
                        On the open interval (0, 2π), the function f(x) = sin x cos x has critical points at which of the following?

                    
                    
                        	
                             only

                        	
                            
                                
                             only


                        	
                             only

                        	
                             only

                    

                    
                

                	
                    
    
        
            [image: The graph of f prime of x is an increasing line that crosses through 0 comma negative 2 and 4 comma 0.]
        
    


                

                	
                    
                    
                    
                        The graph above shows the derivative of a function f. Given that f(4) = 1, what is f(2) ?

                    
                    
                        	–6

                        	–1

                        	2 

                        	7 

                    

                    
                

                	
                    
                    
                        A spherical balloon is being inflated at a rate of 3 cubic inches per second. What is the rate of
                            change of the radius of the balloon when the balloon’s radius is 5 inches? The volume of a sphere is given by . 

                    
                    
                        	0.010 inches per second

                        	0.120 inches per second

                        	1.667 inches per second

                        	3.000 inches per second

                    

                    
                

                	
                    
                    
                        The initial population of a colony of flies is 12. Ten days later, the population is 60. The population, P, of
                            flies grows at a rate
                             What is the value of k ?

                    
                    
                        	k ≈ 0.161

                        	k ≈ 0.843

                        	k ≈ 1.208

                        	k ≈ 1.609

                    

                    
                

                	
    
        
            
                	x
                
                	0
                	2
                	4
                	6
                	8
                	10
            

            
                	g(x)
                	9
                	25
                	30
                	16
                	25
                	32
            

        
    



                	
                    
                    
                    
                        The table above provides data points for a continuous function g(x). Use a right Riemann sum with 5 subdivisions to approximate the area under the curve of y =
                            g(x) on the closed interval [0, 10].

                    
                    
                        	206

                        	210

                        	235

                        	256

                    

                    
                

                	

    
        
    



                	
                    
                   
                    
                        The position of a particle, s(t), is given above for 0 ≤ t ≤ 10. On
                            what interval(s) is the particle slowing down?

                    
                    
                        	2 ≤ t ≤ 6

                        	0 ≤ t ≤ 4

                        	0 ≤ t ≤ 2 ⋃ 4 ≤ t ≤
                            6

                        	2 ≤ t ≤ 6 ⋃ 6 ≤ t ≤ 10

                    

                    
                

                	
                    
                    
                        The area bounded by the curves y = x2 + 4 and
                            y = −2x + 1 between x = −2 and x = 5
                            equals

                    
                    
                        	86.000

                        	86.125

                        	86.333

                        	86.500

                    

                    
                

                	
                    
                    
                        Let f be the function given by  for all x. Which of the following statements is true?

                    
                    
                        	
                            
                        

                        	The graph has a vertical asymptote at x = –3.

                        	f is both continuous and differentiable at
                            x = –3.

                        	f is continuous but not differentiable at
                            x = –3.

                    

                    
                

                	
                    
                    
                        What is the approximate average value of the function
                            
                            on the closed interval [5, 8] ?

                    
                    
                        	0.350

                        	0.456

                        	0.743

                        	1.050

                    

                    
                

                	
                    
                    
                        An apple farmer can produce 600 apples from each of his apple trees if no more than 20 trees are
                            planted. If he plants more than 20 trees, the yield per tree will decrease. In fact, he figures that for each extra tree he plants, his yield per tree will
                            decrease by 15 apples. How many trees should he plant to produce the maximum number of apples?

                    
                    
                        	10

                        	30

                        	40

                        	200

                    

                    
                

                	
                    
                    
                        The acceleration in m/s2 of an object at any time t ≥
                            0 is given by
                            
                            The velocity of the object at time t = 0 is 4 m/s and the position of the object at time t = 0 is 5 m. What is the approximate position of the object at time t = 7 s ?

                    
                    
                        	15.507 m

                        	103.668 m

                        	246.752 m 

                        	321.351 m

                    

                    
                

                	
                    
                    
                        Let R be the region in the first quadrant bounded by the graph of y = 4 − x2, the x-axis, and the y-axis. What is the approximate value of k such that the vertical
                            line x = k cuts the region R into two regions of equal area?

                    
                    
                        	0.520

                        	0.695

                        	0.875

                        	1.135

                    

                    
                

                	
                    
                    
                        Which of the following is a solution of
                            
                            given that  y = 0 at x = (e − 4) ?
                        

                    
                    
                        	y = (t + 4)2 −
                            e2
                        

                        	y2 = 5 ln |x + 4| − 5

                        	
                            
                                
                            

                        

                        	y2 = 10 ln |x + 4| −
                            10

                    

                    
                

                	
                    
                

            

        
        
            END OF SECTION I

            IF YOU FINISH BEFORE TIME IS CALLED, YOU MAY

                CHECK YOUR WORK ON PART B ONLY.

        
    
        
        
            AP CALCULUS AB Practice Test 1
        
        
            
                Section II

            
            
                	
                    Directions

                    Write your solution to each part of the following questions in the space provided. Write clearly and legibly. Cross out any errors you make; erased or crossed-out work will not be scored. 

                    You may wish to look over the problems before starting to work on them; on the actual test, it is not expected that everyone will be able to complete all parts of all problems. All problems are given equal weight, but the individual parts of a particular problem are not necessarily given equal weight. You should not spend too much time on any one problem.

                    
                        	Show all of your work. Clearly label functions, graphs, tables, or anything else that you use to arrive at your final solution. Your work will be scored on the correctness and completeness of your methods as well as your final answers. Answers without supporting work will usually not receive credit. 

                        	Justifications (i.e., the request that you “justify your answer”) require that you give mathematical (non-calculator) reasons.

                        	Work must be expressed in standard mathematical notation, not calculator syntax.

                        	Unless otherwise specified, answers (numeric or algebraic) need not be simplified.

                        	If you use decimal approximations in calculations, your work will be scored on accuracy. Unless otherwise specified, your final answers should be accurate to three places after the decimal point.

                        	Unless otherwise specified, the domain of function f is assumed to be the set of all real numbers x for which f(x) is a real number.

                    

                

                	
                    
                        	
                            Part A

                            30
                            Minutes
                            2
                            Problems
                        

                        	
                            A GRAPHING CALCULATOR IS REQUIRED FOR THESE PROBLEMS.

                        

                        	
                        
                                    The rate of change of charge passing into a battery is modeled by the function  for t ≥ 0 . C(t) has units in coulombs per hour and t has units in hours. At t = 0 the battery is empty of any charge.

                            
                                	
                                    
                                        Is the amount of charge in the battery increasing or decreasing at t = 4 ? Give a reason for your answer.

                                    
                                

                                	
                                    
                                        Is the rate of change of charge in the battery increasing or decreasing at t = 4 ? Give a reason for your answer.

                                    
                                

                                	
                                    
                                        What is the average rate of change of the charge between t = 2 and t = 10, specific to 3 decimals?

                                    
                                

                                	
                                    
                                        The battery can hold a charge of 160 coulombs. How long, in hours, does it take to charge the battery?

                                    
                                

                            

                        

                        	

    
        [image: The graph of f of x starts at the origin and increases quickly at first, then flattens out as x increases. The graph of g of x starts at the origin and increases slowly, then more quickly as x increases.  The horizontal line y equals 1 is also drawn. The graphs of f of x, g of x and y equals 1 all intersect at one point. Region A is the area below the graph of f of x and above the graph of g of x. Region B is the area enclosed by the x axis, the line y equals 1, and above f of x.]
    



                        	Let f and g be the functions given by the equations
    
    and
    
    Let A be the region in the first quadrant enclosed by the graphs of f and g, and let B be the region in the first quadrant enclosed by the graph of f, the y-axis, and the line y = 1, as shown in the figure above.


                            
                                
                               
                                	
                                    
                                        Find the area of A.

                                    
                                

                                	
                                    
                                        Find the volume of the solid generated when A is rotated about the x-axis. What is the shape of the typical cross section of the solid?

                                    
                                

                                	
                                    
                                        Find the volume of the solid generated when B is rotated about the y-axis.

                                        
                                        

                                    
                                

                            

                        

                        	
                        

                    

                

                	
                

            

        
        
            END OF PART A OF SECTION II

            IF YOU FINISH BEFORE TIME IS CALLED, YOU MAY

                CHECK YOUR WORK ON PART A ONLY.

        
    
        
        
            AP CALCULUS AB Practice Test 1
        
        
            
                Section II

            
            
                	
                    
                        	
                            Part B

                            60
                            Minutes
                            4
                            Problems
                        

                        	
                            NO CALCULATOR IS ALLOWED FOR THESE PROBLEMS.

                            Note: If you have extra time, you can go back and work on Part A of Section II, but you cannot use a calculator to complete your work at this time.

                        

                        	

    
        [image: ]
    

    


                        	The graph of the function f′(x) appears above, where f′(x) is the derivative of some function f(x). The domain of f′(x) here is the set of real numbers x satisfying the inequalities −6 < x < 6.


                            
                                
                                	
                                    
                                        Determine all points at which f has a relative extremum (if any exist) and state whether each is a maximum or minimum. Justify your answers.

                                    
                                

                                	
                                    
                                        Determine all points of inflection for f. Justify your answers.

                                    
                                

                                	
                                    
                                        Determine whether the function f is concave upward or concave downward on the intervals (−6, −3) and (0, 2). Justify your answers.

                                    
                                

                            

                        

                        	
                        Let C be the curve defined by the equation xy2 + y3 = 5.


                            
                               
                                	
                                    
                                        Find
                                            
                                            as a function of x and y.

                                    
                                

                                	
                                    
                                        Define when a horizontal tangent occurs. Determine all points (if any exist) where a horizontal tangent occurs. Justify your answer.

                                    
                                

                                	
                                    
                                        Define when a vertical tangent occurs. Determine the point on C where the tangent line is vertical.

                                    
                                

                            

                        

                        	
                        Let R be the region enclosed by the graphs of f(x) = ax(2 − x) and g(x) = ax for some positive real number a.


                            
                               
                                	
                                    
                                        Find the area of the region R.

                                    
                                

                                	
                                    
                                        Find the volume of the solid of revolution generated when R is rotated about the x-axis. What is the shape of the typical cross section of the solid?

                                    
                                

                                	
                                    
                                        Assume a solid exists with a cross-sectional area of R and uniform thickness π. Find the value of a for which this solid has the same volume as the solid in (b).

                                    
                                

                            

                        

                        	
                                    Consider the differential equation
                                        
                                        . Let f(x) be a solution to the differential equation satisfying f(2) = 2.
                                    

                                    
                                        
                                            [image: ]
                                        
                                    

                            
                                	
                                    
                                        On the axes provided, sketch a slope field for the given differential equation at the 12 points indicated.

                                    
                                

                                	
                                    
                                        Write an equation for the tangent line to the graph of f(x) at x = 2.

                                    
                                

                                	
                                    
                                        Find the solution y = f(x) to the given differential equation with the initial condition f(2) = 2.

                                    
                                

                            

                        

                        	
                        

                    

                

                	
                

            

        
        
            STOP

                END OF EXAM
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            AP CALCULUS AB Practice Test 2
        
        
            
                Section 1, Part A

                
                
                
                
                
                
                
60  
Minutes
                
30
                
Questions
            
            
                

                A CALCULATOR MAY NOT BE USED ON THIS PART OF THE EXAM.

                Directions

                Solve the following problems, using the available space for scratch work. After examining the form of the choices, decide which one is the best of the choices given and fill in the corresponding oval on the answer sheet. No credit will be given for anything written in the exam book. Do not spend too much time on any one problem.

                In this exam:

                
                    	Unless otherwise specified, the domain of a function f is assumed to be the set of all real numbers x for which f(x) is a real number.

                    	The inverse of a trigonometric function f may be indicated using the inverse function notation f−1 or with the prefix “arc” (e.g., sin−1 x = arcsin x).

                

            
            
                
                	
                    
                    
                        Suppose that the function f satisfies f(x) = 3x 2 − sin πx. Then the slope of the line tangent to the graph of f at the point x = 2 is:

                    
                    
                        	
                            
                        

                        	12 − π
                        

                        	12

                        	24

                    

                    
                

                	
                    
                    
                        Which of the following is a necessary and sufficient condition for a function f to be continuous at the point x = 4 ?

                    
                    
                        	
                            
                            exists.

                        	f is differentiable at x = 4.

                        	f(4) exists.

                        	
                            
                            .

                    

                    
                

                	
                    
                    
                        Consider a continuous function f with the properties that f is concave up on the closed interval [−1, 3] and concave down on the closed interval [3, 5]. Which of the following statements is true?

                    
                    
                        	f″(2) > 0 and f″(4) < 0
                            
                        

                        	f″(2) < 0 and f″(4) > 0
                            
                        

                        	f″(3) > 0 and x = 3 is a point of inflection of f
                            
                        

                        	f″(3) < 0 and x = 3 is a point of inflection of f
                            
                        

                    

                    
                

                	
    
        
            [image: The graph of f is decreasing from left to right and flattens out at the y axis. The graph crosses the y axis at a positive value of y. The graph increases slightly, then decreases, making a sharp point at x equals 2. The graph then increases from the sharp point, first quickly, then more slowly.]
        
    



                	
                    
                    
                    
                        The graph of a function f is given above. Based on the graph, which of the following statements is true?

                    
                    
                        	f is continuous and differentiable everywhere, and f′(2) = 0.

                        	f is continuous everywhere and differentiable everywhere except at the point where x = 2.

                        	f is discontinuous at the point where x = 2, and f is differentiable everywhere except at the point where x = 2.

                        	f is discontinuous at the point where x = 2, f is differentiable everywhere, and f′(2) = 0.

                    

                    
                

                	
                    
                    
                        An object moving in a straight line has a velocity given by the equation
                            . At time t = 2 the object’s position, s(t), is given by s(2) = 3. The function, s(t), that describes the object’s position for any time t > 0 is

                    
                    
                        	s(t) = 9t − 6
                        

                        	s(t) = 9t + 9
                        

                        	s(t) = 2t2 + et − 2 − 6
                        

                        	s(t) = 2t2 + et − 2 + 9
                        

                    

                    
                

                	
                    
                    
                        The derivative of
                              is given by which of the following?

                    
                    
                        	
                            
                        

                        	
                            
                                
                            

                        

                        	
                            
                        

                        	
                            
                                
                            

                        

                    

                    
                

                	
                    
                    
                        If f(x) = sin x + 4x − e−x, then an antiderivative of f is

                    
                    
                        	F(x) = cos x + 4 + e−x
                        

                        	F(x) = cos x + 2x2 + e−x
                        

                        	F(x) = −cos x + 2x2 − e−x
                        

                        	F(x) = −cos x + 2x2 + e−x
                        

                    

                    
                

                	
                    
                    
                        
                            
                        

                    
                    
                        	0 

                        	
                            
                        

                        	5

                        	7

                    

                    
                

                	
                    
                    
                        
                            
                        

                    
                    
                        	−2

                        	9

                        	18

                        	21

                    

                    
                

                	
                    
                    
                        If x2 − xy + y3 = 8, then
                            
                        

                    
                    
                        	
                            
                        

                        	
                            
                        

                        	
                            
                        

                        	
                            
                        

                    

                    
                

                	
                    
                    
                        Consider the function f(x) = x 2 sin πx − 3x. Which of the following is a linear approximation to f at x = 1 ?

                    
                    
                        	f(x) = (2x sin πx + x2π cos πx − 3)x − 1
                        

                        	f(x) = −x − 1
                        

                        	f(x) = −πx + π
                        

                        	f(x) = (−π − 3)x + π
                        

                    

                    
                

                	
                    
                    
                        The function  has asymptotes at which of the following?

                    
                    
                        	A horizontal asymptote at y = 3 and a vertical asymptote at x = 0.

                        	A horizontal asymptote at y = 0 and a vertical asymptote at x = 3.

                        	A horizontal asymptote at y = 0 and a vertical asymptote at x = 0.

                        	A horizontal asymptote at x = 3 and a vertical asymptote at y = 0.

                    

                    
                

                	
                    
                    
                        
                            
                        

                    
                    
                        	
                            
                        

                        	

                        	0
                            
                        

                        	nonexistent

                    

                    
                

                	
    
        
    



                	
                    
                    
                    
                        Given the function f above, which of the following statements is a conclusion of the Mean Value Theorem?

                    
                    
                        	There exists c in (1, 4) such that
                            
                            .

                        	There exists c in (0, 1) such that
                            
                            .

                        	There exists c in (0, 1) such that f′(c) = 3.

                        	There exists c in (1, 4) such that f′(c) = 3.

                    

                    
                

                	
                    
                    
                        If , then 
                        

                    
                    
                        	
                            
                        

                        	
                            
                        

                        	
                            
                        

                        	
                            
                            

                        

                    

                    
                

                	
                    
                    
                        A self-storage company wants to construct a rectangular storage unit whose base length is 3 times the base width. The material used to build the top and bottom of the unit costs $10 per square meter and the material used to build the sides costs $6 per square meter. If the storage unit must have a volume of 50 cubic meters, what width will minimize the cost to build the unit?

                    
                    
                        	
                            
                        

                        	
                            
                        

                        	
                            
                        

                        	
                            
                        

                    

                    
                

                	
    
        
    



                	
                    
                    
                    
                        For the piecewise function f defined above, what is the value of  ?

                    
                    
                        	10

                        	42

                        	47

                        	60

                    

                    
                

                	
                    
                    
                        An equivalent representation of the definite integral
                            
                            is

                    
                    
                        	
                            
                        

                        	
                            
                        

                        	
                            
                        

                        	
                            
                        

                    

                    
                

                	
                    
                    
                        If the function s(t) = cos t − t2 + 4t represents the distance from a given point of a particle at any time t, in seconds, for t ≥ 0, then what is the instantaneous rate of change of the distance at t = 2 seconds?

                    
                    
                        	cos 2 m/s

                        	
                            
                        

                        	−sin 2 m/s

                        	
                            
                        

                    

                    
                

                	
                    
                    
                        
                            
                        

                    
                    
                        	0

                        	
                            
                        

                        	
                            
                        

                        	1

                    

                    
                

                	
                    
                    
                        The radius of a circle is increasing at a rate of
                            
                            centimeters per minute. At the instant when the area of the circle is 16π square centimeters, what is the rate of increase in the area of the circle, in square centimeters per minute?

                    
                    
                        	4

                        	8π
                        
                        
                        

                        	16π
                        
                        
                        

                        	20π

                    

                    
                

                	
                    
                    
                        If f(x) = esin(3x), then f′(0) =
                        

                    
                    
                        	0

                        	1

                        	3

                        	e3
                        

                    

                    
                

                	
                    
                    
                        
                            
                        

                    
                    
                        	0

                        	48

                        	64

                        	nonexistent

                    

                    
                

                	
                    
                    
                        If the rate of change of a quantity over the closed interval [−1, 5] is given by f′(x) = xex2, then the net change of the quantity over the interval [−1, 5] is

                    
                    
                        	5e25 + e
                        

                        	
                            
                        

                        	51e25 − 3e
                        

                        	
                            
                        

                    

                    
                

                	
                    
                    
                        At time t = 0 hours, a car that is traveling in a straight line at 30 mi/hr begins accelerating at the rate of 2 mi/hr2
                            
                            and is 31 miles from its destination. How much time must elapse before the car reaches its destination?

                    
                    
                        	Less than 58 minutes

                        	58 minutes

                        	1 hour

                        	1 hour, 2 minutes

                    

                    
                

                	

    
        
    



                	
                    
                   
                    
                        A function f is defined above. The intervals in the domain over which f is continuous are:

                    
                    
                        	(−∞, 1) ∪ (1, 2) ∪ (2, ∞)

                        	(−∞, ∞)

                        	(−∞, 2) ∪ (2, ∞)

                        	(–∞, 1) ∪ (1, ∞)

                    

                    
                

                	
                    
                    
                        Consider the graph of the function
                            
                            . Which of the following is true?

                    
                    
                        	f has a vertical tangent at x = 0.

                        	f has a horizontal tangent at x = 0 only.

                        	The slope of the tangent to the curve is increasing on the interval (−1, 1) only.

                        	Both (B) and (C)

                    

                    
                

                	
    
        
            [image: The graph of f of t starts at the origin and increases nonlinearly. The graph starts increasing slowly, then more quickly.  There is a dashed line at x equals 10. The graph increases more slowly after x equals 10, flattening out but never reaching a dashed line at y equals 8.]
        
    



                	
                    
                    
                    
                        The graph of f is given above. Which graph below could represent the graph of f′ ?

                    
                    
                        	
                            
                                [image: The graph of f prime of t is decreasing from positive infinity, then flattens out, reaching a minimum at 5 comma 0. The graph then increases slowly, then more rapidly, approaching but never touching a dashed line at x equals 10.]
                            
                        

                        	
                            
                                [image: The graph of f prime of t starts by decreasing from infinity. The graph decreases quickly, then more slowly, crossing the x axis at 4 comma 0. The graph then decreases more quickly, approaching negative infinity.]
                            
                        

                        	
                            
                                [image: The graph of f prime to t starts at the origin and increases nearly linearly, then flattens out at x equals 10. The graph then decreases quickly, then more slowly, approaching but never touching the x axis.]
                            
                        

                        	
                            
                                [image: The graph of f of t is increases from negative infinity and crosses the x axis at x equals 4. The graph continues to increases, then flattens out, reaching a maximum a x equals 6. The graph then decreases slowly, then more quickly, crossing the x axis at x equals 8.]
                            
                        

                    

                    
                

                	
                    
                    
                        If the derivative of f is f′(x) = ln(x 2 + 1) − 2, at which of the following values of x does f have a local minimum value?

                    
                    
                        	
                            
                        

                        	
                            
                        

                        	
                            
                        

                        	
                            
                        

                    

                    
                

                	
                    
                    
                        
                    
                    
                        	
                            
                        

                        	
                            
                        

                        	
                            
                        

                        	
                            
                        

                    

                    
                

                	
                    
                

            

        
        
            End of Part A of Section I.

            If you finish before time is called, you may check your work on
Part A only.

                
            
        
    
        
            AP CALCULUS AB Practice Test 2
        
        
            
                Section 1, Part B

                                
                
                
                
                
                
                
45  
Minutes
                
15
                
Questions
            
            
                

                

                A GRAPHING CALCULATOR IS REQUIRED FOR SOME QUESTIONS ON THIS PART OF THE EXAM.

                Directions

                Solve the following problems, using the available space for scratch work. After examining the form of the choices, decide which one is the best of the choices given and fill in the corresponding oval on the answer sheet. No credit will be given for anything written in the exam book. Do not spend too much time on any one problem.

                In this exam:

                

                
                    	The exact numerical value of the correct answer does not always appear among the choices given. When this happens, select from among the choices the number that best approximates the numerical value.

                    	Unless otherwise specified, the domain of a function f is assumed to be the set of all real numbers x for which f(x) is a real number.

                    	The inverse of a trigonometric function f may be indicated using the inverse function notation f−1 or with the prefix “arc” (e.g., sin−1 x = arcsin x).

                

            
            
                
                	
                    
                    
                        The derivative of the function f is given by  .  At what value(s) of x does f have a relative minimum on the interval 0 < x < 4 ?

                    
                    
                        	1.080 only

                        	1.677

                        	2.419 only

                        	1.080 and 2.419

                    

                    
                

                	

    
        
            
                
                    	x
                    	−4
                    	−1
                    	0
                    	3
                    	7
                

                
                    	f(x)
                    	6
                    	−5
                    	−3
                    	6
                    	3
                

            
        

    



                	
                    
                   
                    
                        
                            Suppose f is a continuous, differentiable function. Selected values of f are shown in the table above. Which of the following is the value of
                             if it is approximated by a left Riemann sum using four subintervals?

                    
                    
                        	28

                        	31

                        	44

                        	56

                    

                    
                

                	

    
        
            [image: The graph of f starts at 0 comma 4 and decreases linearly to 3 comma 1. The graph is then a horizontal line to 5 comma 1. The graph then decreases linearly, crossing the x axis at 6, to 8 comma negative 2.]
        
    



                	
                    
                   
                    
                        The graph of f is shown above. What is the value of  ?

                    
                    
                        	7

                        	8

                        	9

                        	10

                    

                    
                

                	
                    
                    
                        If  is an antiderivative of f(x), then  

                    
                    
                        	0.032

                        	0.440

                        	0.540

                        	1.643

                    

                    
                

                	
                    
                    
                        The speeds of a bicyclist at various times t are given in the table below.

                        
                            
                                
                                    
                                        	Minutes
                                        	0
                                        	1
                                        	2
                                        	3
                                        	4
                                        	5
                                        	6
                                    

                                    
                                        	Miles/hr
                                        	0
                                        	20
                                        	40
                                        	45
                                        	35
                                        	20
                                        	5
                                    

                                
                            

                        

                    
                    
                        Assume that the bicyclist’s acceleration is positive on the open interval (0, 3) and negative on the open interval (3, 6). If at t = 3 minutes, the bicyclist has traveled 1.25 miles, then at t = 4 minutes, which of the following could represent the total distance traveled by the bicyclist?

                    
                    
                        	1.35 miles

                        	1.5 miles

                        	1.8 miles

                        	1.9 miles

                    

                    
                

                	
                    
                    
                        Let   Which of the following gives g′(x) ?

                    
                    
                        	
                            
                        

                        	
                            
                        

                        	
                             

                        	
                            
                        

                    

                    
                

                	
                    
                    
                        The base of a solid region is bordered in the first quadrant by the x-axis, the y-axis, and the line
                            
                            Cross-sections perpendicular to the x-axis are squares. What is the volume of the solid?

                    
                    
                        	6

                        	9

                        	15

                        	18

                    

                    
                

                	
                    
                    
                        If , what is f"(–2) ?

                    
                    
                        	
                            
                        

                        	
                            
                        

                        	
                            
                        

                        	
                            
                        

                    

                    
                

                	
                    
                    
                        Let
                            
                            be the differential equation that approximately models the growth of a population of rabbits. At time t = 0 years, there are 50 rabbits. Approximately how many rabbits are there after 9 years?

                    
                    
                        	A whole number of rabbits close to 50e3
                        

                        	A whole number of rabbits close to 150

                        	A whole number of rabbits close to e3 + 49
                        

                        	A whole number of rabbits close to
                            
                        

                    

                    
                

                	
    
        
            [image: The graph of f increases from negative infinity and crosses the x axis to the left of the origin. The graph continues to increases, then flattens out and starts to decrease, crossing the y axis. The graph continues to decreases, crossing the x axis at 2. The graph decreases, then flattens out, then increases, crossing the x axis again to the right of 2.]
        
    



                	
                    
                    
                    
                        The graph of a function f is shown above. What can be deduced about the function from its graph?

                    
                    
                        	f″(x) < 0 for x ∈ (−∞, 2)
                        

                        	f″(2) = 0

                        	f″(x) > 0 for x ∈ (2, ∞)

                        	All of the above

                    

                    
                

                	
                    
                    
                        
                            
                        

                    
                    
                        	
                            
                            
                        

                        	
                            
                            
                        

                        	
                            
                            
                        

                        	
                            
                            
                        

                    

                    
                

                	
                    
                    
                        What is the area in square units of the region enclosed by the graph of y = 2x 2 + 1 and the line y = 2x + 5 ?

                    
                    
                        	3

                        	
                            
                        

                        	5

                        	9

                    

                    
                

                	
    
        
            [image: The slope field has no slopes given at y equals negative 1. Below the x axis, the slopes are very steep and positive to the left of the y axis, flatten out as they approach the y axis, then become negative to the right of the y axis, becoming steeper. This pattern is reversed above the x axis.]
        
    



                	
                    
                    
                    
                        A slope field for which of the following differential equations is shown above?

                    
                    
                        	
                            
                        

                        	
                            
                        

                        	
                            
                        

                        	
                            
                        

                    

                    
                

                	
                    
                    
                        
                            
                        

                    
                    
                        	0

                        	∞

                        

                        	x8(9 sin x2 + 2x2 cos x2)
                        

                        	x8(9 sin x2 + 2x sin x cos x)
                        

                    

                    
                

                	
                    
                    
                        Which of the following is the solution to the differential equation
                            , where y(3) = 3 ?

                    
                    
                        	
                            
                        

                        	
                            
                        

                        	
                            
                        

                        	
                            
                        

                    

                    
                

                	
                    
                

            

        
        
        End of Section I.

        If you finish before time is called, you may check your work on Part B only.

            
        
    
        
        
            AP CALCULUS AB Practice Test 2
        
        
            
                Section II

            
            
                	
                    Directions

                    Write your solution to each part of the following questions in the space provided. Write clearly and legibly. Cross out any errors you make; erased or crossed-out work will not be scored. 

                    You may wish to look over the problems before starting to work on them; on the actual test, it is not expected that everyone will be able to complete all parts of all problems. All problems are given equal weight, but the individual parts of a particular problem are not necessarily given equal weight. You should not spend too much time on any one problem.

                    
                        	Show all of your work. Clearly label functions, graphs, tables, or anything else that you use to arrive at your final solution. Your work will be scored on the correctness and completeness of your methods as well as your final answers. Answers without supporting work will usually not receive credit. 

                        	Justifications (i.e., the request that you “justify your answer”) require that you give mathematical (non-calculator) reasons.

                        	Work must be expressed in standard mathematical notation, not calculator syntax.

                        	Unless otherwise specified, answers (numeric or algebraic) need not be simplified.

                        	If you use decimal approximations in calculations, your work will be scored on accuracy. Unless otherwise specified, your final answers should be accurate to three places after the decimal point.

                        	Unless otherwise specified, the domain of function f is assumed to be the set of all real numbers x for which f(x) is a real number.

                    

                

                	
                    
                        	
                            Part A

                            30
                            Minutes
                            2
                            Problems
                        

                        	
                            A GRAPHING CALCULATOR IS REQUIRED FOR THESE PROBLEMS.

                        

                        	
                                    A particle moves along the x-axis so that its velocity v at time t, for 0 ≤ t ≤ 6, is given by:

                                    
                                        
                                    

                                    At time t = 0, the particle is at x = 1.

                            
                                	
                                    
                                        Find the velocity and acceleration of the particle at time t = 4.

                                    
                                

                                	
                                    
                                        Is the speed of the particle increasing or decreasing at time t = 4 ? Give a reason for your answer.

                                    
                                

                                	
                                    
                                        Find the time when the particle first changes direction. Justify your reasoning.

                                    
                                

                                	
                                    
                                        Describe the movement of the particle before, at, and after t = 2.

                                    
                                

                            

                        

                        	
                                    A ski resort uses a snow machine to control the snow level on a ski slope. Over a 24-hour period the volume of snow added to the slope per hour is modeled by the equation:

                                    
                                        
                                    

                                    The rate that the snow melts is modeled by the equation:

                                    
                                        
                                    

                                    Both S(t) and M(t) have units of cubic yards per hour, and t is measured in hours for 0 ≤ t ≤ 24. At time t = 0, the slope holds 50 cubic yards of snow.

                            
                                	
                                    
                                        Set up the equation for and compute the total volume of snow added to the mountain over the first 6-hour period.

                                    
                                

                                	
                                    
                                        Determine the first time that the instantaneous rate of change of the volume of snow is 0. Justify your answer.

                                    
                                

                                	
                                    
                                        Is the volume of snow increasing or decreasing at time t = 4 ? Justify your answer.

                                    
                                

                                	
                                    
                                        Suppose the snow machine is turned off at time t = 6. At what time will all the snow be melted?

                                    
                                

                            

                        

                        	
                        

                    

                

                	
                

            

        
        
        End of Part A of Section II.

        If you finish before time is called, you may check your work on Part A only.

           
        
    
        
        
            AP CALCULUS AB Practice Test 2
        
        
            
                Section II

            
            
                	
                    
                        	
                            Part B

                            60
                            Minutes
                            4
                            Problems
                        

                        	
                            NO CALCULATOR IS ALLOWED FOR THESE PROBLEMS.

                            Note: If you have extra time, you can go back and work on Part A of Section II, but you cannot use a calculator to complete your work at this time.

                        

                        	


    [image: The graph of f starts at negative 5 comma negative 2 and increases linearly, crossing the x axis at negative 3, to negative 1 comma 2. The graph is then a horizontal line to 3 comma 1. The graph then increases linearly to 5 comma 2.]



                        	Let f be a function defined on the closed interval [−5, 5]. The graph of f consists of three line segments and is shown above. Let g be the function given by
    


                            
                               
                                	
                                    
                                        Find the values of g(−5), g(−3), g(4).

                                    
                                

                                	
                                    
                                        Write an equation for the tangent line to the graph of g at x = 4.

                                    
                                

                                	
                                    
                                        Write a piecewise defined function for g″(x).

                                    
                                

                            

                        

                        	
                        
Consider the differential equation
    .



    
        [image: A set of x and y axes, with x values of 0, 1, and 2, and y values of 0 through 4. There is a closed dot at each point.]
    


                            
                                
                                	
                                    
                                        On the axes provided, sketch a slope field for the given differential equation at the 12 points indicated.

                                    
                                

                                	
                                    
                                        Let y = f(x) be the particular solution to the given differential equation with the initial condition f(3) = 4. Write an equation for the tangent line to the graph of f at x = 3.

                                    
                                

                                	
                                    
                                        Find the particular solution to the given differential equation with the initial condition f(3) = 4.

                                    
                                

                            

                        

                        	
                        A circular oil slick of uniform thickness contains 100 cm3 of oil.


                            
                                
                                	
                                    
                                        The volume of the oil remains constant. Use the equation for the volume of a cylinder to relate the thickness to the radius.

                                    
                                

                                	
                                    
                                        As the oil spreads, the thickness is decreasing at the rate of 0.01 cm/min. At what rate is the radius of the slick increasing when the diameter is 20 cm?

                                    
                                

                                	
                                    
                                        Suppose that after 1 minute, the diameter of the oil slick is 20 cm. How long will it take for the diameter of the slick to reach 40 cm?

                                    
                                

                            

                        

                        	
    
        
            
                	Time, t (days)
                	0
                	1
                	4
                	5
                	8
                	10
            

            
                	Mass, M(t)(grams)
                	0
                	4
                	15
                	18
                	26
                	31
            

        
    




                        	
                        A crystal being grown in a lab has its mass recorded daily over a period of 10 days. The table above gives a sample of the mass of the crystal at selected days during its growth, where t represents the amount of time the crystal has been growing in days, and M(t) is a twice-differentiable function representing the mass of the crystal in grams at time t.

                            
                               
                                	
                                    
                                        Estimate M′(9). Show the work that leads to your answer. Indicate units of measure.

                                    
                                

                                	
                                    
                                        Write an integral expression representing the average mass of the crystal over the 10-day period.

                                    
                                

                                	
                                    
                                        Estimate the value of the above integral using a right Riemann sum with two subintervals of equal length.

                                    
                                

                                	
                                    
                                        
                                            Are the data in the table consistent with the statement that M″(t) < 0 for every t in the interval 0 < t < 10 ? Explain your answer.

                                    
                                

                            

                        

                        	
                        

                    

                

                	
                

            

        
        
           STOP

            END OF EXAM.
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            AP CALCULUS AB Practice Test 3
        
        
            
                Section 1, Part A

                
                
                
                
                
                
                
60  
Minutes
                
30
                
Questions
            
            
                

                A CALCULATOR MAY NOT BE USED ON THIS PART OF THE EXAM.

                Directions

                Solve the following problems, using the available space for scratch work. After examining the form of the choices, decide which one is the best of the choices given and fill in the corresponding oval on the answer sheet. No credit will be given for anything written in the exam book. Do not spend too much time on any one problem.

                In this exam:

                
                    	Unless otherwise specified, the domain of a function f is assumed to be the set of all real numbers x for which f(x) is a real number.

                    	The inverse of a trigonometric function f may be indicated using the inverse function notation f−1 or with the prefix “arc” (e.g., sin−1 x = arcsin x).

                

            
            
                
                	
                    
                    
                        Suppose f(3) = 5 and
                            . Using a tangent line approximation, the value of f(3.1) is best approximated as

                    
                    
                        	4.9

                        	5

                        	5.1

                        	5.2

                    

                    
                

                	
    
        
            [image: Function f is decreasing from left to right. It crosses the y axis at a positive value, and decreases more quickly. There is an open dot at a comma 1, the graph continues to decrease, crossing the x axis, to a closed at x equals b, just below the x axis. There is an open dot at x equals b, above the x axis, the graph graph decreases, crossing the x axis between c and d, to a sharp point at x equals d. The graph then increases, crossing the x axis between d and e.]
        
    



                	
                    
                    
                    
                        The graph of a function f is given above. Which of the following statements is false?

                    
                    
                        	
                            
                        

                        	
                            
                        

                        	
                            
                        

                        	
                            
                        

                    

                    
                

                	
    
        
            
            
            
                
                    	x
                    	–2
                    	–1
                    	0
                    
                    	1
                    
                    	2
                    
                    	4
                

                
                    	f(x)
                    	3
                    
                    	4
                    
                    	5
                    
                    	6
                    
                    	5
                    
                    	6
                

            
        

    



                	
                    
                    
                    
                        Several ordered pairs for the function f are given in the table above. If  , then  
                        

                    
                    
                        	–1

                        	3

                        	4

                        	6

                    

                    
                

                	
                    
    
        
            
                
                    	x
                    	f(x)
                    	g(x)
                    	f'(x)

                    
                    	g'(x)
                    
                

            
            
                
                    	2
                    
                    	3
                    
                    	4
                    
                    	5
                    
                    	6
                    
                

                
                    	3
                    
                    	4
                    
                    	5
                    
                    	6
                    
                    	7
                    
                

                
                    	4
                    
                    	5
                    
                    	6
                    
                    	7
                    
                    	8
                    
                

                
                    	5
                    	6
                    
                    	7
                    
                    	8
                    
                    	9
                

            
        

    

    

                

                	
                    Two functions, f(x) and g(x), are continuous and differentiable for all real numbers. Some values of the functions and their derivatives are given in the table above. Based on the table, what is the value of h'(2) if h(x) = f(g(x)) ?

                    
                    
                        	5

                        	7

                        	30

                        	42

                    

                    
                

                	
                    
                    
                        Which of the following is the derivative of y = x cos x ?

                    
                    
                        	x(cos x − sin x)
                        

                        	cos x − x sin x
                        

                        	cos x + x sin x
                        

                        	cos x − sin x
                        

                    

                    
                

                	
                    
                    
                        Let f be a function whose derivative is given by
                            
                            On which of the following interval(s) of x is the graph of f concave up?

                    
                    
                        	
                            
                        
                        

                        	
                            
                            

                        

                        	
                            
                            

                        

                        	
                            
                            

                        

                    

                    
                

                	
                    
                    
                        If a function f is continuous at x = 4, which of the following must be true?

                        
                            	
                                
                            

                            	f(4) exists.

                            	f′(4) exists.

                        

                    
                    
                        	I only

                        	II only

                        	I and II only

                        	I, II, and III

                    

                    
                

                	
    
        
            
                
                    	x
                    
                    	0
                    	4
                    	6
                    	9
                

                
                    	h(x)
                    	1
                    	4
                    	1
                    	5
                

            
        

    



                	
                    
                    
                    
                        Some values of the continuous function h are given in the table above. Use the table to approximate the value of
                            
                            using trapezoids with the three subintervals.

                    
                    
                        	7

                        	17

                        	24

                        	28

                    

                    
                

                	
                    
                    
                        
                        
                        

                    
                    
                        	0

                        	
                            
                        

                        	1

                        	Nonexistent

                    

                    
                

                	
                    
                    
                        At any time t, the velocity of a particle moving along the y-axis is given by v(t) = 4t − t 2. The total distance traveled by the particle from time t = 0 to t = 3 is

                    
                    
                        	3

                        	9

                        	15

                        	18

                    

                    
                

                	
                    
                    
                        If u = x 2, which of the following integrals is equivalent to
                            ?

                    
                    
                        	
                            
                        

                        	
                            
                        

                        	
                            
                        

                        	
                            
                        

                    

                    
                

                	
                    
                    
                        If f is given by the equation f(x) = 5x 2 − 4 + ln x, what is the slope of the line that is tangent to the graph of f at x = 1 ?

                    
                    
                        	7

                        	8

                        	10

                        	11

                    

                    
                

                	
                    
                    
                        A particle travels along the x-axis so that its velocity is given by v(t) = 2 cos t for t ≥ 0. The position of the particle at  
                            is x = 5. The position, x(t), of the particle at any time t is given by

                    
                    
                        	x(t) = 2 sin t + 5
                        

                        	x(t) = −2 sin t + 7
                        

                        	x(t) = 2 sin t + 3
                        

                        	x(t) = −2 sin t + 5
                        

                    

                    
                

                	
                    
                    
                        The derivative of x3 + xy = 8 is  What is the value of
                            
                            at x = 2 ?

                    
                    
                        	−6

                        	−3

                        	0

                        	4

                    

                    
                

                	
                    
                    
                        Consider the function given by f(x) = 27x − x3. The function is decreasing on which of the following interval(s)?

                    
                    
                        	[−3, 3] only

                        	[0, 3] only

                        	[0, ∞) only

                        	(−∞, −3] and [3, ∞)

                    

                    
                

                	
                    
                    
                        The function f has the property that f(x), f′(x), and f″(x) are positive for all x > 0. Which of the following could be part of the graph of f ?

                    
                    
                        	
                            
                                [image: The graph is a line that goes through the origin and 4 comma 2.]
                            
                        

                        	
                            
                                [image: The graph of f is decreasing from negative infinity. The graph decreases rapidly, then more slowly after going through 1 comma 1. The graph decreases slowly, never touching the x axis.]
                            
                        

                        	
                            
                                [image: The graph of f starts at the origin and increases slowly, then more quickly, passing through 5 comma 5.]
                            
                        

                        	
                            
                                [image: The graph of f starts at the origin and increases quickly, then more slowly, passing through 4 comma 4.]
                            
                        

                    

                    
                

                	

    
        
            [image: The graph of f starts at the origin. The graph increases, then flattens out at 1 comma 3, then decreases, crossing the x axis at 3. The graph decreases, then increases, crossing the x axis at 5.]
        
    



                	
                    
                   
                    
                        The graph of a function f is shown above. The area of the region between f and the x-axis on the closed interval [0, 3] is 9. The area of the region between f and the x-axis on the closed interval [3, 5] is 2. What is the  value of
                            ?

                    
                    
                        	5

                        	7

                        	11

                        	18

                    

                    
                

                	
                    
                    
                        The line tangent to the graph of
                            
                            is parallel to the line x − 3y = 3 at which of the following?

                    
                    
                        	x = 0 only

                        	x = −2 only

                        	x = −4 and x = −2
                        

                        	x = 0 and x = −6
                        

                    

                    
                

                	
                    
                    
                        
                        
                        

                    
                    
                        	3x2 ln(5 + x6)
                        

                        	
                            
                        

                        	ln(5 + x6)
                        

                        	ln(5 + x 2)
                        

                    

                    
                

                	
                    
                    
                        Which of the following functions has the line y = 3 as a horizontal asymptote?

                        
                            	
                                
                            

                            	
                                
                            

                            	
                                
                            

                        

                    
                    
                        	I only

                        	I and II only

                        	I and III only

                        	I, II, and III

                    

                    
                

                	
                    
                    
                        
                            
                        

                    
                    
                        	
                            
                        
                        

                        	
                            
                        

                        	 
                        
                        

                        	
                            
                        

                    

                    
                

                	
                    
                    
                        The position of a particle at any time t as it moves on the y-axis is given by y(t) = t2 − jt + k, where j and k are nonzero constants. At what time(s) t is the particle at rest?

                    
                    
                        	
                            
                        

                        	t = 2j 

                        	t = j − k 

                        	t = 0 and t = j − k 

                    

                    
                

                	
    
        
    



                	
                    
                    
                    
                        Let g be the function defined above. If g is continuous for all x, then the value of k is

                    
                    
                        	0

                        	3

                        	4

                        	6

                    

                    
                

                	
                    
                    
                        Let y = (x5 + sin x)4. The derivative is
                            
                        

                    
                    
                        	4(5x4 + cos x)3
                        

                        	4(x5 + sin x)3 (5x4 − cos x)
                        

                        	4(x5 + sin x)3 (5x4 + cos x)
                        

                        	4(5x4 + cos x)3
                        

                    

                    
                

                	
                    
    
        
            [image: The slope field has horizontal slopes at y equals 2. Above y equals 2, slopes are small and negative, but as y increases, the slopes become steeper. Below y equals 2, the slopes are small and positive, but as y decreases, the slopes become steeper.]
        
    


                

                	
                    
                    
                    
                         A slope field for which of the following differential equations is shown above?

                    
                    
                        	
                            
                        

                        	
                            
                        

                        	
                            
                        

                        	
                            
                        

                    

                    
                

                	
                    
                    
                        Let a function f be defined as f(x) = x3 − 2x − 4 for x ≥ 1. Let g(x) be the inverse of f(x) and note that f(2) = 0. What is the value of g′(0) ?

                    
                    
                        	−2

                        	
                            
                        

                        	
                            
                        

                        	1

                        

                    

                    
                

                	
                    
                    
                        Suppose the point (x, y) lies on the curve . For what value of x is the distance between (x, y) and the point (3, 0) a minimum?

                    
                    
                        	
                            
                        

                        	
                            
                        

                        	
                            
                        

                        	
                            
                        

                    

                    
                

                	
                    
                    
                        
                        
                        

                    
                    
                        	
                            
                        

                        	0

                        	
                            
                        

                        	nonexistent

                    

                    
                

                	
                    
                    
                        The position of a particle moving along the x-axis is given by x(t) = e2t − et for all t ≥ 0. When the particle is at rest, the acceleration of the particle is

                    
                    
                        	
                            
                        

                        	
                            
                        

                        	
                            
                        

                        	4

                    

                    
                

                	
                    
                    
                        
                            
                        

                    
                    
                        	
                            
                        

                        	
                            
                        

                        	
                            
                        

                        	
                            
                        

                    

                    
                

                	
                    
                

            

        
        
        END OF PART A OF SECTION I.

        If you finish before time is called, you may check your work on PART A only.

           
        
    
        
            AP CALCULUS AB Practice Test 3
        
        
            
                Section 1, Part B

                                 
                
                
                
                
                
                
45  
Minutes
                
15
                
Questions
            
            
                

                A GRAPHING CALCULATOR IS REQUIRED FOR SOME QUESTIONS ON THIS PART OF THE EXAM.

                Directions

                Solve the following problems, using the available space for scratch work. After examining the form of the choices, decide which one is the best of the choices given and fill in the corresponding oval on the answer sheet. No credit will be given for anything written in the exam book. Do not spend too much time on any one problem.

                In this exam:

                
                    	The exact numerical value of the correct answer does not always appear among the choices given. When this happens, select from among the choices the number that best approximates the numerical value.

                    	Unless otherwise specified, the domain of a function f is assumed to be the set of all real numbers x for which f(x) is a real number.

                    	The inverse of a trigonometric function f may be indicated using the inverse function notation f−1 or with the prefix “arc” (e.g., sin−1 x = arcsin x).

                

            
            
                
                	
                    
                    
                        The rate of fuel consumption r(t), in gallons per hour, for a truck is given by r(t) = sin t − t cos t + 3, where t is time measured in hours for 0 ≤ t ≤ 5. How many gallons of fuel does the truck use from t = 0 hours to t = 5 hours?

                    
                    
                        	15.713

                        	19.333

                        	21.227

                        	24.333

                    

                    
                

                	
                    
                    
                        What is the area of the region in the first quadrant bounded by the graphs of
                            , x = 1, and x = e ?

                    
                    
                        	
                            
                        

                        	
                            
                        

                        	5e
                        

                        	15

                    

                    
                

                	
                    
                    
                        Suppose a function f is continuous for all x. If f has a relative minimum at (−2, −3) and a relative maximum at (4, 5), which of the following statements must be true?

                    
                    
                        	The graph of f has an absolute maximum at (4, 5).

                        	The graph of f is increasing for all x in −2 < x < 4.

                        	There exists some c in the interval −2 < x < 4 such that f(c) = 0.

                        	There exists some c in the interval −2 < x < 4 such that f′(c) = 0.

                    

                    
                

                	
                    
                    
                        The growth of a population P is modeled by the differential equation
                            . If the population is 2 at t = 0, what is the population at t = 5 ?

                    
                    
                        	5.565

                        	20.401

                        	50.810

                        	70.679

                    

                    
                

                	
    
        
            
                
                    	x
                    
                    	0
                    	3
                    	6
                    	9
                    	12
                    	15
                    	18
                

                
                    	g(x)
                    	−4
                    	−2
                    	3
                    	4
                    	9
                    	5
                    	1
                

            
        

    



                	
                    
                    
                    
                        Suppose g is a continuous function. A table of selected values of g is shown above. Approximate the value of
                            
                            using a midpoint Riemann sum with three subintervals of equal length.

                    
                    
                        	21

                        	24

                        	42

                        	48

                    

                    
                

                	
                    
                    
                        Let f and f' be continuous and differentiable functions for all real numbers. The only critical points for f are located at x = −3 and x = 5. If f"(x) = 2x − 2, which of the following must be true?

                        
                            	f has a relative maximum at x = −3.

                            	f has a relative maximum at x = 5.

                            	f has a point of inflection at x = 1.

                        

                    
                    
                        	I only

                        	II only

                        	III only

                        	I and III only

                    

                    
                

                	
                    
                    
                        Let f(x) = x3 + 2x − 5. What is the x-coordinate of a point where the instantaneous rate of change of f is the same as the average rate of change of f on the interval −1 < x < 1 ?

                    
                    
                        	
                            
                        

                        	
                            
                        

                        	
                            
                        

                        	
                            
                        

                    

                    
                

                	
                    
                    
                        Suppose
                            
                            Which of the following statements must be true?

                        
                            	f has a relative minimum at x = −0.768.

                            	f has a relative minimum at x = 0.539.

                            	f has a relative minimum at x = 1.675.

                        

                    
                    
                        	I only

                        	II only

                        	III only

                        	I and II only

                    

                    
                

                	
                    
                    
                        Suppose R is the region bounded by the graphs of y = x3 and
                            
                            What is the volume of the solid of revolution that is generated when R is revolved about the y-axis?

                    
                    
                        	0.357

                        	1.122

                        	1.257

                        	1.309

                    

                    
                

                	
                    
                    
                        A spherical balloon is being filled with water so that its volume increases at a rate of 100 cm3/s. How fast is the radius of the balloon increasing when the diameter is 50 cm? The volume of a sphere of radius r is given by the formula .

                    
                    
                        	
                            
                        

                        	
                            
                        

                        	
                            
                        

                        	
                            
                        

                    

                    
                

                	
                    
                    
                        What is the slope of the curve y = 3sin x − 2 at its first positive x-intercept?

                    
                    
                        	0.683

                        	1.643

                        	1.705

                        	1.805

                    

                    
                

                	
                    
                    
                        A particle moves along the y-axis in such a way that its position at time t is given by s(t) and its velocity at time t is given by v(t). Which of the following gives the average velocity of the particle from t = 0 to t = 24 ?

                        
                            	
                                
                            

                            	
                                
                            

                            	
                                
                            

                        

                    
                    
                        	I only

                        	II only

                        	III only

                        	I and III only

                    

                    
                

                	
    
        
            [image: The graph of f starts at negative 4 comma 0, increases nonlinearly to negative 3 comma 1, then decreases nonlinearly to negative 2 comma 0. The graph then increases linearly to 0 comma 2, then decreases linearly to 1 comma 0. The graph decreases linearly to 3 comma negative 1, then increases linearly to 4 comma 0.]
        
    



                	
                    
                    
                    
                        Let f be a function defined for −4 < x < 4 and consisting of a semi-circle and four line segments, as shown above. Suppose g is the function defined by
                            . The function g is decreasing for which of the following?

                    
                    
                        	1 ≤ x ≤  4 only

                        	1 ≤ x ≤ 3 only

                        	0 ≤ x ≤ 3 only

                        	−3 ≤ x ≤ −2 and 0 ≤ x ≤ 3

                    

                    
                

                	
                    
                    
                        A stream flows into a lake at a rate of 
                            gallons per hour. A pump is used to remove water from the lake at a rate of 500 gallons per hour. At the beginning of a certain day, the lake contains 30,000 gallons of water. How much water is in the lake after 24 hours?

                    
                    
                        	11,520

                        	29,520

                        	41,020

                        	41,520

                    

                    
                

                	
                    
                    
                        Suppose f is a function such that f(x) > 0, f′(x) > 0, and f″(x) < 0. Which of the following could represent a table of select coordinate points that lie along the graph of f ?

                        
                            	
                                
                                    
                                        
                                            	x
                                            
                                            	f(x)
                                            
                                        

                                        
                                            	0
                                            	2
                                        

                                        
                                            	2
                                            	5
                                        

                                        
                                            	4
                                            	9
                                        

                                        
                                            	6
                                            	14
                                        

                                        
                                            	8
                                            	20
                                        

                                    
                                

                            

                            	
                                
                                    
                                        
                                            	x
                                            
                                            	f(x)
                                            
                                        

                                        
                                            	0
                                            	2
                                        

                                        
                                            	2
                                            	5
                                        

                                        
                                            	4
                                            	9
                                        

                                        
                                            	6
                                            	12
                                        

                                        
                                            	8
                                            	13
                                        

                                    
                                

                            

                            	
                                
                                    
                                        
                                            	x
                                            
                                            	f(x)
                                            
                                        

                                        
                                            	0
                                            	1
                                        

                                        
                                            	2
                                            	8
                                        

                                        
                                            	4
                                            	13
                                        

                                        
                                            	6
                                            	16
                                        

                                        
                                            	8
                                            	18
                                        

                                    
                                

                            

                        

                    
                    
                        	I only

                        	II only

                        	III only

                        	II and III only

                    

                    
                

                	
                    
                

            

        
        
        END OF SECTION I.

        If you finish before time is called, you may check your work on part B only.

            
        
    
        
        
            AP CALCULUS AB Practice Test 3
        
        
            
                Section II

            
            
                	
                    Directions

                    Write your solution to each part of the following questions in the space provided. Write clearly and legibly. Cross out any errors you make; erased or crossed-out work will not be scored. 

                    You may wish to look over the problems before starting to work on them; on the actual test, it is not expected that everyone will be able to complete all parts of all problems. All problems are given equal weight, but the individual parts of a particular problem are not necessarily given equal weight. You should not spend too much time on any one problem.

                    
                        	Show all of your work. Clearly label functions, graphs, tables, or anything else that you use to arrive at your final solution. Your work will be scored on the correctness and completeness of your methods as well as your final answers. Answers without supporting work will usually not receive credit. 

                        	Justifications (i.e., the request that you “justify your answer”) require that you give mathematical (non-calculator) reasons.

                        	Work must be expressed in standard mathematical notation, not calculator syntax.

                        	Unless otherwise specified, answers (numeric or algebraic) need not be simplified.

                        	If you use decimal approximations in calculations, your work will be scored on accuracy. Unless otherwise specified, your final answers should be accurate to three places after the decimal point.

                        	Unless otherwise specified, the domain of function f is assumed to be the set of all real numbers x for which f(x) is a real number.

                    

                

                	
                    
                        	
                            Part A

                            30
                            Minutes
                            2
                            Problems
                        

                        	
                            A GRAPHING CALCULATOR IS REQUIRED FOR THESE PROBLEMS.

                        

                        	

    
        [image: The graph of f of x equals 5 times x minus x squared, which starts at the origin and increases quickly, then more slowly, then decreases slightly, and g of x equals 2 to the x power minus 1, which starts at the origin and increases slowly, then more quickly. The two functions intersect at 2.8354 comma 6.137. The region between these two graphs is labeled as R.]
    



                        	Let R be the region in the first quadrant bounded by the graphs of f(x) = 5x − x2 and g(x) = 2x −1 as shown in the figure above.


                            
                                
                                	
                                    
                                        Find the area of region R.

                                    
                                

                                	
                                    
                                        Let k be the number such that the vertical line x = k divides the area of region R exactly in half, forming two separate regions of equal area. Write, but do not solve, an equation involving an integral that can be used to find the value of k.

                                    
                                

                                	
                                    
                                        Find the volume of the solid generated when R is rotated about the x-axis.

                                    
                                

                                	
                                    
                                        Suppose region R is the base of a solid whose cross sections cut by a plane perpendicular to the x-axis are squares. Write, but do not evaluate, an integral expression that gives the volume of the solid.

                                        

                                    
                                

                            

                        

                        	A particle moves along the y-axis so that its velocity v at time t is given by v(t) = t sin t, where t ≥ 0. At time t = 0, the particle is at position y = 2.


                            
                                
                                	
                                    
                                        Find the velocity and the acceleration of the particle at time t = 4.

                                    
                                

                                	
                                    
                                        Is the speed of the particle increasing or decreasing at time t = 4 ? Justify your answer.

                                    
                                

                                	
                                    
                                        Find the total distance traveled by the particle from time t = 0 to time t = 5.

                                    
                                

                                	
                                    
                                        Find the average velocity of the particle for the time interval from time t = 0 to time t = 5.

                                    
                                

                                	
                                    
                                        Find the position of the particle at time t = 5. Show the work that leads to your answer.

                                    
                                

                            

                        

                        	
                        

                    

                

                	
                

            

        
        
        END OF PART A OF SECTION II.

        IF YOU FINISH BEFORE TIME IS CALLED, YOU MAY CHECK YOUR WORK ON PART A ONLY.

            

        
    
        
        
            AP CALCULUS AB Practice Test 3
        
        
            
                Section II

            
            
                	
                    
                        	
                            Part B

                            60
                            Minutes
                            4
                            Problems
                        

                        	
                            NO CALCULATOR IS ALLOWED FOR THESE PROBLEMS.

                            Note: If you have extra time, you can go back and work on Part A of Section II, but you cannot use a calculator to complete your work at this time.

                        

                        	A 13-foot ladder that is leaning against the wall of a building is pulled away from the wall. At the instant when the base of the ladder is 5 feet from the wall, the base is moving at a rate of 3 feet per second.


                            
                               
                                	
                                    
                                        At what rate is the top of the ladder sliding down the wall at the instant when the base of the ladder is 5 feet from the wall? Indicate units of measure.

                                    
                                

                                	
                                    
                                        Let θ be the angle between the ladder and the ground. At what rate is this angle changing at the instant when the base of the ladder is 5 feet from the wall? Indicate units of measure.

                                    
                                

                                	
                                    
                                        The wall of the building, the ladder, and the ground form a right triangle. At what rate is the area of the triangle changing at the instant when the base of the ladder is 5 feet from the wall? Indicate units of measure.

                                    
                                

                            

                        

                        	

    
        
            
                	x
                
                	0
                	2
                	3
                	7
                	9
            

            
                	f(x)
                	−10
                	−2
                	0
                	6
                	8
            

        
    




                        	Let f be a twice differentiable and strictly increasing function for all real numbers. Values of f at selected values of x are shown in the table above.


                            
                               
                                	
                                    
                                        Approximate f′(5). Show the work that supports your answer.

                                    
                                

                                	
                                    
                                        Suppose Write an equation of the line tangent to the graph of f at the point where x = 9. Use the tangent line to approximate f(9.1).

                                    
                                

                                	
                                    
                                        Determine the value of Show the work that supports your answer.

                                    
                                

                                	
                                    
                                        Approximate  with a Riemann sum, using the right endpoints of the four subintervals indicated by the data in the table. Is this numerical approximation greater than the value ofExplain your reasoning.

                                    
                                

                            

                        

                        	Consider the curve given by x3 + xy = 16.


                            
                                
                                	
                                    
                                        Show that
                                            
                                        

                                    
                                

                                	
                                    
                                        Find the coordinates of any point on the curve where the tangent line is vertical. Justify your answer.

                                    
                                

                                	
                                    
                                        Find the value of
                                            
                                            at the point (−2, −12).

                                    
                                

                                	
                                    
                                        Does the curve have a relative minimum, a relative maximum, or neither at x = −2? Justify your answer using
                                            
                                            and
                                            
                                        

                                    
                                

                            

                        

                        	The rate of change of the population P(t) of a herd of deer is given by
    
    where t is measured in years. When t = 0, the population P is 200.


                            
                                
                                	
                                    
                                        Write an equation of the line tangent to the graph of P at t = 0. Use the tangent line to P in order to approximate the population of the herd after 2 years.

                                    
                                

                                	
                                    
                                        Show that 
                                        

                                    
                                

                                	
                                    
                                        Does the approximation for the population of the herd as found in part (a) overestimate or underestimate the actual population of the herd at time t = 2? Support your answer using
                                             What does the value of  indicate about the shape of the graph?

                                    
                                

                                	
                                    
                                        Using separation of variables, find the particular solution y = P(t) to the differential equation  with the initial population P(0) = 200.

                                    
                                

                            

                        

                        	
                        

                    

                

                	
                

            

        
        
        END OF EXAM.
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        Scoring

        Section II, Parts A & B

        Use the scoring rubrics (found online with the Practice Test Answers and Explanations) to self-score your free-response questions.

        Section I, Part A Number Correct: __________

        Section I, Part B Number Correct: __________

        Section II, Part A Points Earned: __________

        Section II, Part B Points Earned: __________

        

        Enter your results to your Practice Test 1 assignment to see your 1–5 score and view detailed answers and explanations by logging in at kaptest.com.

        Haven’t registered your book yet? Go to kaptest.com/booksonline to begin.

        

        

    
        
        
        
            Answers
                and Explanations

            Chapter 4

            
                Test What You Already Know

                
                    	D
                        
                            Learning Objective: 4.1

                            The limit of a function exists at x = a if both one-sided limits approach the same value. The limit does not have to equal the actual value of the function at that point. For this function, the limit from the left and from the right of x = 1 is +∞ (because the graph increases without bound on both sides of the vertical asymptote), so the limit equals ∞ and you can eliminate A. The limit from the left and from the right of x = 3 is 1 (even though f(3) is 0), so eliminate B.  The limit from the left and from the right of x = 4 is 6, so eliminate C. This means (D) must be correct. (The limit from the left of x = 5 is 4, while the limit from the right is 3, so the limit does not exist.)

                        
                    

                    	B
                        
                            Learning Objective: 4.2

                            Plugging 3 in for x yields , so try simplifying the expression by writing the numerator as a single term. Chances are that something will cancel out nicely.

                            
                                
                            

                            Choice (B) is correct. Note that you could also use L’Hôpital’s Rule here. If you rewrite the first term in the numerator of the complex fraction as (x – 1)–1, taking the derivative is fairly quick:

                            
                                
                            

                        
                    

                    	A
                        
                            Learning Objective: 4.3

                            Knowing the appropriate limit theorem is the key to answering this question. The theorem states: 

                            
                                
                            

                            According to the graph of g, as x gets close to 2, the function gets close (from the left and from the right) to 1 (not 4, which happens to be g(2)). According to the graph of f, the value of f(1) is 2, which is (A).

                        
                    

                    	D
                        
                            Learning Objective: 4.4

                            When finding the limit of a function that involves an absolute value, you could rewrite the function as a piecewise function and evaluate the one-sided limits based on the value of x where the function breaks. However, it’s easier to simply choose a convenient value that is just barely to the left (and another barely to the right) of the number that you’re interested in, and plug them into the function. Here, choose 1.9 and 2.1 and see what happens:

                            
                            
                            

                            The limit from the left (–1) does not equal the limit from the right (1), so the limit as x → 2 does not exist. Choice (D) is correct.

                        
                    

                

            
        
    
        
        
        
            
               Chapter 4

                Test What You Learned

                
                    	B
                        
                            Learning Objective: 4.1

                            Examine each graph to see what happens as x approaches 2 (from both the left and the right). In graph I, the function approaches 3 from both sides, so the limit equals 3. The same is true for graph II, even though the functional value at x = 2 happens to be 1. However, in graph III, the limit from the left is 3, while the limit from the right is 1, so the limit as x approaches 2 for this function does not exist. Thus, (B) is correct.

                        
                    

                    	D
                        
                            Learning Objective: 4.3

                            To take the limit of f(g(x)) as x approaches k, take the limit as x gets very close to k of g(x)—and then you’re done with the limit part—then plug the result into f(x). Check each answer choice until you find one that yields 3. Because (D) includes multiple values, you’ll need to check all the answer choices.

                            
                            

                                Both B and C yield 3, so choice (D) is correct.

                        
                    

                    	C
                        
                            Learning Objective: 4.4

                            For each of the functions, the limit as x → 0 exists if the limit from the left of 0 is equal to the limit from the right. However, your first thought should be to simply plug 0 into each function. Choices A, B, and C all yield undefined values, so that doesn’t help much. However, plugging 0 in for x in D yields 2 for the top piece and 4 for the bottom piece, which means the limit doesn’t exist. Eliminate D. 

                            For A and B, try plugging in a value just to the left of 0 and another just to the right, such as –0.1 and 0.1. In A, the first gives –∞ while the second gives +∞, so the limit doesn’t exist; the same is true for B. This means (C) must be correct. To check, simplify the expression algebraically and then plug 0 in again:

                            
                                
                            

                            The limit does indeed exist, so (C) is correct.

                        
                    

                    	D
                        
                            Learning Objective: 4.2

                            Plugging –2 in for x yields , so try simplifying the expression by factoring the denominator of the fraction:

                            
                                
                            

                            The limit as x approaches any value of a constant function is that constant, so the limit you’re looking for is . That’s (D).

                        
                    

                

            
        
    
        
        
        
            Chapter 5

            
                Test What You Already Know

                
                    	D
                        
                            Learning Objective: 5.1

                            Substituting 1 into the expression yields , so check the limit from the left and the limit from the right by plugging in a number just to the left of 1 and another just to the right of 1. (You don’t need exact values, just an idea of where the y-values are headed.)

                            

                            
                                
                            

                            
                                
                            

                            Because the limit from the left and the limit from the right both approach ∞, (D) is correct.

                            Note that technically a limit that equals ±∞ doesn’t exist because it’s not a specific value. However, saying a limit is equal to ±∞ is commonly used to describe a function that increases (or decreases) without bound.

                        
                    

                    	A
                        
                            Learning Objective: 5.2

                            When evaluating a limit that approaches ∞, the term with the highest exponent is so much larger than all other terms, you can ignore the other terms (they are negligible in comparison). When the expression is rational, you need to consider the term in the numerator with the highest exponent and the term in the denominator with the highest exponent. In this question, before you can do that, you must expand the numerator (using FOIL):

                            
                                
                            

                            Now, disregard the negligible terms:

                            
                                
                            

                            The limit of a constant value is that constant value, so the limit here is –2, (A).

                            Note that you can disregard negligible terms ONLY when the limit approaches positive or negative infinity (not when x approaches a numerical value).

                        
                    

                    	B
                        
                            Learning Objective: 5.3

                            Evaluate each answer choice, one at a time, until you find one that is true. Start with A: The numerator in the given expression
                                is not factorable, so to check for vertical asymptotes, set the denominator
                                equal to zero and solve:

                            
                                
                            

                            You now know x = 1 is a vertical asymptote. However, this isn’t one of the
                                answer choices. [Note that had the numerator been factorable, you would need to
                                check for removable discontinuities (factors that cancel) before identifying
                                vertical asymptotes.]

                            To check for horizontal
                                asymptotes, consider the limit of the function as x approaches positive and negative infinity (which allows you to
                                disregard all terms except the term in the numerator
                                with the highest exponent and the term in the denominator with the highest
                                exponent):

                            
                                
                            

                            This tells you that the
                                curve has a horizontal asymptote at y
                                = 0, making (B) the correct choice.

                            Note that if you like to
                                memorize rules, you can also compare the degrees of the numerator and the denominator.
                                The degree of the numerator is 2, and the degree of the denominator is 3.
                                Because the degree of the denominator is larger than the degree of the
                                numerator, the curve has a horizontal asymptote at y = 0.

                        
                    

                    	A
                        
                            Learning Objective: 5.4

                            Knowing the rule  comes in very handy here. Factor the denominator of the expression and you’ll see why:

                            
                                
                            

                            That’s (A).

                            Note that you could also use L’Hôpital’s Rule to answer this question.

                        
                    

                    	B
                        
                            Learning Objective: 5.5

                            Substituting π into the expression yields:

                            
                                
                            

                            This means you can use L’Hôpital’s Rule, which applies to limits of the form  or . To use L’Hôpital’s Rule, take the derivative of the numerator and the derivative of the denominator, and reevaluate the limit. Don’t forget to use the chain rule when necessary:

                            
                                
                            

                            Choice (B) is correct.

                        
                    

                

            
        
    
        
        
        
            
               Chapter 5

                Test What You Learned

                
                    	A
                        
                            Learning Objective: 5.2

                            Because x approaches ∞, you can disregard the negligible terms (the terms that are completely dominated by another term). In the numerator, disregard the 3, and in the denominator, disregard –4x and +1:  

                            
                                
                            

                            Now, recall that , which means .  Because x2 is always positive, you can write this as
                                (without the absolute value symbols) and reevaluate the limit:

                            
                                
                            

                            The limit of a constant, regardless of what x is approaching, is that constant, so (A) is correct.

                        
                    

                    	D
                        
                            Learning Objective: 5.4

                            You need to manipulate the expression because substituting 0 yields:

                            
                                
                            

                            A commonly seen trig limit on the AP Calculus exam is , so whenever you see the limit as x approaches 0 of a rational trig expression, try to rewrite the expression in this form. Here, factor the denominator of the expression and see what happens:

                            
                                
                            

                            Choice (D) is correct.

                            Note that you could also use L’Hôpital’s Rule to answer this question.

                        
                    

                    	A
                        
                            Learning Objective: 5.1

                            Substituting 3 into the expression yields , so check the limit from the left and the limit from the right by plugging in a number just to the left of 3 and another just to the right of 3. (You don’t need exact values, just an idea of where the y-values are headed.)

                            

                            
                                
                            

                            
                                
                            

                            Because the limit from the left and the limit from the right both approach –∞, (A) is correct.

                        
                    

                    	C
                        
                            Learning Objective: 5.3

                            Evaluate each answer choice, one at a time, until you find one that is true. Start with choice A: To find the horizontal asymptote, take the limit as x approaches ∞. Remember, you can disregard the negligible terms:

                            
                                
                            

                            The horizontal asymptote is y = –1, not y = 0, so eliminate A and move on to vertical asymptotes. The numerator is not factorable (which means no factors can cancel with any factors in the denominator), so to find the vertical asymptotes, set the denominator equal to 0, factor, and solve for x:

                            
                                
                            

                            You can see from the second factor that x = –1 is a vertical asymptote, but this isn’t one of the answer choices, so set the other factor equal to 0 and solve:

                            
                                
                            

                            The other vertical asymptote is , which is (C).

                        
                    

                    	B
                        
                            Learning Objective: 5.5

                            Substituting 0 into the expression yields:

                            
                                
                            

                            This means you can use L’Hôpital’s Rule, which applies to limits of the form  or .  To use L’Hôpital’s Rule, take the derivative of the numerator and the derivative of the denominator, then reevaluate the limit. Don’t forget to use the chain rule when necessary:
                            

                            
                                
                            

                            The correct answer is (B).

                        
                    

                

            
        
    
        
        
        
            Chapter 6

            
                Test What You Already Know

                
                    	B
                        
                            Learning Objective: 6.1

                            A function is continuous at a value of x (e.g., x = 2) if
                                . Graphically, this means that a function is continuous if you can draw its graph without lifting up your pencil. Here, you would have to lift your pencil at x = –1.5, at x = 3, and again at x = 4. Thus, the function is not continuous (and therefore discontinuous) for three values of x in the interval (–3, 6), making (B) the correct answer.

                        
                    

                    	A
                        
                            Learning Objective: 6.2

                            There are three types of discontinuities: removable discontinuities (holes), jump (or gap) discontinuities, and vertical asymptotes. Based on the answer choices here, you’re interested in removable discontinuities (holes). Whenever a zero in the denominator of a rational expression can be eliminated by factoring and canceling out terms, the discontinuity is removable (as it can be "removed" from the function). So, factor the numerator and the denominator:

                            
                            The factor (x – 4) can be canceled (thus removing the discontinuity), so the correct answer is (A). Note that at x = –9, the discontinuity is a vertical asymptote, and at x = 9, the numerator equals zero (which indicates an x-intercept, not a discontinuity).

                        
                    

                    	D
                        
                            Learning Objective: 6.3

                            To be continuous at x = 3,  must equal f(3), which is given as b. Thus:

                            
                                
                            

                            The square of a number cannot be negative, so this is not possible. In other words, there is no such value of b, and (D) is correct.

                        
                    

                    	C
                        
                            Learning Objective: 6.4

                            Think of the two functional values that are given as points on a graph: (0, –2) and (5, 13). The Intermediate Value Theorem guarantees that, because the function is continuous from 0 to 5, there must be at least one point on the graph that has a y-value between –2 and 13. Thus, there must be a value of x in the open interval (0, 5) such that f(x) = 3 (because 3 is between –2 and 13). Choice (C) is correct.

                            Tip: Knowing that the Intermediate Value Theorem ALWAYS involves f(x) allows you to eliminate two of the choices right away (B and D). (The Mean Value Theorem ALWAYS involves f'(x)—or the slope of a line tangent to the function.)

                        
                    

                

            
        
    
        
        
        
            
               Chapter 6

                Test What You Learned

                
                    	B
                        
                            Learning Objective: 6.2

                            There are three types of discontinuities: removable discontinuities, jump (or gap) discontinuities, and vertical asymptotes. Based on the answer choices here, you’re interested in removable discontinuities and vertical asymptotes. Whenever a zero in the denominator of an expression can be eliminated by factoring and canceling out terms, the discontinuity is removable (as it can be “removed” from the function) but it is still undefined at that x-value (there is a hole). Whenever a zero in the denominator of an expression cannot be eliminated, it indicates a vertical asymptote, as the simplified fraction is undefined at that x-value. So, factor the numerator and denominator:

                            
                                
                            

                            The factor (x + 6) can be canceled, so you have one removable discontinuity. You still have two factors in the denominator, x and x + 5 (resulting in zeros at x = 0 and x = –5 respectively), which correspond to two vertical asymptotes (at x = 0 and x = –5), so all together you have one removable discontinuity and two vertical asymptotes, which matches (B).

                        
                    

                    	A
                        
                            Learning Objective: 6.3

                            You are given a piecewise function g and told that it is continuous for all real numbers. Both individual “pieces” of the function are continuous on their own, so all you need to check is where the function breaks, which is at x = 3.

                            To be continuous at x = 3,  must equal 
                                , which also gives f(3), so plug 3 into each piece of the function, set them equal to each other, and solve for k. This gives –(3)2 + 1 = 2(3) + k, or –8 = 6 + k. Solving this equation yields k = –14, so (A) is correct.

                        
                    

                    	A
                        
                            Learning Objective: 6.1

                            The graph shown has a gap at x = –2 and a hole at x = 1. For there to be only one discontinuity, one of the apparent discontinuities needs to be continuous. It’s not possible to make the gap continuous, but if f(1) = –4, the discontinuity is eliminated, leaving f with only one discontinuity. Thus, (A) is correct.

                        
                    

                    	C
                        
                            Learning Objective: 6.4

                            The Mean Value Theorem states that if a function is defined and continuous on a closed interval [a, b] and if that function is differentiable on the open interval (a, b), there exists a value c in that interval such that . Applied to this problem:

                            
                                
                            

                            In this question, the missing condition of the Mean Value Theorem is that f is differentiable on the interval (–4, 3), so the correct answer is (C). This special case of the MVT when , is called Rolle's Theorem.

                        
                    

                

            
        
    
        
        
        
            Chapter 7

            
                Test What You Already Know

                
                    	B
                        
                            Learning Objective: 7.1 

                            You need to memorize the limit definition of the derivative before Test Day:
                                . Notice that both terms in the numerator are being squared, so    is the
                                derivative of the function f(x) = x 2
                                at the point where x = 5. For f(x)
                                = x 2, the derivative is f'(x)
                                = 2x, so the value of the
                                given limit is f'(5) = 2(5) = 10. 

                            Choice (B) is correct. (Note that you could also use L'Hôpital's Rule to find the limit.)

                        
                    

                    	D
                        
                            Learning Objective: 7.2

                            Being able to read a table and knowing what derivatives tell you about a function are the keys to understanding this question. You're given that  f'(x) > 0, which indicates that the slope of the function is
                                positive. A positive slope means that f(x) should increase as x increases; eliminate A because the
                                values of f(x) are decreasing, not increasing. The second derivative is the
                                derivative of the first derivative, so f"(x) > 0 indicates that f'(x), the slope itself, is
                                increasing. Use the slope formula to find the slope between the pairs of the values in the tables.  In B, the slope is constant (m = 2) and in C, the slope is also constant (m = 1). The slope is not increasing because, in each case, the slope between the points stays the same. In (D), the slope between the first pair of points is 2 and the
                                slope between the second pair of points is 3, so the slope is increasing and
                                (D) is therefore correct. 

                            

                        
                    

                    	A
                        
                            Learning Objective: 7.3

                            First, rewrite the function as .

                            Then, use the power rule to find the derivative:
                            

                            
                                
                            

                             

                            The question asks for the derivative at a specific point, so plug in 3 for x
                                and simplify:
                                

                            

                            
                                
                            

                            

                            Choice (A) is correct.

                            

                        
                    

                    	D
                        
                            Learning Objective: 7.4

                            The notation
                                 simply means find the derivative. To take the derivative, use
                                the quotient rule, which states that, for functions f and g, the derivative
                                is given by:

                            
                                
                            

                            

                            So:

                            
                                
                            

                            

                            Choice (D) is correct.

                            Note that C is a very common wrong answer that results from
                                taking the derivative of the denominator first. One way to avoid this pitfall
                                is to always take the derivative of the first function you see, first. 

                            

                        
                    

                    	D
                        
                            Learning Objective: 7.5

                            To find the derivative, use the chain rule. Before you do
                                that, rewrite the radical term using a fractional exponent,
                                , so you can apply the power rule.

                            Next, to apply the chain rule, take the derivative of the
                                outermost function (the 6th power), then multiply by the derivative of what’s
                                inside:

                            
                                
                            

                            

                            This is not one of the answer choices, so rewrite the terms
                                with the fractional exponents as radicals and simplify:

                            
                                
                            

                            

                            This is a perfect match for (D).

                            

                        
                    

                    	C
                        
                            Learning Objective: 7.6

                            Rather than using both the chain rule and the quotient rule, simplify the function using rules of logs first:

                            
                                
                            

                            Here, the function can be written as:

                            
                                
                            

                            Now use rules of derivatives (don’t forget the chain rule if
                                it applies):

                            
                                
                            

                            So:

                            
                                
                            

                            Choice (C) is correct.

                        
                    

                

            
        
    
        
        
        
            
               Chapter 7

                Test What You Learned

                
                    	A
                        
                            Learning Objective: 7.3 

                            First, rewrite the function as .

                            Then use the power rule to find the derivative: 

                            
                                
                            

                             

                            Next, because the question asks for the derivative specifically at x = 4, plug in 4 for x
                                and simplify:

                            
                                
                            

                            

                            Choice (A) is correct.

                            

                        
                    

                    	B
                        
                            Learning Objective: 7.2

                            The slope between (2, 3) and (5, 6.3) is 1.1, so by the Mean Value Theorem, there must be some point on the curve between (2, 3) and (5, 6.3) for which the slope is 1.1. The slope between (5, 6.3) and (8, 8.7) is 0.8, so by the MVT, there must be some point on the curve between (5, 6.3) and (8, 8.7) for which the slope is 0.8.

                            Because the second derivative is less than 0, the slopes are decreasing, so the slope at the point (5, 6.3) must be between 1.1 and 0.8. The value 0.9 is the only one that meets this criterion, so (B) is correct.

                            

                        
                    

                    	B
                        
                            Learning Objective: 7.5 

                            To find the derivative, use the chain rule. Before you do that,
                                rewrite the function so you can apply the power rule: 

                            
                                
                            

                            Next, to apply the chain rule, take the derivative of the
                                outermost function (the 5th power), leave the inside, then multiply by the derivative of what’s inside:

                            
                                
                            

                            

                            

                            This is a perfect match for (B).

                            

                        
                    

                    	C
                        
                            Learning Objective: 7.1 

                            The definition of the derivative is
                                . Therefore,
                                
                                is the derivative of
                                the function f(x) = 4x3 at
                                the point where x = 2. For f(x)
                                = 4x3, the derivative is f'(x)
                                = 12x2, so the value of
                                the given limit is f'(2) = 12(2)2
                                = 48.

                            Choice (C) is correct.

                            

                        
                    

                    	D
                        
                            Learning Objective: 7.6 

                            Simplify the function before taking the derivative: 

                            
                                
                            

                            Now use rules of derivatives (don’t forget the chain rule if
                                it applies):

                            
                                
                            

                            So:

                            
                                
                            

                            Choice (D) is correct.

                            

                        
                    

                    	A
                        
                            Learning Objective: 7.4 

                            The notation
                                 means the derivative. Use
                                the quotient rule, which states that, for functions f and g, the derivative
                                is given by:

                            
                                
                            

                            

                            Here, f is 2x2 and g is (x + 1). So:

                            
                                
                            

                            Choice (A) is correct.

                            Note that D is a very common wrong answer that results from
                                taking the derivative of the denominator first. Make sure to always take the
                                derivative of the first function, first. 

                            

                        
                    

                

            
        
    
        
        
        
            Chapter 8

            
                Test What You Already Know

                
                    	B
                        
                            Learning Objective: 8.1

                            Use the product rule, (f·g)′ = f'g + fg′, and the fact that the derivative of sin x is cos x to differentiate the function:

                            
                                
                            

                            That's a perfect match for (B).

                        
                    

                    	D
                        
                            Learning Objective: 8.2

                            First, apply the chain rule to the power part of the function:

                            
                                
                            

                            Next, note that the derivative of arcsin x is
                                . Use this derivative and the chain rule (again to differentiate the x3 in the original problem). The result is:

                            
                                
                            

                            Combining and simplifying these two pieces of the derivative yields
                                , which is (D).

                        
                    

                    	C
                        
                            Learning Objective: 8.3

                            The notation  means find the third derivative, or y'''. First rewrite sin2 x as (sin x)2. You need to use the chain rule multiple times to get:

                            
                                
                            

                            That makes (C) the correct answer.

                        
                    

                    	C
                        
                            Learning Objective: 8.4

                            This is an exercise in implicit differentiation (because the equation is not already written in terms of y or easily solvable for y). When differentiating both sides of this equation, remember to treat y as a function of x, whereby both the product rule and the chain rule will apply. Be sure to use the product rule to take the derivative of the term 2xy. Differentiating both sides of the equation gives:

                            
                                
                                    
                                

                            

                            That's (C). When performing implicit differentiation, if you have a hard time remembering that the derivative of y is , just remember that whenever you take the derivative of something that contains a y, you need to multiply by .

                        
                    

                    	B
                        
                            Learning Objective: 8.5

                            

                            Because f and g are inverses of each other, you know that:

                            
                                
                            

                            The function f(x) = x3 − 3x + 1 has derivative f′(x) = 3x2 − 3.

                            Because (2, 3) is a point on f, the corresponding point on g is (3, 2).

                            Thus:

                            
                                
                            

                            Choice (B) is correct.

                            

                        
                    

                

            
        
    
        
        
        
            
               Chapter 8 

                Test What You Learned

                
                    	A
                        
                            Learning Objective: 8.4

                            This is an exercise in implicit differentiation (because the equation is not already written as y in terms of x or easily solvable for y). When differentiating both sides of this equation, remember to treat y as a function of x, whereby both the product rule and the chain rule will apply. Differentiating both sides of the equation gives:

                            
                                
                            

                            That makes (A) the answer.

                        
                    

                    	D
                        
                            Learning Objective: 8.3

                            Use the rule: The derivative of e raised to a power is e raised to that same power times the derivative of the power.

                            
                                
                            

                            Now use the product rule [(f·g)' = f'g + fg'] to take the derivative again. Use the chain rule where necessary:

                            
                                
                            

                            This isn't one of the answer choices, so factor out the GCF, which is , to arrive at (D):

                            
                                
                            

                        
                    

                    	B
                        
                            Learning Objective: 8.2

                            First, apply the chain rule to see that the derivative of the power part of the equation equals:

                            
                                
                            

                            Next, note that the derivative of arccos u is
                                . Apply the chain rule again to differentiate the x4. The result is:

                            
                                
                            

                            Finally, put the two pieces of the derivative together and simplify:

                            
                                
                            

                            That makes (B) the correct answer.

                        
                    

                    	A
                        
                            Learning Objective: 8.1

                            Use the product rule to find the derivative.

                            
                                
                            

                            That matches choice (A).

                        
                    

                    	C
                        
                            Learning Objective: 8.5

                            Because f and g are inverses of each other, you know that:

                            
                                
                            

                            Plug in x = −2 and evaluate this expression:

                            
                                
                            

                            Choice (C) is correct.

                        
                    

                

            
        
    
        
        
        
            Chapter 9

            
                Test What You Already Know

                
                    	B
                        
                            Learning Objective: 9.1

                            The slope of a curve y = f(x) at a point P refers to the slope of the tangent line at the point P. Find this by taking the first derivative of the function and evaluating it at that point. To find f'(x), rewrite the rational term using a negative exponent, then apply the power rule:

                            
                                
                            

                            Now plug in 2 for x and simplify the result:

                            

                            
                                
                            

                            Choice (B) is correct.

                        
                    

                    	A
                        
                            Learning Objective: 9.2

                            Take the first derivative to get the equation for finding the slope of the tangent line. Use the quotient rule, , where t stands for top and b stands for bottom. Apply this rule to find f'(x):

                            
                                
                            

                            The question states that the slope of the tangent is 1, so set f'(x) equal to 1 and solve for x:

                            
                                
                            

                            Plug these values of x into f(x) to find the y-coordinates of the points: 

                            
                                
                            

                            The coordinates of the points on f that have a tangent line with a slope of 1 are  (–4, –2) and (–12, 6), which is (A). 

                        
                    

                    	C
                        
                            Learning Objective: 9.3

                            The tangent line to the function at the given point provides a linear approximation to the function at that point, so start by finding the equation of the tangent line. Then, you can simply plug in the value of x. Because f(4) = 1, you know the coordinates of the point of tangency, (4, 1).

                            To write the equation of the tangent line, you also need the slope at x = 4. The first derivative (which is given) represents this slope:

                            
                                
                            

                            The equation of the tangent line is therefore y – 1 = 3(x – 4) or y = 3(x – 4) + 1. When x = 4.7, y = 3(4.7 – 4) + 1 = 3(0.7) + 1 = 3.1. This means f(4.7) ≈ 3.1, which is (C). 

                            Note that when finding a linear approximation, it is best NOT to simplify the linear equation because you will be asked to approximate the value of f at an x-value that is close to the x-value of the point given. By not simplifying, the calculations are easier, which is important because these questions are likely to appear in the no-calculator section of the test.

                        
                    

                    	C
                        
                            Learning Objective: 9.4

                            The instantaneous rate of change of a function at a point is the slope of the tangent line at that point. To find the slope, take the first derivative and evaluate it at x = 2:

                            
                                
                            

                            That's (C).

                        
                    

                    	C
                        
                            Learning Objective: 9.5

                            The graph of a function is decreasing where its first derivative is negative (or < 0). Here, the first derivative, which is given, cannot be solved by hand, so graph the equation in your calculator and estimate which parts of the graph are negative (below the x-axis). Set the calculator window to the given x-values (0 < x < 13) to make it easier to see where the graph crosses the x-axis. 

                            
                                [image: This is the graph of f prime of x. The graph starts at 1 comma 0 and decreases nonlinearly, crossing the x axis between 1 and 2. The graph continues to decrease, then increases, cross the x axis between 5 and 6. The graph continues to increase, then decreases, crossing the x  axis near 8. The graph continues to decreases, then increases, crossing the x axis just after x equals 12.]
                            
                            Now compare the graph to the answer choices. The first part of the graph that is below the x-axis begins at about x = 1.5 and ends just to the left of x = 6, and the second part begins just to the left of x = 8 and ends just to the right of x = 12. These estimates are a good match for the intervals given in (C).

                            Note that if the answer choices had been close together, you would need to find the zeros of the graph using the Zero function on your calculator.

                        
                    

                    	D
                        
                            Learning Objective: 9.6

                            This question is all about knowing what the second derivative tells you about a graph: f"(x) > 0 means the second derivative is positive, which tells you the graph of f is concave up (a cup that opens up). Similarly, f"(x) < 0 means the second derivative is negative, which tells you the graph of f is concave down (a cup that opens down). The concavity of this graph changes, so eliminate A and B. The graph is concave up in the range –2 < x < 0 and x > 2, and concave down in the range 0 < x < 2, so (D) is correct.
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                Test What You Learned

                
                    	B
                        
                            Learning Objective: 9.4

                            The instantaneous rate of change of a function at a point is the slope of the tangent line at that point. To find the slope, take the first derivative and evaluate it at x = 2:

                            
                                
                            

                            That's (B).

                        
                    

                    	D
                        
                            Learning Objective: 9.5

                            The graph of a function is increasing where its first derivative is positive (f' > 0). Here, the first derivative, which is given, is too complicated to solve by hand, so graph the equation in your calculator and estimate which parts of the graph are positive (above the x-axis). Set the calculator window to the given x-values (0 < x < 10) to make it easier to see where the graph crosses the x-axis. 

                            
                                [image: The graph of f prime of x starts just to the right of the y axis and below the x axis. The grpah increases, then decreases, then increases again, crossing the x axis around 4. The graph increases, then decreases, crossing the x axis around 7. The graph continues to decrease, then increases between 8 and 9. The graph continues to increase as x approaches 10.]
                            
                            Now compare the graph to the answer choices. The first part of the graph that is above the x-axis begins at about x = 3 and ends at about x = 7, and the second part begins at about x = 8.5 and ends where the graph ends, at x = 10. These estimates are a good match for the intervals given in (D).

                            Note that if the answer choices had been close together, you would need to find the zeros of f' using the Zero function on your calculator.

                        
                    

                    	B
                        
                            Learning Objective: 9.1

                            The slope of a curve at a point P means the slope of the tangent at P; this is the first derivative of the function evaluated at that point. To find f'(x), rewrite the radical term using a fractional exponent, then apply the power rule:

                            
                                
                                    
                                

                                Now plug in 4 for x and simplify the result:

                                
                                    
                                

                            

                            Choice (B) is correct.

                        
                    

                    	A
                        
                            Learning Objective: 9.3

                            The tangent line to the function at the given point provides a linear approximation to the function at that point. So start by finding the equation of the tangent line. Then, you can simply plug in the value of x. Because f(2) = 4, you know the coordinates of the point of tangency, (2, 4).

                            To write the equation of the tangent line, you also need the slope at x = 2. The first derivative (which is given) represents this slope:

                            
                                
                            

                            The equation of the tangent line is therefore:

                            
                                
                            

                            Plug 2.1 into this equation for x to find the approximate value of f(2.1):

                            
                                
                            

                            Choice (A) is correct.

                        
                    

                    	B
                        
                            Learning Objective: 9.2

                            To find the equation of the tangent line, start by finding the slope of the tangent line, which is given by the derivative of the function. To take the derivative of f(x), use the quotient rule, , where t stands for top and b stands for bottom:

                            
                                
                            

                            There is no need to simplify the expression because you're finding the slope of the tangent at a specific point. Plug in 2 for x to find the slope at x = 2:

                            
                                
                            

                            Next, use the given point,
                                , and the point-slope form of a line to write the equation of the tangent line:

                            
                                
                            

                            Before you start to simplify answers, take a quick look back at the answer choices. There is no need to simplify further as you already have a match for (B).

                        
                    

                    	A
                        
                            Learning Objective: 9.6

                            This question is all about knowing what the first and second derivatives tell you about a graph. Examine each statement, one at a time. Cross out false statements as you go.

                            Choice (A): The given graph is of the function itself. If f"(x) > 0, the second derivative is positive, and the graph is concave up (a cup that opens up). This graph is indeed concave up for 1 < x < 2, so (A) is correct.

                            There is no need to check the other statements unless you're not sure of your answer, but just in case you're curious ...

                            Choice B: f"(x) < 0 means the graph is concave down (a cup that opens down). This graph is concave up, not down, between 1 < x < 2, so this statement is false.

                            Choice C: f'(x) > 0 means the graph is increasing. This graph increases for approximately the first half of the interval 0 < x < 1, but then decreases for the second half of the interval, so this statement is false.

                            Choice D: f'(x) < 0 means the graph is decreasing. This graph increases for approximately the first half of the interval 0 < x < 1, so this statement is false.

                        
                    

                

            
        
    
        
        
        
            Chapter 10

            
                Test What You Already Know

                
                    	B
                        
                            Learning Objective: 10.1

                            The question is asking for points at which f is continuous but not differentiable. That means you need to identify the points where you would not lift up your pencil if you were drawing the graph (so f is continuous), but where the derivative is undefined. This occurs at sharp turns or corners, like those at the vertex of an absolute value function, and at points where the tangent line is vertical. Here, you have two such points: a corner point at x = –2 and a vertical tangent at x = 3. This means (B) is the correct answer.

                            Be careful of D. While the function is not differentiable at x = 0, it is also not continuous there.

                        
                    

                    	A
                        
                            Learning Objective: 10.2

                            This question is asking where the first derivative is positive and decreasing. A positive first derivative, or g'(x) > 0, is represented graphically by a positive slope. Only the points at a and c have positive slopes, so eliminate B and D. For the first derivative to be decreasing, g"(x) must be negative. In other words, the graph must be concave down. This is true at a, but not at c, so (A) is the correct answer. 

                        
                    

                    	A
                        
                            Learning Objective: 10.3

                            You want to maximize the area, so start by writing an equation that represents the area of the reading space. First, draw a quick sketch.

                            
                                [image: ]
                            
                            If you call the length y and the width x, the area of the reading space will be A = xy. 

                            
                                The employee has a limited amount of rope which represents the perimeter (not including the wall), so write an equation for the perimeter and solve the equation for the easier variable (here, y because the y term has a coefficient of 1):

                                
                                     
                                

                                You can now substitute this for y in the equation for the area of the reading space:

                                
                                    
                                

                                To maximize A, take the derivative of A, set it equal to 0, and solve:

                                
                                    
                                

                                Use the equation of y (from before) to find the value of y. You need to do this because there is more than one answer choice that includes 15:

                                
                            

                            The dimensions that maximize the area are 15 ft × 30 ft, which is (A).

                        
                    

                    	D
                        
                            Learning Objective: 10.4

                            Position, velocity, and acceleration are all connected by derivatives and integrals. Acceleration is the derivative of velocity, so you can find v'(t) to determine which values of t result in an acceleration of 0. To find v'(t), you can use the product rule or expand the expression first, whichever you are more comfortable with.

                            
                                
                            

                            Thus, when t = 5 and 7, the acceleration of the particle equals 0. The answer is (D).

                        
                    

                    	A
                        
                            Learning Objective: 10.5

                            First, write an expression that relates the area of a circle to its radius: A = πr2. Next, jot down what you're given and what you're looking for. Remember, rates are derivatives. It is a good idea to include units so that, if you are answering a free response question, it will be easier to keep track of the units for the final answer.

                            Given:  cm2/s, r = 4 cm

                            Looking for: 
                            

                            Now, take the derivative of the area formula with respect to t, plug in the given information, and solve for :

                            
                                
                            

                            The answer is (A).

                        
                    

                

            
        
    
        
        
        
            
               Chapter 10 

                Test What You Learned

                
                    	D
                        
                            Learning Objective: 10.3

                            Call the product A and substitute the expression given for y into A: A = xy = x(18 − 3x) = 18x − 3x2. If this function has a maximum value, it will occur where
                                
                                is equal to zero or is undefined, so compute
                                
                                . Because the derivative of the function is defined everywhere, if the function has a maximum value it must occur at a point where
                                . Solve the equation:

                            
                                
                            

                            Apply the second derivative test to determine whether the function has a relative maximum at x = 3: A″(x) = −6 < 0 for all x; therefore, the function has a relative maximum at x  = 3. Because A is a quadratic function, its graph is a parabola. The vertex of a parabola is the only relative extremum on the graph, and it is a global extremum. Therefore, A has a global maximum at x = 3. To compute the maximum value, substitute x = 3 back into the original equation for A: 18 · 3 − 3 · 32 = 27. Choice (D) is correct.

                        
                    

                    	A
                        
                            Learning Objective: 10.5

                            You're given the expression that relates the volume of a cone to its height: 
                                . Now, jot down what else you're given and what you're looking for. Remember, rates are derivatives. Sometimes you need to look at the units to decide what you are given; volume is measured in units3, so 10 ft3/min must be the rate of change of volume.

                            Given:  ft3/min, d = 3h, h = 15 ft

                            Looking for: 
                            

                            Because radius is half of the diameter, then
                                . Plug this information in for r and simplify the given volume equation. Then, take the derivative with respect to t, plug in the given information, and solve for :

                            
                                
                            

                            The answer is (A).

                        
                    

                    	D
                        
                            Learning Objective: 10.2

                            This problem is asking where the first derivative of f is negative and increasing. A negative first derivative, or f'(x) < 0, is represented graphically by a negative slope. The points at a, c, and d have negative slopes, so eliminate B. For the first derivative to be increasing, f"(x) must be positive. In other words, the graph must be concave up. This is true at d, but not at a or c, so (D) is the correct answer. 

                        
                    

                    	A
                        
                            Learning Objective: 10.1

                            If the graph of a function has a sharp point, the function is not differentiable at that point. This is because the slopes directly to the left and right of the point do not approach the same value.

                            An absolute value function has a sharp point at its vertex. The graph of f(x) = |x + 4| is a horizontal translation (to the left 4 units) of the standard absolute value function, y = |x|, which has vertex (0, 0). Thus, the vertex of f is (–4, 0), which means the function is not differentiable at x = –4. Choice (A) is correct.

                        
                    

                    	D
                        
                            Learning Objective: 10.4

                            A particle is at rest when its velocity is zero. To find a velocity equation, take the first derivative of the position function. Correct application of the power rule yields the following:

                            
                                
                            

                            So, the particle is at rest when t = 1 and 5 seconds, which is (D).

                        
                    

                

            
        
    
        
        
        
            Chapter 11

            
                Test What You Already Know

                
                    	B
                        
                            Learning Objective: 11.1

                            To go from  to y, integrate the expression:

                            
                                
                            

                            That's a perfect match for (B). 

                        
                    

                    	C
                        
                            Learning Objective: 11.2

                            To find the function F, integrate f:

                            
                                
                            

                            Simplify, then use the initial condition to solve for C:

                            
                                
                            

                            Substitute C = 2 into the expression for F(x) and you have choice (C).

                            Note that you could narrow down the choices here by checking the initial condition, F(0)= 2. You could also find the answer by taking the derivative of each answer choice, but that would take longer than integrating the function f.

                        
                    

                    	B
                        
                            Learning Objective: 11.3

                            When you see a complicated expression raised to a power, think u-substitution. Here, let , which means . Compensate for the extra  that is multiplied to the dx portion of the integrand by multiplying the entire integral by 2, then rearrange to get:

                            
                                
                            

                            Written in terms of u, this is:

                            
                                
                            

                            Once you write your answer back in terms of x, you get: , which is (B).

                        
                    

                    	D
                        
                            Learning Objective: 11.4

                            Be sure to memorize the derivatives of the six basic trig functions and their inverses before Test Day. Then write each function and its derivative on the test before you even start (this way you won't forget during the test). The derivative of tan u is sec2 u, so:

                            
                                
                            

                            Here, if , then . You already have the dx, but not the , so multiply the integrand by , and to offset this, multiply the entire integral by 2. This means (D) is correct.

                        
                    

                    	B
                        
                            Learning Objective: 11.5

                            Write the integrand so that e is no longer in the denominator:

                            
                                
                            

                            Because the power of the x in front of the e is one less than the power of the x in the exponent, this is a good candidate for u-substitution. Let u = −3x2, which means du = −6x dx. You already have the −x dx, but not the 6, so multiply the integrand by 6 and offset it by multiplying the entire integral by . Then integrate:

                            
                                
                            

                            Replace u with −3x2, flip the e term back to the bottom, and that's (B).
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                Test What You Learned

                
                    	D
                        
                            Learning Objective: 11.2

                            To find F, integrate f. Rewrite   =  to make the function easier to integrate:

                            
                                
                            

                            Simplify, then use one of the values of F given in the table to solve for C.

                            
                                
                            

                            Substitute C = −2 into the expression, and that gives you (D).

                        
                    

                    	B
                        
                            Learning Objective: 11.1

                            To find the antiderivative, first rewrite
                                 with a negative (fractional) exponent. Then distribute and evaluate each term separately:

                            
                                
                            

                            That's a perfect match for (B).

                        
                    

                    	A
                        
                            Learning Objective: 11.4

                            In most integrals that look like this, think u-substitution first.  Unfortunately, it won't work this time. Next, if you see perfect squares in the denominator of an integral, think "inverse trig function." Here, use the fact that . Let u = 3x, which means du = 3 dx, which already appears in the integrand. So:

                            
                                
                            

                            Choice (A) is correct.

                        
                    

                    	B
                        
                            Learning Objective: 11.3

                            First, note that
                                
                                is the derivative of . That makes this a good candidate for u-substitution, with .

                            
                                
                            

                            Multiply the integrand by 3 and offset that by multiplying the entire integral by . Now integrate:

                            
                                
                            

                            Finally, replace u with  for the final answer. You've got a match for (B).

                            Note: If you didn't think of using substitution here, you could take the derivative of each of the answer choices until you find one that matches the integrand. Of course, this will take considerably longer!

                        
                    

                    	C
                        
                            Learning Objective: 11.5

                            First, recognize that the derivative of the denominator is the numerator:

                            
                                
                            

                            This means you can use u-substitution with u = 2x3 − x and du = (6x2 − 1) dx. After the substitution, you're ready to integrate:

                            
                                
                            

                            That makes (C) the correct answer.

                        
                    

                

            
        
    
        
        
        
            Chapter 12

            
                Test What You Already Know

                
                    	A
                        
                            Learning Objective: 12.1

                            When you see the derivative of an integral and one of the limits of integration is a variable, remember to apply the Second Fundamental Theorem of Calculus. Don't forget to use the chain rule if it applies.
                            

                            
                                
                            

                            Choice (A) is correct.

                        
                    

                    	C
                        
                            Learning Objective: 12.2

                            The first step to approaching this problem is to look at the width of the rectangles—all of them are 3 because this is the distance between the x-values. The height of each rectangle is the y-value on the right side of each subinterval (because the question asks for a right Riemann sum). For a rectangle, A = lw. Add the five areas to find the total area under the curve.

                            The most straightforward way to approach this is to add the required heights (right sides of the rectangles), then multiply by the width (3). 

                            
                                
                            

                            The approximate area under the curve is therefore 3 × 127 = 381, which is (C). 

                            An alternative way of solving this problem would be to multiply the height and width of each rectangle and then add the products, but this approach may take more time.

                        
                    

                    	C
                        
                            Learning Objective: 12.3

                            To evaluate the definite integral of a piecewise function, split the integral into parts using the "for x..." pieces of the function's definition. For this function, split the integral at 4 to get:

                            
                            Next, evaluate each of the definite integrals and add the results:

                            
                                
                            

                            Choice (C) is correct.

                        
                    

                    	D
                        
                            Learning Objective: 12.4

                            The best way to approach this problem would be to use u-substitution by changing the variables from x to u. Change all the x's, including dx and the limits of integration. 

                            
                                
                            

                            The limits of integration are therefore:

                            
                                
                                So:

                                
                                    
                                

                            

                            Choice (D) is correct.

                        
                    

                    	B
                        
                            Learning Objective: 12.5

                            This problem requires using u-substitution to rewrite the given integral in an equivalent form. Change all the x's to u's, including the dx and the limits of integration:

                            
                                
                            

                            The limits of integration therefore become:

                            
                                
                            

                            Therefore the equivalent integral is:

                            
                                
                            

                            That's (B).
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                Test What You Learned

                
                    	B
                        
                            Learning Objective: 12.2

                            For a trapezoid, area =
                                (base1 + base2) · (height). Within each subinterval, the Δx is the height and the y-values on the right and left are the bases. The given x-values are not equally spaced, so the area of each trapezoid must be found separately.

                            
                                
                            

                            This makes (B) the correct answer.

                        
                    

                    	C
                        
                            Learning Objective: 12.5

                            Start by finding du and the new limits of integration. 

                            
                            
                                
                                Replace all x's with u's:

                                
                                    
                                

                            

                            Flip the limits of integration and change the sign in front to get (C).

                        
                    

                    	B
                        
                            Learning Objective: 12.3

                            First evaluate the integral of f(x) from x = 0 to x = 2.

                            
                                
                            

                            Next, evaluate the integral of g(x) from x = 0 to x = 2. When you flip the limits of integration, you are changing the order that you plug in the x-values. The result is the negative of the original value of the integral. 

                            
                                
                            

                            Plug these values into the definite integral and simplify:

                            
                                
                            

                            Choice (B) is correct.

                        
                    

                    	C
                        
                            Learning Objective: 12.1

                            Use the First Fundamental Theorem of Calculus: . Take the antiderivative of the integrand, then plug in the limits of integration:

                            
                                
                            

                            

                            That's (C).

                        
                    

                    	A
                        
                            Learning Objective: 12.4

                            Start by identifying u and du. Then replace the x, dx, and the limits of integration with u's:

                            
                                
                            

                            

                            Choice (A) is correct.
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                Test What You Already Know

                
                    	D
                        
                            Learning Objective: 13.1 

                            Graphically, a definite integral is the sum of the areas bounded by the curve and the x-axis. Areas above the x-axis are given a positive sign, and areas below the x-axis are given a negative sign. Here, you could divide the figure into triangles and trapezoids, and use area formulas. However, because the boundaries of the figure divide the regions into whole squares and half squares, it is easier to simply count:

                            
                                [image: The graph of f of x with the areas between f of x and the x axis shaded. ]
                            
                            There are a total of 3.5 squares in the upper region and 1.5 squares in the lower region (area in the lower region gets a negative sign), so the definite integral has a value of 3.5 – 1.5 = 2. Choice (D) is correct.

                        
                    

                    	B
                        
                            Learning Objective: 13.2

                            You are asked to find the area between curves, which means you will be integrating. Drawing a quick sketch will help you to construct your integral.

                            
                                [image: The graph is a rough sketch of the functions f of x equals one half x to the third, x equals 2, and the x axis. The area between these three functions is shaded.]
                            
                            The graph shows you that you need to integrate
                                 from x = 0 to x = 2.
                            

                            
                                
                            

                            The area is 2, and the answer is (B).

                        
                    

                    	D
                        
                            Learning Objective: 13.3 

                            In calculus, finding a volume almost always involves integration. Draw a quick sketch to get an idea of what you need to integrate. 

                            
                                [image: The graph of y equals negative four thirds x plus 4, with the triangle between the line, the x axis, and the y axis shaded.]
                            
                            Each cross-section is a square with side length y and you are given that  The area of a square is given by A = (side)2, so the volume of the solid is:

                            
                                
                            

                            Save yourself some time by using your calculator to evaluate the definite integral. The result is 16, which is (D).

                        
                    

                    	C
                        
                            Learning Objective: 13.4

                            As always, your first step is to draw a sketch to help you visualize the shape that is being generated.

                            
                                [image: A rough sketch of the function y equals 3 minus 2 cosine x, along with this function reflected over the x axis, and the area between the two graphs is shaded.  ]
                            
                            You are rotating this curve around the x-axis, forming discs. The radius of each disc is the y-value of the curve and the area of a disc is A = πr2, or in this problem, . This means the volume can be found by computing  .

                            Use the Integrate function on your calculator to save time. The integral is roughly 216.193, so (C) is the answer.
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                Test What You Learned

                
                    	A
                        
                            Learning Objective: 13.1

                            You could split the equation into a piecewise function to integrate the absolute value, but it’s quicker to draw the graph of the integrand function, y = |x − 3| − 1, then calculate areas. Transform the graph of y = |x| by shifting right 3 units and down 1 unit. The graph is shown below.

                            
                                
                                    [image: The graph starts at negative 3 comma 5 and decreases linearly, crossing the x axis at 2. The graph decreases to 3 comma negative 1, then increases to 4 comma 0.]
                                
                            

                            A definite integral is the sum of the areas bounded by the curve and the x-axis. The integral of a curve that is above the x-axis is given a positive sign and a curve below the x-axis is given a negative sign.  Note that the triangle between x = −3 and x = 2 has an area of
                                , so its contribution to the integral is 12.5 because the graph is above the x-axis. The area of the triangle below the x-axis is
                                , so the value of the definite integral is 12.5 − 1 = 11.5. Choice (A) is correct.

                        
                    

                    	A
                        
                            Learning Objective: 13.2 

                            Finding the area between curves means evaluating a definite integral. First, graph the function in your calculator and see that the curve is entirely above the x-axis on the range x = 2 to x = 3. This means that if you calculate the definite integral from 2 to 3, you will find the area (because area is always positive). Now set up the integral and evaluate it:

                            
                                
                            

                            The area is 38, making (A) the correct answer. (Note that because this question is marked as a calculator question, you could also use the Integrate function on your calculator to evaluate the integral.)

                        
                    

                    	D
                        
                            Learning Objective: 13.3

                            Start by drawing a sketch:

                            
                                [image: The graph of x squared equals 8 times y, which is an upward facing parabola with vertex at the origin, and the horizontal line y equals 4. The are two closed dots on the parabola, symmetrical to the x axis. The right dot is labeled x comma y. To the right of the graph, the side ratios of an equilateral right triangle are given.]
                            
                            The dotted line in the top left diagram represents a side of one of the equilateral triangles, so its length must be 2x . The top right diagram shows one of the equilateral triangles with its dimensions labeled. Since the area of a triangle is
                                , then one of these triangles has an area of
                                 . Because the cross-sections are perpendicular to the y-axis, you need to integrate in terms of y. Since , then 

                            
                                
                            

                            Integrate
                                 to find the volume of the solid.

                            
                                
                            

                            That is (D).

                        
                    

                    	D
                        
                            Learning Objective: 13.4

                            
                                
                                    [image: The graph of f with a horizontal line below the x axis and a dashed vertical line labeled little r that goes from the horizontal line to the x axis, along with another dashed vertical line labeled big R that goes from the horizontal line to the graph of f.]
                                
                            

                            To find the volume, use the washer method: , where R is the outer radius and r is the inner radius. Since y = −3 is the axis of rotation, R = f(x) + 3 and r = 3. This gives:

                            
                                
                            

                            This matches (D).
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                    	D
                        
                            Learning Objective: 14.1

                            All of the statements are true except (D). During the 24-hour period, the average rate of rainfall is
                                
                                in/hr. The quantity
                                
                                is the average rate of change in the rate of rainfall, a different concept.

                        
                    

                    	D
                        
                            Learning Objective: 14.2

                            To find f(6), compute f(6) = f(0) + total change in f on 0 ≤ x ≤ 6. The area under the graph of f′ from x = 0 to x = 6 gives the total change in f on 0 ≤ x ≤ 6. Express this as the definite integral:

                            
                                
                            

                            The definite integral
                                
                                is the area under the graph of f′. To compute this area, break it into three regions, as shown below:

                            
                                
                                    [image: The graph of f prime is divided into three regions. Region A is the area bounded by the horizontal line from 0 comma 3 to 2 comma, bounded by the X and Y axes and the line x equals 2. Region B is a triangle bounded by the line from 2 comma 3 to 4 comma 0, the line x equals 2, and the X axis. Region C is the area below the X axis bounded by the line from 4 comma 0 to 5 comma negative 1, and then back up to 6 comma 0.]
                                
                            

                            The area under the curve is therefore Area of rectangle  A + Area of triangle  B – Area of triangle C. Note that the area of triangle C is subtracted because the definite integral considers the area beneath the x-axis to be negative. This gives:

                            
                                
                            

                            Adding this to f(0) = 7 yields
                                (D).

                            
                                
                            

                        
                    

                    	C
                        
                            Learning Objective: 14.3

                            Recall that velocity is the antiderivative of acceleration, so begin by antidifferentiating the function.

                            
                                
                            

                            Next, solve for C based on the initial condition v(0) = 15, giving C = 15. Last, solve for v(3) with the complete equation: v(3) = 3•33 – 6•32 + 15 = 42, which is (C).

                        
                    

                    	A
                        
                            Learning Objective: 14.4

                            Since the slope of the curve is 4x3y, it follows that
                                
                            

                            
                                
                            

                            Given the point (0, 4), then its equation is
                                , which is choice (A).

                        
                    

                    	B
                        
                            Learning Objective: 14.5

                            Exponential growth functions follow the general form y = Aekx. In this case A will be the amount of money that initially begins in an account (200 for account 1, 150 for account 2). The variable k represents the growth constant, provided for each account. The easiest approach to solving this question is to graph the two functions: y = 200e0.005x for account 1 and y = 150e0.008x for account 2. On the CALC (2nd  TRACE) menu, scroll down to 5:intersect and press ENTER. The intersection is at (95.894, 323.044), indicating that account 2 would surpass account 1 in approximately 96 days, choice (B).

                        
                    

                    	C
                        
                            Learning Objective: 14.6

                            To start,

                            
                                
                            

                            Now antidifferentiate to get y = 2 tan(0.5x) + C. Only option (C) agrees.
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                    	C
                        
                            Learning Objective: 14.4

                            
                                
                            

                            It follows that

                            
                                
                            

                            Given f(x) > 0 and the point (0, 2),  , which means  . This matches choice (C).

                        
                    

                    	C
                        
                            Learning Objective: 14.2

                            
                                Think of this as an accumulation problem. The speed of the airplane 20 minutes after liftoff is the initial speed plus the change in speed on 0 ≤ t ≤ 20. The change in speed is given by the definite integral
                                
                                Therefore:

                            
                                
                            

                            The definite integral
                                
                                is the area under the acceleration curve on 0 ≤ t ≤ 20.
                            

                            
                                Break this area into two regions: trapezoid A and rectangle B:

                            
                                
                                    [image: The graph of a of t, broken down into 2 regions. Region A is bounded by the line from 0 comma 20 to 5 comma 32, the X and Y axes, and the line x equals 5. Region B is bounded the the horizontal line from 5 comma 32 to 20 comma 32, the x axis, and the lines x equals 5 and x equals 20.]
                                
                            

                            
                                
                            

                            Therefore, the speed at t = 20 is s(20) = 900 + 610 = 1,510 ft/min, which is (C).

                        
                    

                    	B
                        
                            Learning Objective: 14.5

                            The fact that the rate of growth increases with increasing population indicates that this is an exponential growth question. The exponential growth equation takes the form of P = Aekt. Begin filling in this equation with the initial condition, that in 2007 (t = 0) the population was 34: 34 = Aek(0) ⇒ A = 34.

                            Now input the second provided condition, that in 2017 (t = 10) the population is 212:

                            
                                
                            

                            Putting it all together gives P = 34e0.183t, matching choice (B).

                        
                    

                    	A
                        
                            Learning Objective: 14.3

                            The position of the particle x(t) is an antiderivative of the velocity function, so start by computing the indefinite integral of the velocity:

                            
                                
                            

                            Next, use the initial condition to determine C. Since x(1) = 2, 

                            
                                
                            

                            So x(t) = t4 – 3t2 + 7t – 3. Finally, evaluate the position function at time t = 4:

                            
                                
                            

                            That's a match for (A).

                        
                    

                    	A
                        
                            Learning Objective: 14.6

                            Cross-multiply and integrate to get
                                
                                . Thus,
                                
                                . Solving for y, we see that
                                
                                . For example, when C = 0, we have y = ±x2. These integral curves are given in (A).

                        
                    

                    	A
                        
                            Learning Objective: 14.1

                            Use the average value formula: . 

                            Then evaluate the integral and simplify the result:

                            
                                
                            

                            Distribute the and that's a perfect match for (A).
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        Table of Derivative Formulas

        
            
                
                    
                        	Name
                        	Formula
                    

                
                
                    
                        	Derivative of a constant
                        	
                            
                                
                                    
                                

                            

                        
                    

                    
                        	Power rule
                        	
                            
                                
                                    
                                

                            

                        
                    

                    
                        	Derivative of
                            
                        
                        	
                            
                                
                                    
                                

                            

                        
                    

                    
                        	Constant multiple rule
                        	
                            
                                
                                    
                                

                            

                        
                    

                    
                        	Sum and difference rule
                        	
                            
                                
                                    
                                    for f and g differentiable at x
                                

                            

                        
                    

                    
                        	Product rule
                        	
                            
                                
                                    
                                    

                                    for f and g differentiable at x
                                

                            

                        
                    

                    
                        	Quotient rule
                        	
                            
                                
                                    
                                    

                                    for f and g differentiable at x, g(x) ≠ 0
                                

                            

                        
                    

                    
                        	Chain rule
                        	
                            
                                
                                    
                                    for g differentiable at x and h differentiable at g(x)
                                

                            

                        
                    

                    
                        	Derivatives of trigonometric functions
                        	
                            
                                
                                    	
                                        
                                            
                                        

                                        
                                            
                                        

                                    

                                

                            

                        
                    

                    
                        	Derivative of ex
                        
                        	
                            
                                
                            

                        
                    

                    
                        	Derivative of eu
                        
                        	
                            
                                
                            

                        
                    

                    
                        	Generalized power rule
                        	
                            
                                
                                for r a real number
                            

                        
                    

                    
                        	Derivative of ln x
                        
                        	
                            
                                
                            

                        
                    

                    
                        	Derivative of ln u
                        
                        	
                            
                                
                            

                        
                    

                    
                        	Derivative of f  −1
                        
                        	
                            
                                
                                for all x where f is differentiable and f′(f−1(x)) ≠ 0
                            

                        
                    

                    
                        	Derivative of bx
                        
                        	
                            
                                
                            

                        
                    

                    
                        	Derivative of logb x
                        
                        	
                            
                                
                            

                        
                    

                    
                        	Derivatives of inverse trigonometric functions
                        	
                            
                                
                                    	
                                        
                                            
                                        

                                        
                                            
                                        

                                    

                                

                            

                        
                    

                
            

        

    
       Appendix B: Integration Rules
        Table of Integration Formulas

        
            

            
                
                    
                        	Name
                        	Formula
                    

                
                
                    
                        	Integration of one
                        	
                            
                        
                    

                    
                        	Integration of powers
                        	
                            
                            

                        
                    

                    
                        	Intergration of trigonometric functions

                        
                        	
                            
                            

                        
                    

                    
                        	Integration of ex
                        	
                            
                            

                        
                    

                    
                        	Integration of 1/x
                        	
                            
                            

                        
                    

                    
                        	Integration of bx

                        
                        	
                            
                            

                        
                    

                    
                        	Integration leading to inverse trigonometric functions
                        	
                            
                            

                        
                    

                    
                        	First Fundamental Theorem of Calculus

                        
                        	If f is continuous on [a, b] and F is any antiderivative of f then
                            

                        
                    

                    
                        	Second Fundamental Theorem of Calculus

                        
                        	The function   is differentiable and that is, 
                            

                        
                    

                    
                        	Left Riemann sum
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